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FOREWORD

These are the Proceedings of the Conference on Complex Analysis
and Approximation Theory held at the Universidade Estadual de Campinas,
Brazil, from July 23 through July 27, 1984. It contains papers of
research or expository nature, and is addressed to research workers
and advanced graduate students in mathematics. Some of the papers
are the written and expanded texts of lectures delivered at the con-

ference, whereas others have been included by invitation.

The organizing committee of the conference was formed by Mario
C. Matos, Joao B. Prolla and Jorge Mujica (chairman). We gratefully
acknowledge financial support from the Conselho Nacional de Desenvol-
vimento Cientifico e Tecnoldgico (CNPq), the Fundagao de Amparo a
Pesquisa do Estado de Sao Paulo (FAPESP) and the Universidade Estadual

de Campinas.

We also thank Miss Elda Mortari for her excellent typing of the

manuscript.

Jorge Mujica

Campinas, November 1985
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LOCAL ANALYTIC GEOMETRY IN BANACH SPACES

Volker Aurich

Mathematisches Institut
der Ludwig - Maximilians - Universitat
Theresienstrasse 39
D - 8000 Minchen, West Germany

ABSTRACT

After motivating analytic geometry in infinite dimensional spaces
we give a survey on the local theory of SF-analytic sets and holo-
morphic semi-Fredholm maps. Moreover the notion of minimal embedding
codimension is introduced. It allows to derive quantitative results

although the dimension may be infinite.

1. MOTIVATION

Analytic geometry in ¢" deals with the geometrical properties
of the sets of solutions of analytic equations defined in an open
subset of @n. Since many interesting equations in analysis like dif-
ferential and integral equations are defined in infinite dimensional
spaces and are analytic or even polynomial it seems reasonable to
develop a concept of analytic geometry in infinite dimensional topo-
logical vector spaces. Although inapplications mostly real solutions
are considered one hopes that as in finite dimensions the complex
analytic case yields a simpler and more complete theory. But without
further restrictions this 1is not true: every compact metric space
occurs as the set of solutions of a complex quadratic polynomial equa-
tion in a suitable Banach space [2]. Hence in order to obtain sets
of solutions with nice geometric properties additional conditions have

to be imposed on the regularity of the equation.

We compile some sufficient conditions in the case of Banach

spaces.

Let EF and F be complex Banach spaces and ? a domain in E. We
call amap f : Q > F holomorphic if it is complex Frechet differen-
tiable or equivalently if it is complex analytic. Df(z) denotes the
differential at x. We say that a linear operator T : E > F is

splitting if its kernel and its image are complemented subspaces of
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E and F respectively; T will be called a semi-Fredholm operator if
it is splitting and continuous and if its kernel or its cokernel (or
both) are finite dimensional. Obviously every Fredholm operator is

semi-Fredholm. The Zndex of T is indT := dim KerT - codim ImT.

Let X be a subset of . Then we define:

1.1. X is analytic in @ iff X 1is closed and satisfies the follow-

ing property:

(A) For each &« € X there exists a neighbourhood U, a com-
plex Banach space H, and a holomorphic map h : U —~ H
such that x n U = & 1¢0).

1.2. X is a complex submanifold of @ iff it is analytic and more-
over the maps % in (A) can be chosen to have surjective and splitting

differentials.

Because of the implicit function theorem we obtain the usual
notion of a complex submanifold as a closed subset which is locally
in appropriate biholomorphic coordinates an open piece of a comple-

mented linear subspace.

1.3. X is finitely defined iff it is analytic and moreover the

Banach spaces H in (A) can be chosen finite dimensional.

The finitely defined sets have been investigated intensively by
Ramis [ 6] and later on by Mazet in locally convex spaces [5]. Be-
cause these sets have finite codimension induction on the codimen-
sion can be used to show that they have nice local geometric proper-
ties (see the next section). Anexample for afinitely defined set is

the set of non-surjective linear Fredholm operators in £L(E,F).

1l.4. X is finite dimensional analytic iff it is analytic and more-
over the maps % in (A) can be chosen to have splitting differentials

with finite dimensional kernels.

Again by the implicit function theorem it is easy to see that an
analytic set X is finite dimensional iff it is locally contained in
a finite dimensional complex submanifold of some open set in & (No-

tice that in general a finite dimensional analytic set X is not even
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locally contained in a linear subspace). Therefore all local results

n

about analytic subsets of ¢ hold also for finite dimensional ana-

lytic sets in Banach spaces.

Because an analytic subset in a finite dimensional manifold 1is

always finitely defined we can state that

1.5. X <s finite dimensional analytic <ff it is analytic and more-—
over the maps h in (A) can be chosen such that their differentials

are Fredholm operators.

If we call a holomorphic map a Fredholm map or F-map (semi-Fredholm
map or SF-map) iff all differentials are Fredholm (semi-Fredholm)
operators then the finite dimensional analytic sets are precisely the
sets which are locally the fiber of a holomorphic Fredholm map. The
importance of nonlinear Fredholm maps is well known, e.g. elliptic
differential operators with Dirichlet boundary conditions or maps of
the form identity-compact map are Fredholm, and in many cases they

are polynomial hence analytic.

Very often an equation ¢ (xz) = 0 depends oﬁ a parameter y and
one would like to know how the set of solutions changes when the pa-
rameter varies. For example the parameter can be the right side of a
differential equation f(x) = y; hence it is natural that y varies
in an infinite dimensional space. Consider y as an additional vari-
able and put &¢(x,y) := & (x). Then the shape of ¢"1(0) determines
how the sets Zy := {z : ®y(x) = 0} depend on y. If ®y is a ho-
lomorphic Fredholm map and depends holomorphically on y then ¢ is
a holomorphic semi-Fredholm map. Thus the local bifurcation theory of
holomorphic F-maps is related to the local theory of the so-called

SF-analytic sets.

1.6. X is SF-analytic iff it is analytic and moreover the maps % in

(A) can be chosen such that their differentials are SF-operators.

With the aid of the implicit function theorem it can be shown
that an analytic set is SF-analytic iff it is locally contained in a
complex submanifold where it is finitely defined [1]. Therefore the
SF-analytic sets have essentially the same nice local properties as
the finitely defined sets. Some of them will be presented in the next
section.

The above definitions are also meaningful when @ is a complex

manifold because all occurring notions are local and invariant under
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biholomorphic maps.

2. LOCAL PROPERTIES OF SF-ANALYTIC SETS

At first we recall some fundamental properties of arbitrary ana-
lytic sets [6].

Let X be an analytic set of a domain @ in the Banach space E.

The codimension of X in x € X with respect to Q is defined as

Q - codim X := sup {n € W {0,}: there exists an affine
complex subspace # of EF with dimension » such that =z
is isolated in x N H}.

Ramis showed that this definition is invariant under biholomor-
phic maps [6, p. 70, 74], hence it generalizes via charts to complex

Banach manifolds Q.

If no confusion can arise we write simply codimxX. Suppose zx€
X, H is an affine subspace of E, dimH < codimxX, and x is iso-
lated in X N H. Then for every »n € I with dimHd < n £ codimxX
there exists an affine subspace ¢ such that # C G, dim G = n, and x
is isolated in X N G [6, II. 3.1.1]). The set of these ('s is open

in the Grassmannian [6, p. 89], therefore
codzmxX N Y = min {codimmX, codzme}

for X and Y analytic and x € X N Y. The function x * cod?lmxX is

upper semicontinuous [6, II. 3.3.1].

A point 2z € X 1is regular iff X is near x a complex submani-
fold, otherwise x is called singular. The set X* of regular points
is not always dense in X, but every point =z where codimxX < o is
a cluster point of X¥* and for every cluster point x the follow-

ing equation holds

codimxX = 1lim inf codim_ X.
yox Y
yEx*

Because a finitely defined analytic set X has everywhere finite co-
dimension X* is dense in X. The closures of the components of X*

are again analytic and form a locally finite decomposition of X into
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irreducible components. Also the germ of a finitely defined analytic
set can be decomposed into finitely many irreducible germs of finitely
defined sets with the usual unigqueness [6, p. 60]1. A fundamental re-

sult in [6] is

2.1. The local parametrization of finitely defined analytic sets. Let
X be a finitely defined analytic subset of a domain Q in E. Sup-

pose 0 € X and X is irreducible in 0. Let E = Ey; x E, be a to-
pological decomposition such that 0 is isolated in X N ({0} x E,)
and dim E, = codimoX < . Theneach neighbourhood of 0 contains the

product of two balls B, C E, and By C E, centered at 0 such that

the canonical projection m : X N (BJ X BZ) - B Zs an analytically

1
ramified covering map with finitely many sheets in the following sense:

(a) T 78 finite Z.e. W_J(K) 18 compact and nonempty for evevy
compact nonempty K C B, and m := sup {card nl (x) : o € B.‘l} is
finite.

(b) The bifurcation set S := {x € B, : card nl(z) < m} is a
finitely defined nowhere dense analytic subset of B, . Xﬂ((BJ—S)XBZ)
is complex submanifold of (B, - S) % B, and is dense in Xﬂ(BJ XBZ).
Tx N ((B, = 8) x By) > B, =S s a locally biholomorphic unramified

covering map with m sheets.[6, 11.2.3.7, II.2.2.4, 1I1.2.2.12].

Since SF-analytic sets are locally finitely defined subsets of
submanifolds they enjoy the above mentioned properties. In particular

we obtain the following consequences.

2.2, COROLLARY. Let X be an SF-analytic subset of a Banach mani-
fold Q.

(a) X Zs locally connected by complex arcs i.e. for each x €
X there are arbitrarily small neighbourhoods U of x such that for
each y € U there exists a holomorphic map Y from the open unit disk
D into Q with z,y € v(D) C X.

(b) If X s Zrreducible then every non constant holomorphic

function on X is open.

(c) If X s irreducible then the maximum principle holds i.e.
a holomorphic function on X is constant if its modulus attains a lo-

cal maximum.

(d) If X <Zs compact and §Q is holomorphically separable then
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X 1is finite.

PROOF. (a) Choose for each irreducible component of X at x a local
parametrization as in 2.1. Moreover choose a complex line I through
m(x) and m(y). Then nl (L) is a onedimensional analytic set. The

uniformisation of its normalization is isomorpic to D.

(b) By (a) there is through every x € X a complex curve Y
such that foy 1is not constant and hence open.

(c) follows from (b) and (d) from (c).

The next proposition will serve to define the minimal embedding
codimension of an SF-analytic set in a point. This notion will allowr
to prove and to use in the following sections codimension formulas
which correspond to the dimension formulas in finite dimensional com-
pPlex analysis. Let X be analytic in a domain § of E. For x € X
let X, be the germ and I, the ideal of germs of holomorphic func-
tions vanishing on X . T X := TX, := {u € E : u € Ker Dh(x) for every
h € Ix} is called the tangent space of X in =z.

2.3. LEMMA. If X <s finitely defined then E - cadimeX;Q— codimxX

for every = € X. In particular r.X 18 complemented.

PROOF. Put p := codimx}( and x = 0. Then dimH N X > 0 for every
(p + 1)-dimensional linear subspace # of E and therefore {01} #
T (N X) CHNT X. Hence codimT_ X < p.

x x x =

2.4. PROPOSITION. Let Xx be the germ of an SF-analytic set at x €
Q. Denote S(Xx) the set of all germs of complex submanifolds at =z
in which X, 1is contained and finitely defined. S(X,) is nonempty

and partially ordered by the inclusion. Moreover

(a) Each germ in S(X,) contains a minimal germ.
(b) S5, € S(X ) is minimal iff TS, = TX,.
(c) Given two minimal germs M, and v, in  S(X,) there exists

a biholomorphic mapping germ . M, >N, which induces the <iden-

tity on Xx .

PROOF. Obviously S(Xx) is nonempty. To prove (a} and (b) let ¥ be
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a complex submanifold of a neighbourhood of % in E which contains
a finitely defined representative X of X . Then TxX c T M and

T M - codim T X < M — codim X .
x " = x

Suppose T,xX 7 TxM' Then there exists u € TmM, u £ 0, and fx

€ I, with Df‘x(x)u # 0. We may assume that f, has a representative
f with nonvanishing derivative on ¥. Then § := f_l(O) is a sub-

manifold of M which contains X, and TxS—codim TxX = (TxM —codimeX)-Z.

After finitely many steps we arrive at TxX = sz' This § must

be minimal since TxX C TxM for every submanifold M with SxCMx'

To prove (c¢) choose a topological decomposition E = TX @& # and
representatives ¥ and V¥ of M, and N,. Locally they are the graphs
of mappings TXx -+ H. Let 7 be the canonical projection E - TXx.

1

Then & := (w|¥) " o (w|M) is biholomorphic at = and ¢_ | X_ = <d.

X X

Let M(XxJ be the set of minimal germs in S$(X,/. Because of 2.4.

M(Xx) = {Mx LMy is the germ of a complex submanifold at « with X

C M and TX_ = TM_ } and
x x x
emcodim X : = emcodim X = M - codimX
x x x x

is independent of M, € M(Xx) and will be called the minimal embedding
codimension of X in .

This notion should not be confused with the embedding codimen-
sion ¢t cod'émxX in [11] . In general they do not coincide. The above
considerations show that an SF-analytic set X is near a point =z € X

always the zero set of a holomorphic SF-map f with Ker Df(x) = T_X
and codim ImDf(x) < o.

2.5. (Local parametrization of SF-analytic sets). Zet X be SF-ana-
lytic in a domain & in E. Suppose 0 € X and X is irreducible in
0. Choose a topological decomposition E = TOX x H and let p.'E-’TOX
be the canonical projection. Then p(XO) ts a finitely defined ana-
lytic germ in T, X and codtmp(X_ ) = emcodim X, -

Let T, X = E, X G be a topological decomposition such that dimG

= emcodimX, and 0 is isolated in p(X,) N ({0} x G).Put E,:=HXG.

Then every netghbourhood of x contains the product of two open

balls By, € E, and 32 C EZ centered at 0 such that the canonical
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projection W : X N (Bl X BZ) > B, i8 an analytically ramified cover—

ing map with finitely many sheets in the sense of 2.1.

PROOF. Choose Mo € M(Xo). Then p induces a biholomorphic mapping

germ p_ M - TOX = IM,. Therefore p(XO) is finitely defined in

TOX and codimp(X,) = emcodim X, . Now apply 2.1 to a representative
of p(XO) and the decompostion TOX = E; x 6.

From 2.5 the local bifurcation theorem in [1] can be derived.

We close this section with some remarks on the intersection of
SF-analytic sets. A closed subset X of a Banach manifold is SF-ana-
lytic iff it is locally the intersection of a complex submanifold ¥
and an analytic set Y where M is finite dimensional or Y is fi-

nitely defined.

In general the intersection of two SF-analytic sets X and Y is
not SF-analytic, simply because the intersection of complemented. linear

subspace is not always complemented.

2.6. LEMMA. ILet X and Y be SF-analytic subsets of a Banach mani-
fold Q.

(a) If Y is finite dimensional or finitely defined then XNY

18 SF-analytic.

(b) If Y is finitely defined and X N Y s finite dimensional

then X 1is finite dimensional.

PROOF. (a) is obvious. To prove (b) let =z € x ® Y and ¥ € M(Xx).
Then (X N YY), is finitely defined in ¥
finite. By 2.3

oy hence its codimension is

dim TMx = dim T(X N Y)x + codim T(X N Y)x

K

dim T(X N Y)x + codim(X 0 Y)x < oo,

Therefore X must be finite dimensional in .

3. HOLOMORPHIC SF-MAPS
Let © be a domain in the complex Banach space FE. Suppose 0 €8

and assume that f : @ > F 1is a holomorphic map into another Banach
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space F with splitting differential D2f(0) i.e. there are topologi-
cal decompositions E = KerDf(0) ® M and F = ImDf(0) ® J.Then one
can find a zero neighbourhood U in F such that

d(x) := (

o flz), )(x))

T ImDF(0) "KerDf(0

maps U biholomorphically onto a zero neighbourhood V in ImDf(0) %
Ker Df(0). Putting h : V = J, hi(y,z) := f o cb_l(y,z) -y one obtains

fo é_l(y,z) =y + hiy,z) for every (y,z) € V.

Setting ¢ := (idv,h) o ® we can reformulate the local representa-
tion of f in the following way: There are neighbourhoods U' in F
and W' in F x Ker Df(0) such that ¢ : U' - W' is a holomorphic

embedding, Y(0) is an isolated point of (V) N J, and flz) = 7

7O w(x)

for every x € U'. (cf. [9] ).

This local representation holds in particular for holomorphic
SF-maps. If the differential in a point 2z is (semi-)Fredholm then
automatically all differentials in a neighbourhood are (semi-) Fredholm

as well. This follows from 3.1.

3.1. LEMMA. The set SF(E,F) of semi-Fredholm operators is open in
L(E,F).

PROOF. Let T € SF(E,F) and E = Ker T ®@ L, F = ImT @J be topological
decompositions. I := ImT. Since moo T|L is isomorphic there is a

neighbourhood U of 7 in £L(E,F) such that oo S|L is isomorphic

for every S5 € U. We want to show U C SF(E,F).

Let S € U. Then L S({L) » I is isomorphic, hence S(L) is

closed.

FIRST CASE: codimI < «», Then ImS has finite codimension and is
therefore complemented. Choose a linear subspace ¥ 2 [ such that
E =M ® Ker S is an algebraic decomposition. Then S|M - ImS is bi-
jective and induces an isomorphism between ¥ /L and the space
Im S/ 5(L) which is finite dimensional because codim S(L) = codimI <,

Consequently ¥ is closed and Ker S is complemented.

SECOND CASE: dimKer T < ., Then Ker S is also finite dimensional
and has a topological complement M such that M =L ® N with dmN<®,
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Because S(L) is complemented and S(N/) is finite dimensional ImS§$
= S(M) = 5(L) & S(N) is also complemented.

3.2. LEMMA. fet f : Q@ > F be a holomovrphie SF-map. If X := f_l(O)
is finite dimensional then Ker Dflx) is finite dimewnsional for every
x € f—J(O).

PROOF. Assume dimKer Df (x) = ®. Then codimDf(x) < ®. Choosing near
2 Dbiholomorphic coordinates ¢ as above one can consider X near =z
as a finitely defined analytic subset of KXer Df(x), hence X has fi-
nite codimension in Ker Df(xz). This contradicts the finite dimen-

sionality of X.

3.3. DEFINITION AND PROPOSITION. Let X and Y be SF-analytic sub-
sets of domains in Banach spaces E and F. A mapping f : X > Y 1is
called holomorphic 7n x € X <1f for v, € M(Xsc) and IVy S M(Yy) with
y = f(x) the germ Fe has a holomorphic extension fx PMo> D If

it is holomorphic in x then the differential
Df(z) := Df (x) : T X - T, ¥

18 a well-defined continuous linear map. [ is called (semi-)Fredholm

in x (SF or F for short) i1f Df(x) is a (semi-)Fredholm operator.

PROOF. Because of 2.4.(c) the existence of a holomorphic extension
J?x is independent of the particular choice of ¥, and ¥y. In order
to show that Df(x) does not depend on the choice of the extension

-?x let fx H Mx hd ZVy be another one, Mx € M(Xx), ﬁx [S M(Yy).

Extend 7, and }'x to holomorphic germs §x and g, in E and
put A, = éx - 9~x . For every u € F' the germ W o hp vanishes
on X, and therefore D(uohy)(x) = uoDh,(X}) vanishes on T7,X. Hence

Dh,(z) vanishes on T X and Df‘x(x) = Df‘x(x) on T_X.

3.4. LEMMA. Let f:X~—>Y be a holomorphic map between SF-analytic sets.
If f is (semi-)Fredholm in x € X then f is (semi-)Fredholm in a

netghbourhood of =x.

Notice that the assertion does not follow immediately from 3.1

because the tangent spaces can change with the base point.
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PROOF. Let y := f(xz). Choose representatives M of M, € M(X,) and N of
v, € M(Yy) which contain X and Y locally as finitely defined sub-
sets. Let F : M > § be a holomorphic extension of f. Then DF(zx)
is (semi-)Fredholm and because of 3.1 Df‘(z) is (semi-)Fredholm for

every z nhear &x.

Observe that Dff(z) = poDf(z) oj where 4 : T X > T H is the

inclusion and p : Tf(z)N - Tf(z)y is a projection. Since J and p

are Fredholm operators Df(z) is (semi-)Fredholm.

3.5. COROLLARY. Suppose X <s SF-analytic and Trreducible in x € X.
Then there exist a neighbourhood U of x in X, a domain V n a
Banach space and a finite surjective holomorphic Fredholm map & : U~V

sueh that Do(x) is surjective and dimKer D ®(x) = emcodimxX.

PROOF. Choose in 2.5 U := x N (Bl X Bg), Vv o= Bl N and d = m.
Then D®(x) is the canonical projection T X = Eg X G > E; , hence it
is surjective and dimKer D ®(x) = dim G = emcodim <X BY 3.4 U and V

can be made smaller such that all differentials of ¢ are Fredholm.

The permanence properties of holomorphic SF-maps are not very
good. For example the composite of two SF-maps is not always SF (if,
however, one factor is even Fredholm then the composite map is SF).
Moreover the restriction of a holomorphic SF-map f : & = Y to an
SF-analytic subset X of the domain © in E is not always SF either.

Counter-examples are easily constructed with linear maps.

3.6. PROPOSITION. [Let f : X > Y be a holomorphiec SF-map between
SF-analytic subsets of domains Q and E <n Banach spaces. Then the

fibers of f are again SF-analytiec in .

PROOF. Let A4 := f‘_l(y) and x € A. Choose M, € M(Xx) and a holo-
morphic SF-extension g, of fr to Mp. The fiber g;z (y) 1is 8F-
analytic in M,. Since X, is finitely defined in ¥, Lemma 2.6 (a)

implies that 4, = X, n g;l (y/) is SF-analytic in ¥, and hence in Q.

Let us call a closed subset 4 of an SF-analytic subset X of a
Banach manifold @ SF-analytic in X if for every a € A there exists
a neighbourhood U of a in X and a holomorphic SF-map f:U—>F
into a Banach space F such that 4 N U = f—J(O).

Since the restriction of a linear SF-operator to a subspace of
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finite codimension is again SF it is easy to see that a closed set
A C X 1is SF-analytic in X if and only if for every a € A there is
a neighbourhood U in £ and a submanifold ¥ of U such that X n U
is finitely defined in M and 4 N U 1is SF-analytic in M.

Obviously 3.6 implies the following transitivity result.

3.7. COROLLARY. Let X be an SF-analytic subset of a Banach manifold
Q and A C X be SF-analytiec in X. Then A <s also SF-analytic in Q.

A holomorphic map f : X > Y between SF-analytic sets will be
called an embedding if f(X) is SF-analytic in Y and f|X = F(X) is
a biholomorphic SF-map. f is called an Zmmersion in x € X if Df(x)
is an injective SF-operator. As in finite dimensions an immersion is

a local embedding.

3.8. LEMMA. A holomorphic map f :*X > Y between SF-analytic sets
18 an immersion in x € X <Iff there are neighbourhoods U of x and
V of flx) such that f|U > V <s an embedding.

PROOF. Suppose f 1is an immersion in x. Set y := f(x). Choose Mx
€ M{Xx)’ Ny S M(Yy) and a holomorphic extension g, of f, . Then
gy 1s an immersion in % and the analogous result for manifolds im-
plies that for appropriate representatives g : M > ¥ 1is an embed-
ding. Since X N M 1is finitely defined in M, g(X N ¥) is finitely
defined in the submanifold g(¥) of ~N, hence SF-analytic in W~N. It
follows that f(X N M) is SF-analytic in Y N N,

4. MAPPING THEOREMS

An important theorem in finite dimensional complex analysis is
Remmert's proper mapping which states that a proper holomorphic map-

ping maps analytic sets onto analytic sets.

Recall that a map is called proper if it is continuous and the
preimages of compact sets are compact, and it is called finite if it
is proper and has finite fibers. Two infinite dimensional versions of

the mapping theorem are known. The first one is proved in [6,91]:

Let Q and = be Banach manifolds and §f : Q - E a holomorphic
Fredholm map. If X C Q 1is a finitely defined analytic set and F|X

—

18 proper then f(X) is a finitely defined analytic subset of XE.
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The second one-is found in [9, 10, 4, 5] (in different generaliza-

tions):

Let X be locally finite dimensional complex space, E a Banach
manifold and f : X > E a proper holomorphic map. Then f(X) s a

finite dimensional analytic subset of E.

We shall derive a mapping theorem for finite SF-maps. At first

a local version.

4.1. THEOREM. Let X be an SF-analytic subset of a domain § in the
Banach space E, and f : X > F a holomorphic map tnto a Banach space
F. Suppose x € X 1is isolated in the fiber f_l(f(x)) and Dflx) is
semi-Fredholm.

Then there are arbitrarily small open netghbourhoods U of x and
VvV of flx) such that Ff(U) C TV and

(a) flu = v 4s finite.

(b) f(U) is analytic in V. If indDf(x) > - © then F(U) s
finttely defined and

codimf(x)f(U) = emcodimxX - ind Dfl(x).

(c) FlU > f(U) is open in x t.e. f maps neighbourhoods of x
onto neighbourhoods of flx).

PROOF. We may assume that X lies in f with minimal codimension and
that g is a holomorphic SF-extension of f to . Because of 2.6(b)
g_l(f(x)) is finite dimensional and 3.2 implies dim Ker Dg (x) < o,
Assume x = 0 and g(x) = 0. Choose a local representation of ¢g in
terms of y, U', and W' as in the beginning of section 3. Since 0
is isolated in f_Z(O) N X there is a ball B in Ker Dg(0) with
center 0 such that ¢(X) and {0} x 3B C F x Ker Dg(0) do not meet.
Y(X) is closed in ¥’ and {0} x 3B is compact because Ker Dg(0) is
finitedimensional. Therefore there exists a zero neighbourhood V in
F and positive reals r < s such that (X) and V x (B(0,s) - B(0,r))
are disjoint. Hence the projection TTF|¢(X) N (V x B(0,s)) - ¥ is
finite. Putting U = U’ n ¢~ {(¥) n X and observing T, o v|jUv = Flu
we obtain that f|U = V is finite. This prove (a).

(b) and (c) follow from a theorem on the projection of analytic
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sets applied to TrF[V x B(0,s) * V (see prop. II. 3.7 and III. 2.2.1
in[61).

This result corresponds to a well-known theorem of finite dimen-
sional complex analysis (see e.g. [3, Th. 3.2(b), p. 1331]). The

usual dimension formula

dlmf.(x)f(U) = dimX
can be transformed into the codimension formula in 4.1. If £ and F
are finite dimensional and X is embedded into F with minimal codi-

mension in & then

ind Df(x) = dimE — dimF

and

]

codimf.(x)f(U) dimF—dimf.(x)f(U)

i}

dim E — Znd Df(x) - dimf(x)f(U)

1

codimxX - tnd Df(x).

4.2. THEOREM. Let f : X > Y be a finite holomorphic SF-map between
SF-analytic sets in Banach mantifolds. Then f(X) is analytic. If
ind f > - ® then f(X) is finitely defined and

Yy - codimyf(X) = min {emcodimxX - emcodimyY - indDf(x) : x € f‘_z (y)} .

PROOF. f(X) 1is closed since f is proper. Let y € fF(X) and f_](y)
= {xz,...,xn}. Because f 1is proper there are neighbourhoods V of y

and U; of x; such that the U; are pairwise disjoint and f_Z(V)

Elv {Uj :§ = 1,...,n}. Moreover we may assume that V lies in a do-
main = of a Banach space with minimal codimension in y. According
to 4.1 we can make = and U; smaller such that each fug) is

analytic in Z, and if ind Df(acj) > - @ then

I:d

- az L) = ’ X - 7 ).
co mnyf‘(UJ) emcodzmxj ind Df(xJ)

Hence f(X) N V is analytic and the above formula holds.
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In finite dimensions
emcodim X - emcodim Y - ind Df (x) = dim Y - dim_X
z Y Y x
and therefore the above formula is transformed to

dim £(X) = max (dim X : = € .

5. LOCAL FACTORIZATION

In this section it is shown that a holomorphic SF-map can be
locally factored into a finite map and a projection as it is the case
in finite dimensions (see e.g. [3] ). As a consequence the fiber di-

mension is semi-continuous.

5.1. PROPOSITION. Let f : X * Y be a holomorphic SF-map between
SF-analytic sets and « € X. Then there are arbitrarily small open
neighbourhoods U of z, V of Fflx), a domain W <in a Banach space G,
and a finite holomorphic SF-map X : U = V x W such that the follow-

ing diagram commutes:

U ——— v x
Flu l“v
4

X(U) is analytic in V X W and X : U = X(U) is open in =. If k:=

dim f—z(f(x)) < ® gnd indDf(x) > - o then X(U) <Zs Ffinitely de-
fined and

ind DX (x) = ind Df (x) - k,

codim X(U) = emcodimmX - emcodim Y - indDf(x) + k.

X (x) flx)

Let us remark that in finite dimensions the above formula cor-

responds to the well-known dimensions formula

dimx(x)x(U) = dimxX -k

because
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emcodimx}( ~- emcodim Y - indDf(x) = dimf(x)Y - dim_X.

x

flx)

PROOF. According to 3.5 there exist a neighbourhood vV of x in
fI(f(xz)), a domain ¥ in a Banach space G and a finite holomorphic
SF-map ® : V > W with dimKer D&(x) < » and ImD®(x) = G. ¢ can
be extended to a holomorphic map ¢ : U > ¥ 1in a neighbourhood U of
xz in X. Define X := (f|U,¢) : U > ¥ x W. Then the above diagram
commutes and

Ker DX(x) = Ker Df(x) N Ker DY(x) = Ker D ®(x)
hence

dim Ker DX (x) = dim Ker DO(x) < o,
To see that ImDX(x) is complemented apply Lemma 5.2 Dbelow to
T, := Df(x), T, := Dy(x), and G, = {0}. Thus Dx(x) is semi-Fredholm.

If k = dim_f '(f(z)) < = then dimKerDf(z) < » by 3.2 and
dim Ker DX (x) = dim Ker D®(x) = dim Ker Df(x) - dim ImD%(x),
codim ImDx(x) = codim Im Df(x) + codim ImD%(x) = codim ImDf(x).
Because of dimImD®(x) = dimG = k (9 1is finite) one obtains
ind DX (x) = Znd D flx) - k.

Since x is isolated in the fiber x—z(x (x)) Theorem 4.1 can be ap-
plied to obtain the other assertion (for possibly smaller VU, V, and
W) .

5.2. LEMMA. Let E, F, and G be Banach spaces, ’.7‘2 E > F and

T, : B~ G be continuous linear maps. Suppose InT, =Im(T2|KerT1) and
F=ImT, ® FO and G = Im T, ® Go are topological decompositions.

Define T := (T;,T,) ¢+ E > F x G. Then ImT = ImT, x ImT, and

FxG=InT & (FO X Go)

18 a topological decomposition.



LOCAL ANALYTIC GEOMETRY 17

PROOF. Let F = E, X Ker T, . Then

1 1

ImT = T(El) + T{Ker TJ) = T(EJ) + ({0} x TZ(Ker Tl)) =ImT,x ImT,.

1 2
It is easy to see that the stated decomposition is algebraically cor-
rect. Since all factors are closed the decomposition is a topo-

logical one.

5.3. COROLLARY (Semi-continuity of the fiber dimension). Let f : X
=+ Y be a holomorphic SF-map between SF-analytic sets. Then for every
x € X there s a netghbourhood U such that

dimzf—l(f(z)) < dimxf—l(f(x)) for every 2 €U
t.e. the function x * dimxf-l(f(x)) is upper semi-continuous.

PROOF. Suppose k := dim f—J(f(x)) < » (otherwise the inequality is
trivial). Choose the local situation as in 5.1. Then Xl?l(f(x))(WU
-+ {f(z)} x ¥ 1is finite for every 2z € U and the inequality follows

from 4.1(b) or from the corresponding finite dimensional result.

The rank theorem in [12] has a counterpart for SF-maps with con-
stant fiber dimension.

5.4. FACTORIZATION LEMMA. Let f : X > Y be a holomorphie  SF-map
between SF-analytic sets. Suppose that for every 3z in a neighbour-
hood of x« € X the dimension of the fiber fF L(f(z)) in 2z 1is the
same finite number k. Then there are arbitrarily small open neigh-
bourhoods U of x and V of flx), a domain W in @k, an analytice
subset V' of V and a finite surjective holomorphic map X' :U-> VIxW

such that the following diagram commutes

v —— V' x W

f|U l’"vl
¥
V —> v’

If ZndDf(x) > - » then V' <{s finitely defined and

codimf(z)f(U) = emcodimxX - emcodimf(z)y -'Znd D f(z) + k.
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If X and Y are manifolds then the above formula can be written 1in

a symmetrical form

codim ImDf(z) - codim

05T (V) = dinkerDf(z) - dim 1 (r(2)).

Again notice that for finite dimensional X and Y this codimen-

sion formula is equivalent to

; . . -1
dimf(z)f(U) = dtsz - dim,f T (f(z)).

PROOF. Choose the local situation as in 5.1. Put X(x) = (f(x),0).
Then 4 := X(U) N (V x {0}/ is analytic in V x {0} and V' := w,(4)

is analytic in V.

For each y € f(U) the map x|f—1(y) NU->1{yl xw is finite
and surjective since % is a domain with the dimension of fﬁl(y).
Hence X(U) = V' x ¥, Define X' := X|U = V' x ¥,

If ZndDf(x) > - ©» then X(U) is finitely defined in V x W
and hence V' 4is so in V. The codimension formula follows from 5.1

and from

- 3 r = _ ; . ] - .
14 codimf(z)V (V x W) codtmx(z)V X W codamx(z)X(U).

If X and Y are manifolds then the embedding codimensions vanish

and the stated formula follows from

indDf(z) = dimKer Df(z) - codim ImDf(z).

6. A CRITERION FOR OPENESS

Immediately from 5.1 there follows a criterion for openess of

holomorphic F-maps.

6.1. PROPOSITION. Let f : X > Y be a holomorphic F-map between
SF-analytic sets. If

emcodimf(x)f - emcodimxX = dimxf_l(f(x)) - ind Df(x)

then f 18 open in =x.

For manifolds the converse implication holds also.



LOCAL ANALYTIC GEOMETRY 13

6.2. THEOREM. Let f : X > Y be a holomorphic F-map between mani-
folds. Then [ 1is open 1f and only 1f

dim £ '(f(z)) = ind Df (w) for every =€ X.

(Notice that ZndDf(x) is constant if X is connected).

PROOF. Suppose that f is open and that x € X. We may assume that
X and Y are domains in Banach spaces £ and F. Define KX:=KerDf(x)
and I := ImDf(x). Choose local coordinates such that = I x K,
F=1Ixyqg, and fly,z) = (y,h(y,s})) for (y,z) € U C I x X where
h : U= I and x = (0,0). We show that #(y, *) is open for each
y. Let V be open in X and ¥ be an open neighbourhood of y. Then
f(W x V) is open, hence

({y}Y x J) 0 g(w x v) = ({yt x d) n iy} x v)

Fiyt = v) = {y} x ni{y} x v)

is open in f{y} x J.

In particular g := 4(0, *) : X N KerDf(x) > J 1is open. The
criterion for openess in finite dimensions (see e.g. (3, p. 145]) im-
plies dim Ker Df(x) = dimdJd + dim Og—l(g(O)). Since g_l (g(0)) =
Flifp(z)) 0 U and  indDf(x) = dimRerDf(x) - dimJ we obtain
dim f~1(f(x)) = indDf(z).

7. THE SINGULAR SET OF A HOLOMORPHIC FREDHOLM MAP

The singular set S(f) of a holomorphic map f : X > Y between
Banach maniforlds X and Y is the set of all points x € X in which
the differentials Df(x) are not surjective. For Fredholm maps f this
set is finitely defined analytic and its codimension can be esti-

mated as in finite dimensions (see e.g. [3, p. 971]).

7.1. LEMMA. Let A and B be analytic subsets of a Banach manifold

Q. Suppose B 1s near x € A N B a submanifold. Then

Q0 - codim 4 > B - codim A N B.
x = x

PROOF. We may assume that & is a domain in a Banach space F and B
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is near x« a complemented linear subspace of £Z. Then there is
linear subspace ¢ of B with dim(C = B - codimxA N B such that «
is isolated in A N B N ¢. Therefore Q - codimxA > dimC.

7.2. LEMMA, Let f : X > Y be a holomorphic map between Banach mani-
folds and 72 be an analytic subset of Y. Then

eodim codimxf—z(z) for every x € f—z(’Z).

v

Fla)?
PROOF. Define Q := X x Y, B := graph f, A := X x Z and apply 7.1.

7.3. PROPOSITION. Let E and F be Banach spaces. The set Fo of
nonsurjective linear Fredholm operators is a finitely defined analytic

subset of the set F(E,F) of all limnear Fredholm operators. Moreover

codimTFo < itndT + 1 for every T € Fo with tndT > 0.

PROOF. In {1l] it is proved that Fo is a finitely defined analytic
subset of F(E,F). More precisely it is shown that in a neighbourhood
U of T €& F, there exists a holomorphic map ¥ : U > L(X,J) such
that X = Ker T, J 1is a complement of ImT and Fo is the preimage
11)—1(130) of the set L of nonsurjective operators in £L(%,J). Notice
that £(k,J) is a finite dimensional vector space. Now suppose ZndT
> 0. Then dimk > dimJ and the nonsurjective linear operators from
K to J are exactly those linear operators the rank of which is
strictly smaller than dimJ. According to [3, p.98] they form an
irreducible analytic subset of £(X,J) with the codimensicn dimX -
dimd + 1 = <ndT + I. With 7.2 one obtains

codimyF = codimTw—l(£O)

A

codim£o = ind T + 1.

7.4. THEOREM. Let f : X =+ Y be a holomorphic Fredholm map between
Banach manifolds with <ndDf(x) > 0 for every x € X. Then GS(f) is
a finitely defined analytic subset of X and cadimxs(f) < ind Df(x) + 1
for every x € S(f).

PROOF. We may assume that X and Y are domains in Banach spaces Z
and F., Then Df : X - F(r,F) is holomorphic and S(f) = (Df)_l(Fo).
Now apply 7.2 and 7.3.
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7.5. COROLLARY. Let X and Y be connected Banach manifolds and f :
X > Y a finite holomorphic Fredholm map with nonnegative index. Then
S(f), ¢ := f(s(f)), and f_l(C) are analytic subsets with codimension

one and FflXx - f‘l(C) > Y - C s a covering map.

PROOF. <Znd Dffx) is constant and because of 4.1 it vanishes, and
f(X) is open. Therefore f 1is surjective. According to the theorem
of Sard-Smale [12] the set of critical values ( 1is meager in Y,
hence ¢ # ¥, £ Y(c) # X, and S(f) # X. By 7.4 codimS(f) =1 and
by 4.2 ¢ = f(S(f)) is analytic and onecodimensional. f|X - f—Z(C)
is locally biholomorphic because the differentials are isomorphic
since their index is zero. The map is also finite, hence it 1is a

covering map.

8. GRAPH THEOREMS

Graph theorems characterize the regularity of a map by geometri-
cal properties of its graph, for example continuity by closedness.

Recall the following characterizations of differentiability.

l. Amap f : ¥ > Y Dbetween complex (or real CT—) Banach manifolds

is holomorphic (or real ¢’

- differentiable) if and only if its
graph ' is a complex (or real ¢’ —-) submanifold of X x Y and if
for every f(x,y) € T' the tangent space of ' in (x,y) is a topo-

logical complement of {0} x TyY in T X x TyY.

2. If X and Y are (locally finite dimensional) reduced camplex spaces
and X 1is normal then Remmert proved that a map f : X > Y is holo-
morphic if and only if its graph [ is analytic in X x ¥ and if

dzm(x’y)F = dtmxX for every (x,Y) €Tl [8].

In [i] it is shown that in infinite dimensions the analyticity
of the graph is too weak to guarantee that the map is holomorphic.
There exists a map from the open unit disk into a Banach space which
is a homeomorphism onto its image and has an analytic graph but is
not holomorphic. Holomorphy can, however, be characterized by the
SF-analyticity of the grapii.

8.3. THECREM. ILet f : Q> F be a map from the domain § ina Banach
space E 1into the Banach space F and let T be its graph. Then the

following properties are equivalent:



22 AURICH

(1) f “Zs holomorphic.

(ii) T <¢s an SF-analytic subset of § x F and moreover NEM%F)
= E; and emeodimpF = dim(TpF N ({0} x F)) for every p €T,

(iii) For every p € Q x F there are a neighbourhood U and a
holomorphic map ¢ : U~ H <n a Banach space H such that rnpug-=
¢ 1(0) and D,®(p) is a Fredholm operator with index 0.

PROOF. The equivalence of (i) and (iii)} is proved in {1). (i) im-
plies (ii) because of 8.1. Thus it remains to show that (ii) implies

(i) .

Let p = (x,y) € I'. Then there are a neighbourhood U of p, a
complex submanifold ¥ of U and a topological decomposition F =
F, ® F2 such that I'Ny € M, dim F,= emcodim I' = M-eodimpF, TPM =
E x F,, and p is isolated in I' N ({x} x F,). Making U smaller we
can achieve that the projection F %X F = F X Fz induces a biholomor-
phic map # : M > V onto a domain V in E X F;. The set 4 := A(l)
is a finitely defined analytic subset of V. Making again V smaller
we may assume that 4 1is the finite union of finitely defined analytic
sets which are irreducible in p. Because of 2.1 we can find one of
them, say Aj , such that the projection & x Fz - EF induces an ana-
lytically ramified covering map from 45 onto a neighhourhood of x.
Since I' is the graph of a map this covering has only one sheet and
furthermore Aj must be the only irreducible component of 4. Be-
cause 4 is a submanifold outside of the bifurcation set it 1is the
graph of a locally bounded map ¢ : W > F, from a neighbourhood W
of # in E into F; which is holomorphic outside of proper analytic
subset of W¥. The Riemann removable singularity theorem [6, p. 24]
implies that g is holomorphic everywhere. Hence f|W = o g is

holomorphic.
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ABSTRACT.

The problem of characterizing restrictions to small sets of ho-
lomorphic functions satisfying certain norm estimates,is studied from
the point of view of functional Hilbert spaces and reproducing ker-
nels. Characterizations are obtained for boundary value distributions
of various Hilbert spaces of holomorphic functions along certain thin
subsets of the boundary of the unit ball. In addition, boundary values
of bounded holomorphic functions along certain thin subsets of the
boundary are characterized by an analogue of the classical Pick-

Nevanlinna condition.

INTRODUCTION

In this paper we address, in several different contexts, the
problem of characterizing the restrictions of various classes of ho-
lomorphic functions to certain subsets of their domain, or of the
boundary of their domain. The problems to be considered fall into two
broad classes: characterization of restrictions of Hilbert spaces of
holomorphic functions (e.g. L2 Bergman and Hardy spaces),and charac-

terizations of restrictions of bounded holomorphic functions.

The Hilbert space case has been considered previously by several
authors, most notably Aronszajn [1]. A novel feature of the present
paper is the characterization of restrictions to certain subsets of
the boundary, which may in fact be quite thin. In this case the
boundary values may not be defined in the classical sense, so we are

forced to consider distributional boundary values.

For the second problem, we attempt to characterize restrictions
of bounded holomorphic functions to a small set E by an analogue of
the Pick-Nevanlinna condition in the unit disk A, which may be for-
mulated as follows: A function f on a subset E of A satisfies the

Pick-Nevanlinna condition if the kernel KX(z,tz)(1 - Flz) flc)) is
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positive definite on E x E, where KX(z,5) = (1 - 52)—1 is the Szegd
kernel of the unit disk. The classical Pick-Nevanlinna Interpolation
Theorem states that f 1is the restriction of a function in the unit
ball of & (A) if and only if #f satisfies the Pick-Nevanlinna con-

dition on E. The higher dimensional analogue of this problem has been

considered previously by Koranyi and Pukanski [14], FitzGerald and
Horn [11l], Hengartner and Schober [13], Hamilton [12], and by the
authors [2,3] . In Section 2 we will show that, for appropriately cho-

sen sets F, and for a wide range of kernels, the restrictions to &
of bounded holomorphic functions are characterized by a direct ana-
logue of the Pick-Nevanlinna condition. It was observed by Xoranyi
and Pukanski fl4] that in the case of functions of several complex
variables it is essential to place some restriction on the size of
the set FE. Roughly speaking, & must be large enough to be a set of
uniqueness for an appropriate class of holomorphic functions. In Sec-
tion 2 we investigate the extent to which this condition might be
weakened, obtaining a slight improvement on a earlier result of

Hamilton [12] in this direction.

The paper is organized as follows. In Section 1 we introduce the
necessary background on positive definite kernels and functional
Hilbert spaces. In Section 2 we specialize to spaces of holomorphic
functions, and address the interior interpolation problems alluded to
above. Finally, in Section 3 we introduce distributional boundary
values along certain submanifolds of the boundary of the unit ball,

and address the boundary analogues of the results in Section 2.

1. POSITIVE DEFINITE KERNELS

Let H be a Hilbert space of complex valued functions on a set
X. We will say that H is a functional Hilbert space on X if it has
the property that for every « € X the linear functional f -+ f(z)
is continuous on H. It follows that for each x € X there 1is a
unique function Kx € H with the property that f(zx) = <f’Kx> for
every f € H. The kernel K(x,y) = Ky(x) defined on X x X 1is called
the reproducing kernel for the functional Hilbert space H. It is
positive definite 1n the sense that for any pair of finite sequences
Lysewesx, € X and Ogs--es0 € ¢ we have Eai &J.K(xz,xj) > 0. Con-
versely, it can be shown that every positive definite kernel is the
reproducing kernel for some functional Hilbert space. More precisely,

we have the following result which is due essentially to Aronszajn
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[1] (see also [11], [81, [31).

THEOREM 1.1. ILet K be a positive definite kernel on X % X. Then

(1) There is a unique functional Hilbert space H om X with

X as its reproducing Kernel;

(ii) The Space Ho consisting of finite sums of the form f =

z qu( ',xz) 18 dense in H;

(1ii) A function f on X <s in H 1if and only <f there is a non—
negative constant C( such that the kernel CZK(x,y) - fle) Fly) <s
positive definite, and in this case, the norm of f is the infimum
of all such C;

(iv) If E is any subset of X then the functional Hilbert space

with reproducing kernel is H | PE

KlE < F
The following interpolation result is an immediate corollary of

Theorem 1l.1.

COROLLARY 1.2. Let K be a positive definite kernel on X x X and
let E be an arbitrary subset of X. Let f be a complex valued func~
tion on E such that for some non-negative constant C the kernelczkany)
- Ff(x)f(y) is positive definite on E % E. Then there is a function
Fe H with IFIl < ¢ and F|E=f.

For our interpolation results for bounded functions we will need
a generalization of a classical result of Bergman and Schiffer [ 6]
on analytic continuation of functions of two complex variables. The

classical result may be formulated as follows:

THEOREM 1.3. Let XK be the Bergman kernel of a domain D in & and
let E be an open subset of D. Let f : E X E > & be any function
satisfying

2 - , =z
(1.1) |Za, ij(zijcj)| (Do, aKla,u.)) (28, B K, ,t.))

whenever BysevesBps Lyseeesly €F and Ogse-esOpys Bisenn, B, € O
Then there i1s a unique holomorphic function F on D x D which agrees
with f on E % E, and such that the inequality (1.1) persists when

the points z and Cj are allowed to vary over the set D.
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We will present an abstract formulation of this result which admits
a particularly simple proof based on Hilbert space considerations,
and which yields a significant improvement of the classical result

when specialized to the classical setting.

For our purposes it will be more convenient to work with a
slightly modified version of the Bergman-Schiffer inequality. Let Kl
and K2 be positive definite kernels on X, and X2 respectively.

We will say that a kernel I : X-l X XZ > ¢ 1is subordinate to the pair

(KZ,KZ) if there is a non-negative constant ¢ such that
(1.2) IEoci BjL(xi,yj)l <cC (EuiajKl(xi’xj“(z Bi BjKZ(yi’yj“

whenever xZ""’xIVE X}’ yl,...,yME X2 and OLZ""’OLN’B &

150 By
¢. We denote the infimum of such ¢ by HILIll. In the special case Xl
= X, and K, = K, = K, we will say simply that L[ is subordinate to
K. Note in particular that it follows from Theorem 1.1 that if Hj
is the functional Hilbert space with reproducing kernel Kj then, when-
ever (1.2) holds, the functions IL( *,y) and L{(x, *) are in Hl and
H2 respectively for any fixed x € Xl and y € X
f € Hl we may define a function Lf on X, by

9° Thus for any

(1.3) (Lf)(y) :(f,L(',y))l.

({Here <« , )j denotes the inner product of Hj) .

The next result establishes a (conjugate linear) isometry between
the space of kernels satisfying (1.2) and the space B(Hl,Hg) of con-
tinuous linear operators from Hl to H2.

LEMMA 1.4. Assume that L <1s subordinate to (KJ,Kg). Then for any
f € H,, the function Ly defined by (1.3) s in H,, and the linear

21
mapping L : Hl - H2 has norm at most C where C <s the constant
oceurring tn (1.2). Conversely, if L : Hl e H2 18 a linear operator
in B(Hl’ H2) then the kernel L defined by
(1.4) Lix,y) = L(Kl( cLx))(y)
satisfies (1.2) with =\ILIl. Moreover, if X, = X2 and kK, = K2

then the operator L is self-adjoint (positive) if and only <Zf the
kernel L is hermitian (positive definite).

PROOF. We first assume that [ satisfies (1.2). We -will show that for
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any f € Hl we have Lf € HZ and ILFfIl < Clfl, where Lf is de-
fined by (1.3). By Theorem 1.1 it suffices to show that

2 2 2 -
|z BJ.(Lf) (yj)| < CcTIFITER, BJ.KZ(yi,yJ.)

whenever yl""’yM (S X2 and R "BM € (. But functions of the

fERE
form f = EZ%:KZ( -,xi) are dense in Hl' so it suffices to verify
the above inequality for functions of this form. But in this case, the
inequality reduces to (1.2).

For the converse, let L : HZ - H2 be an arbitrary continuous

linear map, and let [ be defined by (1.4). Writing f‘:EI{iKJ( ',xj)

and g = EEJ.KZ( ',yj), we have, by the Cauchy-Schwartz inequality

and the reproducing properties of the kernels,

— 2 2 2 2 2 2 2
2o, 8oLtz Ly )17 = [Cgu Lrdy|® < ILgIg gy < ILUZ uriy Wgly

_ 2 - =
= Hei (2<xiajK1(xi,xj))(2 BiBjKZ(yi’yj))’
which is (1.2) with =1Lin.

The proofs of the remaining assertions are straightforward and
will be omitted.

We are now in a position to formulate the main result of this

section, which is essentially contained in [3].

THEOREM 1.5. Let Kj be a positive definite kernel on Xj and let Ef
c Xj (§ = 1,2). Assume that L E, x E, > ¢ sagtisfies (1.2) on

1 2
By, X Ey. Then there is a unique L : X, x Xy > ¢ such that
(1)  I] =L,
EJXEZ o

(ii) L satisfies (1.2) onm Xl X X2 and WLl = NLOH;

(iii) Whenever fj € Hj with fj vanishing identically on Ej
we have (L( «,y), fl)l =(L(x, » ), f2)2 = 0 for every =x € X, and
y € X, (Here Hj 18 the functional Hilbert space with reproducing
kernel Kj)' Moreover, if X] = XZ’ El = EZ and K] = KZ’ then L <ZIs
hermitian (positive definite) on X, x X, if and only if L, s her-

mitian (positive definite) on Eq X El'
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PROOF. Let Rj ; Hj'*Hj[Ej be the restriction mapping. Let LO: %IEJ
- H2|E be the linear operator induced by I, according to Lemma
2
- p* . ] *
1.4, and set L = R, LoRJ : Hz - H2- Using the fact that the RjRj
is an orthogonal projection in H,, and RjR; is the identity map-
ping on Hle_ , we conclude that WLl = HLOH < (. By Lemma 1.4, the
J -
function L(z,y) = LKJ( *,x))(y) satisties (1.2) on X, x X,. More-

over, for (x,y) € B, % EZ we have

Lixz,y) = <LK1( -,x),KZ( taylly = <LoR1KJ( °,x),RZK2( -,y)>E2

n

(LORJKJ( s ,xl)ly) = Lo(ac,y),

and (i) is verified. (Here (+, * ) denotes the inner product in

E
J
HIE ). Moreover, since the kernel L(x,y) represents the operator L

dJ
in the sense of (1.3), item (ii) follows from Lemma 1.4.

To verify (iii), let fj € Hj with fle- = 0. Then for any &z
J

€ Xl we have

(T(z, = ).fy) g = (LK (2, + ) fy) 5 = CLR K -,x),32f2>E2 = 0.

Similarly,
(F b ,y)), = (LF)(y) = (R;LORJfJ)(y) = 0.

For unigueness, we use once again the observation that R;Rj is

an orthogonal projection in Hj, and Rij is the identity mapping
H.I . Thus if L' : X, x X, - & satisfies (i1)-(iii), and if L
JlE; 1 2

is defined asabove, then for any y € E, and any fz € HZ we have

on

’ . - ! . * o - .
(L'( ,y),fz)z = (L' ’y)’RZRJIZE —(LO( ’y)’RZfJ)EJ
_ . * = .
={L( ’y)’RlRZfJ)Z = (LS ’y)’fl)l'

The first and last equalities follow from (iii) since fl - R;RIfl

vanishes on E;. Thus we obtain L'(z,y) = L(x,y) whenever x € XZ and
' .

7 and f2 €H2 we have (L'(z, ),f‘2)

={L(x, ~),fé), so it follows that L' = L.

y € Ey. Similarly, for any x € X
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For the remaining assertions, it is only necessary, again by
Lemma 1.4, to verify that the operator [ is self-adjoint or positive
whenever the same is true of the operator Lo‘ But this is clear from

the definition of [ so the proof is complete.

To reconcile the preceding result with the classical result of
Bergman and Schiffer, it is only necessary to replace the kernel K2
by its complex conjugate. Thus we have the following corollary, ver-

sions of which have appeared in {91, (8], {13], [12] and (4].

COROLLARY 1.6. Let Kj be a positive definite kernel on Xj and let

Ej c Xj (§ = 1,2). Assume that FO : Ej X E2 = 0 satisfies

2 — —
. Za. B, LY Zo,o, . ZR,.B., T

(1.5) | o, BJFO(xZ,yJH < (Za, OLJKJ(xJ,xJ))( B, ngz(yl,yg))
whenever ToseeesZy S EZ’ Yoo s¥y S E2 and Ogseves Oy Bysevr s BM
€ 0. Then there <18 a unique F : X, x ¥, > ¢ with the following proper—
ties:

(i = ;

) F‘EJXEZ F

(i1) F satisfies (1.5) whenever x;y...,x; € X, and Yporr ooy € Ly

In particular, F( *,y) € H] and F(x, =) € H, for any fixed z= €X

2 1

and y € YOH
(1i1) whenever fj € Hj with fj vanishing identically on Ej’

we have (F( ',y),f1> =(F(z, * ),f2) =0 for every =z € X,, y € X,

As an application of the above results, we give an abstract version
of the Pick-Nevanlinna Interpolation Theorem. We will say that a set

E C X 1is a set of uniqueness for a family of functions F on E if

the restriction mapping R : F > FIE is injective.

THEOREM 1.7. Let K be a positive definite kernel on X such that
the assoctiated functional Hilbert space H contains the constants. Let
E CX be a set of uniqueness for {gKk( *,x) : g € H, = € X}, and let
f : E~> € be such that the kernel K(xz,y)(1 — F(x)f(y)) is positive
definite on E x E. Then there is a function F € H sueh that F[E:f
and such that K(x,y)(1 - F(z)F(y)) is positive definite on X X X. In
particular, |F| < 1 on X.

PROOF. For any non-negative constant ( we can write
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(1.6) CZK(x,y) - flx)fly) = CZK(x,y)(J - flx)fly)) + f(x)f(y)(CZK(x,y) - 1).

Since 1 € H, it follows from Theorem 1.1 that the kernel CZKh;y)-J
is positive definite for ¢ > W11, and clearly the kernel flz)f(y)
is positive definite on F x E. It follows from Schur's Lemma that
the last term on the right of (1.6) is positive definite for ¢ > I11.
But the first term on the right is positive definite by hypothesis.
Thus it follows from (1.6) and Corollary 1.2 that there is a func-
tion F € H with F‘E = f. Moreover, by Theorem 1.5 there is posi-
tive definite kernel ZLf{x,y) on X x X with L subordinate to K
and L(z,y) = K(x,y)(1-F(x)F(y)) for =z,y € E. Since E is a set
of uniqueness for {gk(-,xz) : g € H, x € X}, we have L ,y) =
= K(+,y)(1-F(+J)F(y)) on X for any fixed y € E. Similarly, for
any fixed « € X, we obtain L(x, *) = K(x, = )(1 - F(x)F(+)) on X.

Since L 1is positive definite, the theorem is proved.

A remark is in order concerning the unusual hypothesis on E in
Theorem 1.7. An example due to Koranyi and Pukanski [14] shows that
some such condition is essential. However, we do not know whether it
is enough to take EZ to be a set of uniqueness for H. We will ad-

dress these questions in certain special cases in the next section.

We conclude this section with an alternate formulation of the
positivity condition of Theorem 1.7. Let X be a positive definite
kernel on X x X and let H be the associated Hilbert space. We will
call a function ¢ on X a multiplier on H if ¢f € H  whenever

ref.

PROPOSITION 1.8. Let H be a functional Hilbert space on X with re-
producing kernel K and let v be a function on X. Then the following

conditions are equivalent:
(1) ¢ <8 a multiplier on H;

(ii) The multipiication operator Mw defined by (Mw)f = ¢f 1is

a continuous linear operator on H;

(iii) For some (C > 0 the kernel K(x,y)(02 - v(xle(y)) is posi—
tive definite on X x X;

(iv) The kernel Kw(x,y) = w(y)K(x,y) is subordinate to K.
Moreover, in this case, the kernel K, represents the operator M¢
of part (i7) (in the sense of Lemma 1.4), and HMwﬂ 18 the infimumn of
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the constants C in (Z11).

PROOF. The equivalence of (i) of (ii) is a&an immediate consequence
of the Closed Graph Theorem.

For the equivalence of (ii) and (iii) note that the operator

CZI - MWM; (where I is the identity operator on H) is represented

by the kernel K(x,y)(CZ - ¢(xz)p(y)). Thus by Lemma 1.4 +the kernel
K(x,y)(Cz - ¢(x)p(y)) is positive definite if and only if the opera-

tor ¢%r1 - MwM; is positive, i.e. if and only if HMWH < C.

The equivalence of (ii) and (iv) is again a consequence of Lem-

ma 1.4 since the kernel K¢ represents the operator M¢

Finally, we have

COROLLARY 1.9. If ¢ is a multiplier on H then ¢ is bounded on Y
={z € X : Klx,z) # 0} with sup{|e(x)] : =z € ¥} < HMw“.

2. SPACES OF HOLOMORPHIC FUNCTIONS

In this section we will specialize to subspaces of the space 0(D)
of holomorphic functions on a domain P in ¢ or, more generally,
in a complex manifold. In this case we will say that a kernel X(z,0)
is sesqui-holomorphic if it is holomorphic in the first variable and
conjugate holomorphic in the second. One easily checks that the re-
producing kernel of any functional Hilbert space of holomorphic
functions is sesqui-holomorphic, and that conversely the functional
Hilbert space associated with a sesqui-holomorphic kernel consists

of holomorphic functions.

We begin with some examples. If u is a positive measure on D,
we will denote by HU the vector space Lg(du) N 0(p) of all holo-

morphic LZ functions on D. In addition, if 2 is a domain with 02
boundary (or a product of such domains), and if u is a positive mea-
sure on the (distinguished) boundary of D, we will let Hu denote
the space of all functions in the Nevanlinna <class N(D) having
boundary values in Lg(du). Under appropriate conditions on u, the
space HU is a functional Hilbert space on D, and we will denote

its reproducing kernel by KU' Thus if o denotes the euclidean sur-

face measure on the distinguished boundary aoD, then H0 is the usual

Hardy space H2(D). In the case when u is a measure on 2 which is

absolutely continuous with respect to Lebesgue measure, the space HU
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is called a weighted Bergman spaces.

In the case of the unit ball = Bn in d‘n we introduce, for

-1
g >0 the probability measures qu(z) :Tr—nP(n+q)F(q)_1 (1- |z|2)q dv(z),

+
where dV denotes the Lebesgue measure in ¢". Then as q > 0 the

measures qu converge w¥*, as measures on §, to the normalized sur-
2
face measure do on 3B. Thus we define Ho to be the Hardy class H (B).
The espace Hq = Hy is then a functional Hilbert space of holomor-
q

~(n+
phic functions on B, with reproducing kernel Kq(z,c) =(1-(z,z) (n q)-

This can be easily verified as follows. For z € 6" and o € Z, a

a a
multi-index, we let 2% = 211 . znn. By integration in polar coor-
dinates, one checks that (za,zg)q = 6& BOL.'I‘(n + g)l(n+q+ ]ocl)_z,
3
where we have used the notation a!=a,!/...a ! and lo| o, +... +a .

Thus {Zcx.} forms a complete orthogonal system and it follows that
I o—=o

Kq(Z,E) =Z0(n+ g + |a|){T(n + glal} "z ¢

(1 - (z,z)) "9,

The definition of the spaces Hq can be extended to the case of
negative values of g¢g. For any g € IR we define a function hq on
the unit disk by

(1 - )\) 5 q > 0
(2.[ n =

F(1,1;2-gq:)X), q <0,

where F is the usual hypergeometric function defined by

Fla,bs;e:\) = Z(a) _(b) {m!(ec) }—ka.
m m m

Here we have used the notation (am) =ala+1)...(a+m-1)})=T(a+m}/T(a).
€ i =
For any ¢ IR we define a kernel Kq on BX B by Kq(z,c) hn+q((z,c)).

Then Kq is sesqui-holomorphic and positive definite on B, so it is
the reproducing kernel for a Hilbert space Hq of holomorphic func-
tions on B. In fact, it can be shown that for ¢ < I, Hq is the
space of all holomorphic functions on B with square integrable par-
tial derivatives up to order (I - g)/2. (Note that in the unit ball,

derivatives of fractional order can be defined in terms of power



REPRODUCING KERNELS 35

series. We refer to [5] for details).

We now turn tO the problem of interpolating bounded holomorphic
functions. Let D be a domain and let f be a complex valued func-
tion on a subset F of D. We wish to determine whether f can be
extended as a bounded holomorphic function on D. Of course, for func-
tions of one complex variable a celebrated theorem of Carleson as-
sures us that every bounded function on £ has a bounded holomorphic
extension provided that £ satisfies a uniform Blaschke condition.In
higher dimension, however, the situation is considerably more com-
plicated. In fact, it follows from a result of Varopoulos [ 18] that,
for n > 2, there is for every p > 0 an analytic variety E satis-
fying a uniform Blaschke condition in B, such that the restriction
of Hp(Bn) to E does not contain # (E). Thus it is natural to con-
sider the problem of characterizing the functions on E which are

restrictions of bounded holomorphic functions on B.

Let X be a positive definite kernel on a set X, and let E be
an arbitrary subset of X. We will say that a function f on E satis-
fies the Pick-Nevanliwnna condition on E (with respect to the kernel
K) if the kernel K(z,y)(1 - f(z)f(y)) is positive definite on E x E.

By specializing Theorem (1.7) to the present setting we obtain:

THEOREM 2.1. [Let K be a positive definite sesqui-holomorphic kernel
on a domain D such that the associated functional Hilbert space H
contains the constants. Let E C D be a set of uniqueness for
{gk(-,2) : g€ H, t €p}, and let f : E > & be a function satis-
fying the Pick-Nevanlinna condition on E. Then there is a holomorphic
funetion F on D with Flp = f and |F(z)| < 1 for all =z € D.

When D is the unit disk and X is the Szegd kernel given by
K(z,z) = (1 - zE)-J, this result is a special case of the «classical
Pick-Nevanlinna Interpolation Theorem. In this case, the condition
that E be a set of uniqueness is not required. In general some such
assumption is essential. Koranyi and Pukéanski [14] gave an example of
a function on a 2 point set in the bi-disk that is not the restric-
tion of any function in the unit ball of Hm. For the kernels Ku
introduced above, it is clear that it suffices to assume that F is a
set of uniqueness for the holomorphic subspace of Ll(du). Moreover,
if for each fixed ¢ € D the function X(+*,¢) is a multiplier on
HK’ then it suffices to assume that E is a set of uniqueness for HK

since in this case HK contains the class of functions used in the
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theorem. (This is the case for the Bergman and Szegd kernels of any
strictly pseudoconvex domain (see [7]), as well as for any explicitly
computable example in the unit ball). Our next result shows that the

conditions on E cannot be relaxed much.

PROPOSITION 2.2. Let B = B, and assume n > 2. There are a fune-
tion f € #2(B) and a subset E of B such that:

(1) E s a set of uniqueness for #(B) for every p > 2;

(ii) f satisfies the Pick-Nevanlinna condition on E with re-

spect to the Szego kernel for B;

(iii) fF has no bounded holomorphic extension to B.

E

Note that if F were a set of uniqueness for HZ(B) this would con-
tradict Theorem 2.1.

It will be more convenient to prove the preceding result in a

more general setting.

LEMMA 2.3. Let K be the reproducing kernel of a functional Hilbert
space H on a set X and assume that K(x,x) is non-vanishing on X.
Let F be a subset of H which contains all bounded functions in H,
and assume that the sets of uniqueness for H and F do not coineide.
Then there is a set of uniqueness E for F and a function §f € H
satisfying the Pick-Nevanlinna condition on E which does not agree

on E with any bounded function zn H.

PROOF. We use a variation on an argument of Hamilton [12]. Let E,

be any set of uniqueness for F which is not a set of uniqueness for
f, and let g be a non-zero function in H which vanishes identically
on E . Let E =E_ U {nco} where gz, is any point of X satisfying
g(nco) # 0. Letting (¢ = lgl, it follows from Theorem 1.1 that the

kernel CZK(nc,y) - g(x)g(x) is positive definite, so it follows that

2 2 2 U -
(2.1) o |“lgt(e )% < C 2 a.o0.K(x.,x.)
o 0 — .. 7 7 J
1,9=1
whenever «x z, € ¥ and a a, € &.Let f(x) - ke oz )_1/2 ()
gare sy o220y . = o g(x).

Then it follows from (2.1) that X(x,y)(I - f(x)f(x)) is positivede-
finite on E X E, i.e. f satisfies the Pick-Nevanlinna condition on

E. Assume, by way of contradiction, that there is a bounded function
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F in H which agrees with f on E. Then it follows that F]E =0
o

and f(xo) # 0, contradicting the fact that E, 1is a set of uniqgue-
ness for the family of bounded functions in #H, and the proof is

complete.

PROOF OF PROPOSITION 2.2. According to a theorem of Rudin [1l7] there
is a function in HZ(B) whose zero set 1is a set of uniqueness for
Hp(B) for every p > 2. The result follows immediately from Lemma
2.3 by taking F =u {#P(B) : p > 2}.

3. CAPACITIES AND BOUNDARY BEHAVIOR

In this section we will introduce an abstract notion of capaci-
ty. It is not our purpose here to develop a comprehensive theory, but
rather to set up a convenient context for an abstract discussion of

boundary behavior.

Let u be a complex Borel measure on E C B, For any g € IR we

define the g-energy Hullq of u by

(3.1) ht? = zim  _ J J K, (ra,rc) du(z)dule).

r—>1

The kernels Kq are defined in the last section. In particular, K,

is the Szego kernel and X, is the Bergman kernel of B.

For the remainder of this section we shall denote the norm and

inner product in the Hilbert space Hq by | IIq and ¢ , )q re-

spectively. The ambiguity of the symbol | ”q should cause no dif-
ficulty. In addition, for any function f on B and any 0 <r <1 we

will denote by f, the dilation of f defined by Fplz) = flrz).
LEMMA 3.1. l\qu < ® tf and only 1f the function

(Kqu)(z) = Iim jxq(z,rmdi(c) (z € B)

r=>1"

is in Hq. Moreover, in this case IIqu = HKqqu, and for every f €

H  we h (F,K wy = 14 [ .
g Ve have {fiK m,,_,]-ffrd“
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PROOF .

2 — —
= 14 Cp K (-, d s JK (-, du(n)?
lquullq z«bmpaz_ J q rT)du(g) q rnjdu(n) q

= 14 (K («,rg), K (+,rn)) dulniduce)
hmp—»f H q rg) q rn/ ) duin/duce

= lim (J’ Kq(m,rc)du(n)aﬁ(c)
2
= funt.
s q

and the first assertion is proved. For the second assertion we have,
for f € Hq B

=~
Q
B
—
5y
3
Q,
=
I

tim | (PR () duly)
r>1 r>1 ! 1 1

1im <,JK(-,1= ydu(zg))
r>1 f q ey 4

CF K u?
Fakg g
and the proof is complete.

Let F be a subset of 9B. We will denote by Eq(E) the set of
all measures supported in E having finite g-energy and total varia-~
tion 1. If Eq(E) # ¢ we define the g-capacity of E by

Cap (E) = [inf {lul? : ywe e mn~l.
q q q
In the case Eq(E) = ¢ we set C’apq(E) = 0. Thus a subset E of 3B
has positive g-capacity if and only if there is a complex measure
supported in E with finite g-energy. Note also that for ¢ < =-n the
kernel X is continuous on 3B x 3B, and so in this case every non-

q
empty Borel set in 9B has positive g-capacity.

LEMMA 3.2. Let £ be a Borel set im 0B. Phen Capq(E) ig a decreas—
ing funetion of q for q > -n. Moreover, if Capq(E') > 0 for some
q > -n then Cap_n(E) > 0.

PROOF. Writing Kq(z,c) =z cu(q)zafu we have, for any Borel mea-
sure u supported on 3B,

2]al

(3.2} ||uil2 = iim _ J j Z e (gir 22T ducz)di(g)
q yp =7 o
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-3 cu(q)|J 2%ducz) | 2.

For g > -n it follows from (2.1) that ¢ (q) = (n + q) /ol which

for each fixed multi-index o is an increasing function é%l q. Thus
by (3.2) we have that Iluﬂg is an increasing functionof q for g > -n
and the first assertion follows immediately. For the second assertion,
note that e (-n) = fa]? /{(|a] + 1Ja!} and so for any q > -n there
is a positive constant ¥ = M(n + g) such that ca(q) > Men (- n) for
every multi-index a. Thus it follows from (3.2) that Huﬂs E_Mﬂuﬂfn,

and hence Cap_, (E) z'MCapq(E) > 0. This concludes the proof.

Let E C 3B be a Borel set with positive g-capacity and let A
be a linear functional on the vector space E (E). We will say that
A 1is the boundary value of a holomorphic function f on B 1if for

every U € Eq(E) we have

lim ffr du = Afu).

r>1

Our next result asserts that, in the weak sense described above, every
function in Hq has boundary values along any set of positive g-ca-

pacity.

THEOREM 3.3. Let q € IR, let E be a Borel set im 0B with posi-
tive q-capacity and let f € Hq. Then for every U € Eq(E) the limit

J fdu = 1<m _ J fpdu
r=>1
exists, and moreover,

l deul <P Nul,

Note in particular that the theorem asserts that when ¢ < - n,

any f € Hq has boundary values along any Borel set in 3B, and thus,

in particular, f has pointwise boundary values. In fact it can be
show H i i i A -

n that g 1s contained in the Zygmund class —(n+q) /2 when
ever q < - n, and H—n contains unbounded functions. For these

matters we refer to [ 5] and the references given there.

PROOF OF THEOREM 3.3. Let f € Hq and u € Eq(E). By Lemma 3.1,
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1im | [f dul = 1im | J (f, Kk (=« ,20)) du(g)]
r— 1 r »o 1 q q
= Zimr_§1_ | ¢ 7, J Ko ( -,r;)dﬁ(c)>q[
= | (faK u? Mt Ik ulh = uFl dhwll
| <rF 7" qli f|ql| g" flqlulq

and the proof is complete.

Our next result gives a class of subsets of 3B with positive
capacity. Recall that a smooth submanifold ¥ of 3B 1is an <Inter-
polation mantfold if its tangent space at every point is contained in
the complex tangent space to 3B. We will say that ¥ is mwon-tangential
at a point p € ¥ if its tangent space at p 1is not contained in the

complex tangent space to 3B at p.

THEOREM 3.4. Let FE C 3B and assume that E contains a submanifold
of 3B that is not awn interpolation mantfold. Then Capq(E) > 0 for
every q € IR. Moreocver, i1f E is itself a smooth submanifold of 3B
which is everywhere non-tangential, then for every q € IR and any

f € Hq s the boundary value of f along E Zs a distribution on E.

Theorem 3.4 is an immediate consequence of the following lemma
which for ¢ = 0 is essentially due to Nagel [15]. For k€ Z U {=}
we will denote by Ak(B) the space C‘k(E) N 0(B).

LEMMA 3.5. Let M be a smooth submanifold of 9B, of real dimension
ms which s everywhere non-tangential, and let D be the space of smooth
m—forms on M with compact support. Then for every q € R we have
K, iD= A%(B).

PROOF. By a partition of unity argument we may assume that ¥ is con—
tained in a small open subset U of 23B. We assume that U is suf-
ficiently small that there is a cube § about the origin in R"  and
a diffeomorphism ¢ from ¢ onto ¥. After shrinking @ if necessary,
we may assume that <I>*(31) has a non-zero complex normal component at

each point of 4.

Let # be an arbitrary holomorphic function on the unit disk,
and let H be a primitive for 4. Then for any z € B and any '

€ D we have
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It

f h(Cz,0))¢(L) J Rz, @(2)Y)p(0(t))w(t)dt
M 4

J h(lz,0(t))) (z,al<1>(t)) w'(t)de
Q

J 3,H(82,9(2)) ) w'(t)de
Q

where ®w and w' are smooth. (Here dt denotes the euclidean volume
element in I\’n) . FPor any v € D, integrating by parts in the ty vari-

able yields,
(3.3) [ ?‘z{<z,€>)\0(c):f H((z2,5)) ¥(g)
M M

for some Yy € D.
Now recall that the kernel Kq is defined by Kq(z,l;):hn+q((z,§))

with hq defined by (2.1). Moreover, it is clear from (2.1) that for
any non-negative integer k there is a non-negative integer .j and a
holomorphic function H on the unit disk A which is of class Ck on

A such that H(j) = hn Thus by iterating (3.3) J times we ob-

*+q
tain
Kup:J H( 2,0 ) ¢(g)
q M
with Y € D and # € Ak(A), and so it follows that qu € Ak(B).

Since k 1is an arbitrary non-negative integer. The lemma is proved.

Next we give a boundary analogue of part (iii) of Theorem 1.1
(see also Corollary 1.2). In the case that E has positive measure,
versions of this result have appeared in [2] and [ 3] (see also
[12]).

THEOREM 3.6. et E be a Borel set in 08B, and for some q € IR let
A be a linear functional on Eq(E). Then for any non-negative con-

stant C, the following conditions are equivalent:

(1) There i1¢ a function f in Hq with boundary value A\ along
E, and Ilfllq < C.

(ii) For every u € Eq(E) we have |A(uw| < Cllullq .
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PROOF. The implication (i) = (ii) is contained in Theorem 3.3. For
the converse, note that by Lemma 3.1 the conjugate linear mapping

Kq : Eq(E) - Hq satisfies ﬂKqqu = \Iui!q for any u € {:‘q(E). Thus

by (ii), X vanishes on the null space of Kq , SO0 we can define a
continuous, conjugate linear functional XA on the range of Kq b{
X(Kqu) = XA(u), and moreover Al < ¢. Let A be the extension of A
to Hq which vanishes on the orthogonal complement of the range of

Kq' Then there is an f € H such that A has the form A(h):(j'_,h)q.

Thus for u € Eq(E) we have, by Lemma 3.1, A(p) = A(Kqu) = (f,Kqu )q

= lim - ff dy, and the theorem is proved.
r-1 r

We remark that if, in Theorem 3.6, A 1is a bonc fide function on
E, i.e. if A(u) = ffdy for some Borel measureable function f on E,

then condition (ii) can be reformulated as
|ffdu|2 < 02 [ J K (z,c)dul(z)du(t)
E g g 19

for all u € Eq(E). Thus condition (ii) may be interpreted as posi-

tive definiteness of the kernel CZKQ(Z,C) - f(z)f(r) on E X E.

In light of Theorem 3.3, the proof of Theorem 3.6 also yields

COROLLARY 3.7. Let M be a smooth submanifold of 3B which is nowhere
tangential, and let §f be a distribution on M. Then for any q € R

and € > 0 the following conditions are equivalent:

(1) There is a funetion F € Hq with IIFIIq < € and distrilbu-

tion boundary value [ along M;

(i) | deul < C llullq for every u € D, where the integral

igs to be interpreted as a distribution pairing.

Let ¢ € R and assume % 1is a Borel set in 9B with Capq(E)
> 0. We will say that E 1is a set of uniqueness for Hq if the re-
striction operator R, : Hq - Eq » which takes any function f & Hq
to its generalized boundary value on E, is injective.

Our next result characterizes the boundary sets of uniqueness

for Hq' The one dimensional case with ¢g = - 1 1is due to Hamilton
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[12] . (In this case H-Z is the classical space of Dirichlet finite

functions in the unit disk).

THEOREM 3.8. Let E be a Borel set in 03B with Capq(E) > 0. Then

the following conditions are equivalent:

(1) E 18 not a set of uniqueness for Hq;

(1i) There is an € > 0 such that for every u & Eq(E) we have

d .
(1 + €J ][ u j»HuIIq

PROOF. If F 1is not a set of unigqueness for Hq then there is a func-
tion f in Hq such that REf = ¢ and f(0) = 1. Letting (= Hqu,

it follows from Theorem 1.1 that the kernel Cgkq(z,c) - f(s)f(g) is
positive definite on B X B. Note also that it follows that ¢ > I
since by the reproducing property of the kernel Kq and the Cauchy-

Schwartz inequality

1= = KFf, K (=,0))] < X *,0 =lif

[F(0)] |<r g | Ilfllqll q( J i 1 Hq
The strict inequality in the above follows from the fact that f is
not a multiple of the constant function 1 = Kq( - ,0)

Let M be a measure in EQ(E), and for any complex number A we
denote by u; the measure on B defined by My =1 # Xdo.(Here §
denotes the point mass at the origin). From the positive definiteness of
the kernel Cgk(z,é) - f(2)f(t) we obtain, for any complex number X
and any 0 < r < 1,

J J [Czk(rz,rc) - f(rz)f(rc)]duk(z)dﬁ%(é) > 0,
i.e.,
cg[J J K(rz,rg)du(z)du(c) + 2Re ) f aul + \%1- | ff},du « a7 > 0

Taking the limit as » - 1 gives

(e® = 100?420 e [ Jdi] + Cgllullfl > 0
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for every complex number A. Taking the discriminant of the above

inequality we obtain
2 2 &
¢ |jdu| < et -l

and (ii) follows.

Reversing the steps of the above argument gives the reverse im-

plication, and so the theorem is proved.

We conclude this section with a boundary analogue of the Pick-
Nevanlinna Interpolation Theorem. The boundary problem has a 1long
history beginning with the classical condition of Loewner of inter-—
polation of smooth, real valued functions on an interval. One dimen-
sional versions of the result we formulate below bave been obtaned
by Rosenblum and Rovnyak [16] and by FitzGerald [10]. The higher di-
mensional problem has been considered by Beatrous [ 2] and Beatrous
and Burbea [ 3] for subsets of the boundary which are somewhat fatter

than those considered here.

THEOREM 3.9. Let g € IR and let E C 3B be a set of uniqueness for
Hq' Let f be a bounded, Borel measureable functiow on E such that

for every W € Eq(E) we have Hquq gHuIIq. Then there 18 a unique

holomorphic function F on B such that the kernel thgc)(l—EYz)F(Cb
78 positive definite on B X B and F has boundary value f along E

in the sense that

lim _ JE‘ du = J fdu for all uEE(E).
r—>1 r q

In particular, |F(z)| <1 for all 3 € B.

PROOF. For any function g which is holomorphic in a neighborhood of
B we have, by the Cauchy-Schwartz inequality and Lemma 3.1,

1

[Jf‘gdu] 1im _ |jf'(g,K («,r ) dufz)|
r>7 q q

g, K (Fu))d | .
[¢g N qlgllfulq g,

Thus it follows from Theorem 3.6 that there is a function M(g) € Hq
with HM(g)Hq g_Hgllq and with boundary value fg along E. Set F=
M(1). Then for any polynomial g the functions Fg and M(g) are both
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in Hq and have the same boundary value along E. Since F 1is a set
of uniqueness for Hq’ it follows that Fg = M(g) for all polynomials
g, and hence the multiplication operator MF is a contraction on Hq'
By Proposition 1.8, the kernel Kq(z,c)(l -F(z)F(g)) is positive

definiteon EF x E, and the theorem is proved.
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METRIC PROJECTIONS OF ¢ ONTO CLOSED
VECTOR SUBLATTICES

Jorg Blatter(*)
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Sac Paulo, Brasil

1. INTRODUCTION

Throughout this paper we deal with approximation in the uniform
norm of elements of the space ((X) of all real-valued continuocus
functions on a compact Hausdorff topological space X by elements of

a closed vector subspaces ¢ of (C(X). For f € C/X) we call

di(f) = infl{ llf-gll : g€ G}

the distance of f to G and
P(f) ={ge ¢ :Nf-gll = d(f)}

the set of best approximations of f in G. The set-valued map P
which maps an f € ((X) onto the closed convex subset P(f) of C(X)
is called the metric projection of C(X) onto G and (G 1is called
proximinal (Chebyshev) if the set P(f) is non-empty (a singleton)
for every f € C(Xx).

In recent years there has been considerable interest in the
problem of the existence and uniqueness of conttnuous selections for
the metric projection P, i.e.continuous mappings S from C(X) into
itself which have the property that Sf € P(f) for every f € C(X).
Despite that considerable interest, to date very few results on this
problem have been obtained and it is in hopes of stimulating further
interest that I shall present here a curious new result along with
the old ones needed to prove it which, by coincidence, are virtually

all there are known.

There are essentially two instances in which conditions intrinsic
to G are known which are both necessary and sufficient for the exis-
tence and the uniqueness of continuous selections for the metric pro-

jection P.

(*) Present Address: Instituto de Matematica, Universidade Federal do Rio de
Janeiro, Rio de Janeiro, Brazil.
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The first instance is that X 1is arbitrary and G 1is one-di-
mensional. Suppose that G = IRHg for some non-2ero g € ((X) and set
2(g) = {x € X : g(x) = 0}. Lazar, Morris and Wulbert [ 7] showed that
P admits a continuous selection in precisely the following four mu-

tually exclusive cases.
CASE 1. Z(g) 1is empty.

CASE 2. The interior of Z(g) is empty, the boundary of 3(g) is a
singleton and one of {x € X : g(x) > 0} and {x € X ; g(x) < 0} |is
a neighborhood of Z(g).

CASE 3. Z(g) 1is non-empty and open.

CASE 4. The interior of Z(g) is non-empty, the boundary of Z2{g) is
a singleton and one of {x € X : gfx) > 0} and {x € X : g(x) < 0}
is a neighborhood of Z(g).

Blatter and Schumaker [ 4] showed that P possesses a unique con-

tinuous selection in precisely the first two cases (see also Brown

[61).

The second instance is that X is a non-degenerate compact in-
terval of the real line and G is finite-dimensional. Nurnberger and
Sommer in a series of papers (see [10] and the references therein)
showed that P admits a continuous selection in precisely the follow-

ing two mutually exclusive cases.

CASE a. G 1is weak-Chebyshev and no non-zero element of (G has more

than dim G zeros.
CASE b. G 1is weak-Chebyshev and int Z(g) # # for some g € G ~ {0}.

int Z(g) is connected for all g € G and <Infllength Z(g):g € G
and intZ(g) # ¢4} > 0.

There exist k > 1 and a =2z <z, < ... <z, =D such
that if we set G, = G| lz,,2;,,]1 for 0 << <k and Gij ={g€a:
g] [xi,xj] = 0} then each Gi is weak-Chebyshev, no non-zero element
of Gi has more than dim Gi zeros and no element of Gij has more

then dim Gij boundary zeros.
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Blatter and Schumaker [ 4] showed that P possesses a unigque con-
tinuous selection precisely in the first case.

Admitting conditions extrinsic to (G we have a wider variety of
results on our problem of which we state two.

As a consequence of a well-known result of Michael [8] we have
that if G is proximinal and it P is lower semi-continuous, then, for
every f € C(Xx),

Pif) = {Sf : 5§ 1is a continuous selection for P};

in particular, if G is proximinal and if P is lower semi-continuous,

then P possesses a unique continuous selection iff G is Chebysbev.

Given that ¢ 1is finite-dimensional and that P admits at least
one continuous selection S*, Blatter and Schumaker [ 4] calculated,
for every f € C(X), the set

P*(f) = U {§f : 8 1is a continuous selection for P}

in terms of P(f) and S*f alome. This result can usually be applied
to settle the uniqueness question whenever the existence problem is

solved.

2. CLOSED VECTOR SUBLATTICES OF (C(X)

In this Section westate one more known result which settles our
problem in the case that ¢ is a "nice" sublattice of ((X) (G con-
tinues to be a closed vector subspace of ((X)!). First, however,

some classics about closed vector sublattices of C(X) in general.
The set

R = {(x,z') € X x X : either 0 = s lc = Sx,]G or

0#6,16 = as_,|G for some (unique) o > 0}

(here éx is the Dirac measure at x) is an equivalence relation for

X and we define a function p : R+ R by setting, for (x,x') € R,
0 if 0 =968_|6 =56_,|¢6
x
plx,x') =

a if 0 # 6x|G = uéx,IG for some o > 0.
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We have then g(x) = o(x,x')g(xz') for all g € G and all (x,z") €R
and Xo ={x € X : gle) =0 for all g € G} 1is either empty or an

exceptional R-equivalence class.

KRakutani's Stone-Weierstrass theorem states that
L(g) = {fe€ cx) : flx) = plx,e')f(x') for all (x,z') € R}

is the smallest closed vector sublattice of ((X) which contains &G,

which is to say that if ¢ is a sublattice of (¢(X), then L(G) = G
and Stone's Weierstrass theorem is the fact that L(G) = ¢ if G is
a subalgebra of ((X) (note that p2 = p 1if G is a subalgebra of

C(Xx)!). Obviously L(G) = C(X) iff X, = g and R(xz) = {z} for every
x € X.

The result we alluded to- above is the following theorem of
Blatter [ 2]

Suppose G is a sublattice of ((X) with the property that R is
upper semi-continuous (i.e. the quotient map of X onto X/R is closed)
and that all R-equivalence classes are compact (this is what we meant

by a "nice" sublattice). Then ( is proximinal iff
y = inf{ls |6l : we X ~X}>0;
furthermore, if G is proximinal, then for all f]’ f2 € C(X),
HP(F,), P(Fy)) < 2y g, = £yl

where H# is the Hausdorff metric for the set of all non-empty closed
and bounded subsets of ((X), and finally, ¢ is Chebyshev (if and)
only if ¢ = C(Xx) or G = {0} or G = Rg for some non-negative
zero-free f € C(X).

In order to see how this theorem settles our problem on con-
tinuous selections we note that Hausdorff continuity of P implies
its lower semi~continuity and thus, by the consequence of Michael's
theorem mentioned above, P has continuous selections whenever G is
proximinal and a unique one iff G is Chebyshev. We also note the
simple fact that if 6 is a subalgebra of c(x), then R 1is upper
semi-continuous, all R-equivalence classes are compact and, since
02 = p, Yy = 1. Finally we note the not so simple fact (see Blatter

[2]) that unless X is finite, (¢(X) contains a "nice" sublattice @
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which is not proximinal (so as to let it be known that the above theo-

rem is not a hoax).

3. CLOSED VECTOR SUBLATTICES OF c

In this final Section we set X = I (= Alexandroffor one-point
compactification of the positive integers ), so that ((X) becomes

¢. To start with, three examples of sublattices ¢ of ec.

EXAMPLE 1. G = {g € ¢ : g(2n) = 2g9(2n-1) for all =n € W }. For this

%, the R-equivalence classes are the sets {2n -1,2n} for n € W
and XO = {=}; also op(n,n) =1, plen-1, 2n)=1/2 and p(en,2n-1) = 2
for n € W and p(w,») = 0. Thus Y = 1/2 and therefore (in e,

compact classes alone guarantee that £ is upper semi-continuous) by
the result in Section 2, ¢ 1is a "nice" sublattice of ¢ which is

proximinal.

EXAMPLE 2. G = {g € ¢ : g(2n) = ng(2n-1) for all =n € WI}. For this

G, the R-equivalence classes are the same as in Example 1 but p(n,n)
=i, p(2n=-1,n) = I/n and p(n,2n-1) = n for =n € I and p(%*,x) =
0. Thus vy = ¢ and therefore (¢ is a "nice" sublattice of ¢ which

is not proximinal.

EXAMPLE 3. ¢ = {g € ¢ : g(2n) = g(2)/2n and g(2n-1) = g(1)/(2n-1)
for all = € I}. For this G, the FR-equivalence classes are the sets
of the even and the odd positive integers and X, = {w}. Thus € is

a two-dimensional "not so nice" sublattice of e.

Here now is our curiosity.

THEOREM. If G <8 a proximinal sublattice of ¢, then P admits «a
continuous selection and a unique one (if and) only <f either G= {0}
or G = ¢ or G = IRg for some non-negative g € ¢ which is eilther

zero-free or else has a single zero at =,

PROOF. Suppose (G 1s a proximinal sublattice of ec.

(1) A rather lengthy argument of Blatter [2] +tells us that &
falls only slightly short of being a "nice" sublattice in the fol-
lowing sense. There exist closed vector sublattices 6’ and G" of

c with the properties that
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G =G+ G"
and that G' 1is a proximinal "nice" sublattice of ¢, that ¢' and
G" are lattice-disjoint (i.e. |g’| A |g"] = 0 whenever ¢g' € G’ and

g" € G") and that (" is finite-dimensional.

(2) It is a mildly intricate exercise in vector lattices (the
proofs that I know of all reqguire Kakutani's M-space theoren) to
prove that for any »n € IV, any n-dimensional Archimedean vector lat-
tice is isomorphic to ®"™ with its natural order and therefore there
exist » € I and »n at most one-dimensional pairwise lattice - dis-
joint vector sublattices Gg . Gﬁ such that G" = Gg o, F G%,

whence

—_ r ” 1
G = G" + GJ + ...t Gn'

supp(G') =closure {x € X : g'(x) # 0 for some g' € G'}

and, for f € C¢(X),

d'(f) = inf{llf- g'ilsupp(G') g' € Gg'}
and
P'(f) = {gr €' : lif- g’llsupp(c,) = d'(f)}.
Define dé(f) ... d)(f) and PJI(f) ... P/(f) analogously. Then, for
every f € C(X),
— ’ ' r
alf) = IIfHXO vd(fl v dl(f) V...V dn(f)
and therefore
P(f} D P (f) + Pé(f) oo, t Pé(f).

We not that this inclusion, in general, becomes false whithout the

previous passage to the supports.

(4) Using the fact that ¢G' is a proximinal "nice" sublattice
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of ¢ and the result in Section 2, it is easy to see that G'|supp(G')
is a proximinal "nice" sublattice of C{supp(G')). Since all the ele-
ments of (' wvanish off supp(G'), we clonclude, invoking again the
result in Section 2 and the discussion thereafter, that P! has a
continuous selection §'. The G%’]supp(G%’) are at most one-dimen-
sional vector sublattices of C(supp(GZ)) and we conclude, using the
result of Lazar, Morris and Wulbert in Section 1 and the fact that
all elements of Gf;’ vanish off supp(Gg), that the P"L’ have con-

tinuous selections S;.’. Apvealing now to (3) we have that
S =35+ 5+ ...+ 5"
1 n
is a continuous selection for P.

(5) wWith the existence part now out of the way, we turn to the
unigueness part of our theorem. Suppose G is different from {0} and
e. If dwmG = 1, then by the first Blatter and Schumaker result in
Section 1, P possesses a unique continuous selection iff G = IRg
with g as claimed. Suppose then, in addition, that dimG > 2.We need
to show that P admits more than one continuous selection. To do this,

we first define a function fc € ¢ as follows.

If supp(G) # W, we set f for some xOGJZTI“* supp (GJ).

o = e )
Obviously P(f_ ) = ball(G) (= {g ® ¢ : ligil < 1}).Also, if 0 <r < 1/2
and if f € ¢ is such that |lf -f I < r, then (I-2»)ball(G) C P(f):
Let ¢ € (1 - 2r) ball(G). If « € W~ supp(G/), then |f0(:c) - glx)]|
= |f0(x)| < d(f) and if x € supp(GJ), then

|Ff () = glx)] < |f (x)] + |lglx)| <p+ (1 -2r) =1-r< fle)<df).
) =~ Yo = - o’ —

If supp(G) = 12?], then either 2 < dimG < « or dimG = o, In
the latter case, dim(@') = «» and, by the unigqueness part of the re-
sult in Section 2, we may assume that G' = C(supp(G')) (otherwise

P’ of (4) would have more than one continuous selection and therefore
aiso P); the rest of the assumptions made so far, imply then that
2 < dim G" < card (I~ supp(G')). Now, looking at bases of non-nega-
tive atoms for G and G" respectively, it is easy to see that in
either case there exist a non-negative 9, € ¢ which is positive at
two distinct points x_; and zq of IV and a closed vector sub-

lattice G, of G which is lattice-disjoint from IRQO such that
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} and show as before that

G :JRgO + Go' We set fo :J{xz} - Z{x

-1
P(fo) = baZZ(GO) and that (1 - Zr)baZ'L(Go) C P(f) for every 0<r<1/2
and every f € ¢ such that lf - f_ Il <

With fo now defined, let S be any of the continuous selec-
tions for P we found in (4), let 0 < r < 71/2, let ¢ € C(e,R) be
such that 1{4, <9< I and let g € P(f‘o). For every real

Jo baZZ(fo,r)

a such that J|af < I - 27, set
S, = 6(f) + ag + (1 - 6(f))8.

The Soc are obviously continuous. To see that the Soc are also se-
lections for P, observe that S f = 5f if f € ¢ and lf- f >
and that oag, Sf € P(f) if f € ¢ and 5 - 7, I < » (P(f) is convex
and Sonf is a convex combination of oag and Sf). Now note that

So.fo = og. This does it.
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1. One might say that Distribution Theory has two kinds of defects

(1) It does not give a general multiplication of distributions.
This is very important since the computations of Quantum Field Theory
are based upon multiplications of distributions (the so called free
field operators). In the same viewpoint let us quote that the restric-
tion of a distribution to a linear subspace is not defined ingeneral,

as well as the composition of distributions.

(2) Let us consider a linear partial differential equation with

non constant coefficients, for instance

{
%— wlz,t) = T  a (z,t)Dulz,t) + flz,t)

1<o<p

ulx,0) = uo(x)

where x € R", t € I, the aa’s, f and u, are ¢® functions and
the Da's are partial differential operators in the x variable (with
possibly one of them being the identity operator). Then it is Xknown
that even for every simple aa's there 15 no distribution solution,
even locally and without initial condition [14].

To circumvent these defects various kinds of generalized func-
tions, more general than distributions, were introduced (ultra dis-
tributions, hyperfunctions, analytic functionals,...) but they always
have the above defects.

2. A few years ago the author introduced in [4, 5, 6] a new concept
of generalized functions giving a meaning to any multiplication of a
finite number of distributions. Let us first quote the applications
of this new theory that have already been obtained.
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(1) It gives a meaning to a general multiplicationof distribu-
tions which has all the natural requested properties (usual computa-
tional properties in relation with derivation and coherence with the
classical multiplication of functions). Such a multiplication was believed
to be impossible due to an "impossibility result" of [15] (we are going
to explain this paradox). Let us also mention that restrictions and
compositions of our generalized functions are defined in full gener-

ality.

(2} The definitions of these new generalized functions are ex-
tremely elementary: they are quite original relatively to distribution
Theory and they are accessible to any first year student since they
only use the concept of €¢” functions and integration theory of con-
tinuous functions on a compact set (in one and several real variables).
Then distributions may be defined as those generalized functions which
are - locally - some partial derivatives of continuous functions. This
theory has thus a pedagogical interest. Further, these concepts extend
easily to infinite dimensional spaces, thus providing a way to define

and study infinite dimensional distributions.

(3) It gives a rigorous mathematical sense to basic computations
of Quantum Field Theory based on heuristic multiplications of distri-
butions and "removals of divergences" (Renormalization). See [8] [9]

for some of these computations.

(4) It provides solutions to nonlinear wave equations with Cauchy
data distributions (the study of such equations is justified by the
fact that they are scalar models of the equations of Quantum Field Theo-
ry) .

(5) It provides solutions to linear partial differential equa-
tions with C° coefficients in full generality, in particular to all
the equations in the introduction. The existence results we have are
completely general, valid for higher order equations and systems of
a finite number of equations. These results also adapt to some non-
linear equations. It is well known that these equation may have
several different c® solutions {13] and this explains that we have

no general uniqueness result.

3. Now we are going to present several important points more in de-
tail. If @ is an open set in R" we denote by G(f) our algebra of

"new generalized function" on £ (that we shall define in a while).
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The impossibility result in [15] says that there is no algebra
A containing D'(IR) in which there is a derivation extending the one
in D'(IR) for which Leibnitz'rule holds (for derivation of a product)
and such that the classical algebra C(IRF) of all continuous func-
tions on IR is a subalgebra of 4. Since all these requirements are
indispensable for a "good" multiplication of distributions this seems
to show the impossibility of such a multiplication. However we have
claimed to have a good multiplication - having the above properties-so

we need to clarify this paradox. We have the inclusions
¢”(q) c c() € D'(Q) C G(Q).

The partial derivatives in G({) extend exactly the ones in
D'(Q) and C(Q) is a subalgebra of G(). Fromthe above impossibility
result C(Q) is not a subalgebra of G(Q); one might reasonably de-
duce from this that the multiplication in G(Q) is very bad since it
is apparently incocherent with the classical multiplication of con-
tinuous functions: if f, g € C(Q) then their new product f, g € G(Q)
may be different from their classical product fg € C(Q). Fortunately
a deeper study repairs this catastrophic situation. In the new theory
there is a very general integration theory of generalized functions
which generalizes the duality brackets <(, ) of Distribution Theory:
if 7 € P'(Q) and ¥ € D(Q) then denoting by T « ¥(= ¥ . 7) their
product in G({Q) one has

J (T « ¥)(x)dax = (T,¥).

Using this integration theory one obtains that for any ¥ € 0(Q) the
integral [(f -g «¥)(x)de gives as a numerical result the classical
number [ f(x)g(x)¥(x)dx. This shows that although different as ele-

ments of G(Q) the two products f-+g and Fo give in fact the
same numerical results. In this sense one has coherence between the
two multiplications of continuous functions: intuitively and roughly
speaking, when for some computations somebody uses the classical
product, and, when somebody else uses the new product, both obtain
finally the same numerical results, even if in between they work with
somewhat different mathematical objects. All the computations done
till now in the development of the applications show that one may be

content with this. As a remark let us mention that some mathematicians
pointed ocut to us that this situation already occured in the development
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of Mathematics: for instance consider a twice differentiable func-
2 2
tion f on .EZ such that 2 F4 2 f in the classical sense;
dxdy dydx
2 2
in the sense of distributions one has —g—;%— = 8—252—, so that

in generalizing the concept of derivatives one had to accept this

minor difference.

4. Now let us define G(QJ). We choose the simplest definition: it is
important to have in mind that the definition below is in fact only
a prototype of lots of very close different definitions that have
their own interest for specific problems. They are obtained by chang-
ing some minor points in the definition below which has only to be
considered as the standard one to start with. This possibility of
minor changes in the definitions gives a very great flexibility to

the new theory of generalized functions.

We recall that @ 1is an open subset of R*. 1f q = 1,2,... we
define sets Aq by:

Aq ={p € NFY : J&P(ac)dx =1 and insa(ac)dac =0 if 1< |Z| <qlL

The sets Aq are non void. One has

AZ 2 AZ > ... D Aq 2 Aq+1 S ...

and N Aq =¢g. If ¢ € Aq and € € (0,1) we set

_ 1
v (X)) = :;; w(X/e)

Then e, € Aq if and only if ¢ € Aq' Now one defines an algebra
EM[Q] and an ideal N[Q] of it in the following way (in EM[Q] the

letters E and M have to be considered as forming a unique symbol).
We set

ﬁw[ﬂ] = {Rr : Al x § » & which are ¢ in =z for each fixed v,
and such that for every KX (compact subset of ) and
every D (partial derivation operator in x; D may be
the identity operator) there is N € I @ such that for
any ¢ € AZ there are ¢, n > 0 such that



GENERAL1ZED FUNCTIONS 61

|DR(¢€,x)| < ce ™V

as soon as 0 < £ < n and x € K}.

n

EXAMPLES. (Case of IR")

(1) Rly,x)

flz) if  fFe C(R")
(2) R(p,z) = J’f(x + We(u)duy if  f e C(Rr™)

(3)  R(p,z) ={(Ty,¢(A - z)) if T € D'(R"); (the notation T,
means that 7 is a distribution in the wvariable X). In each of these

examples one may easily check the above properties.
Now let us come to the definition of the ideal.

NI[Q] = {R € EM[Q] such that for every X and D there is W €

N such that for any ¢ and any ¢ € Aq there are ¢,
n > ¢ such that

'DR(wE,x)I < ced™V
as soon as 0 < g€ < n and x € K}.

EXAMPLES. (Case of R")

(1) Rip,x)

1

jf(x + we(uwldn - flz) if fe€ C(R")

(2) Rlp,x) J fz(x + u)o(p)dy - J fg(x + ule(u)duy -

[ (flfg)(x + ple(u)du
if fy, fy € ¢ (m") .

Now we define our algebra G(Q) of generalized functions on Q
by setting

G(a) = E,Le1 / Nea).

Multiplication and partial derivations in G(Q) are obviously de-

fined by the corresponding operators on representatives. The algebra
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¢”(q) is included into G(Q) by associating to any f € ¢ ra) the
class of R{¢,x) = f(z). The linear space ((Q) is included into G(Q)
by associating to any f € C(Q) the class of

Rlp,x) = J Flx + wle(uldu.

Note that C(Q) is not a subalgbra of G(Q) and that (Example 1 after
N[Q1) if Ff 1is ¢® the two above inclusions coincide. The linear
space D'(Q) is included into G(Q) by associating to any T € D'(Q)

the class of
Rlp,x) = (TA,¢(X - x))

and one checks at once that if f € C(Q) the two above inclusions

coincide. Therefore we have the inclusions

¢T(Q) C C(Q) CDI(R) C G(R).

The elements of G(Q/) have the properties of the distributions
and various properties that the distributions do not have: not only
the classical nonlinear properties of the functions but also linear
properties such as the restriction to subspaces. Besides, surprisingly
enough, very deep properties of the classical ¢® and holomorphic
functions extend to this setting, see [8,9,1,2, 3,11, 12].

5. The above definition of G(Q/) looks completely new, which is rather
unusual for a concept that seems to be basic. The definition comes
from differential calculus and holomorphy over locally convex spaces
(see [7]) as this is explained in details in [4, 5,9] and in [8]
Chapter 3. Let us still explain roughly the basic ideas which start

from the aim to define a general multiplication of distributions.

(a) Denoting by H(D(Q)) the space of all holomorphic func-
tions over the locally convex space U(f), I had the idea to use the
pointwise product (of complex valued functions over 0(Q/)). In this
way if 7,5 T2 € D'(Q) then their product is the continuous monomial
of degree 2 on U(Q)

Y - (Tl’ ¥ (T2, Y.

If Tl and TZ are €~ functions on & then this product is the
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monomial
¥y - J TI(A)W(A)dk . J T2(A)W(A)dx

while the classical product r,T, € Cw(Q), when considered as a dis-

tribution, is the linear form
Y > J TJ(A)Tz(A)?(X)dX.

Therefore, in order to have coincidence between the two multiplica-
tions, the two above maps on V() should be identified. This gives
the idea that some quotient of the space H(D(Q)) should be useful.

(b) The space E'(Q) of distributions with compact support
contains D(Q) as a dense linear subspace. Therefore the restriction
map H(E'(Q)) - H(D(Q)) is injective and so we may consider that
H(E'(Q)) is contained in H(D(Q)). Now if we set

I = {¢ € HIE'(2)) such that $(8,) =0 Vx € Q%

where 6x denotes the Dirac measure at the point = then I is an

ideal of H(E'(Q)) and one checks at once that the guotient algebra
H(E'(Q)) /1

is isomorphic to the algebra c“ral.

(c) Now the next step is to seek for an ideal of H(D{Q)) ex-
tending I: in fact we have to replace H(D(Q)) by asuitable algebra
HM(D(Q)), still containing H(E'(Q)), and we succeded in finding such
an extension, see [4] [5] and [8)] Chapter 3. This is the explana-

tion of the original bounds in the definitions of EM[Q] and N[Q].

(d) The next step was to drop the concept of holomorphic de-
pendence of R relatively to the variable ¢ and then one arrives at

the definitions given above, see [8] Chapter 7 and see [1].

This new theory was introduced in [4, 5, 6] . The heuristic cal-
culations of Physics that motivated it are presented to Mathematicians
in [8] Chapter 1. This new theory was introduced in bookform in [ 8]

(Chapter 3and following chapters) as explained above. The elementary
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introduction of G(Q) is presented in [ 9] Chapters 1,2,3. The "tem-
pered generalized functions" generalizing the tempered distributions
and their good properties relatively to the Fourier Transform and the
convolution are introduced in [ 9 ] Chapters 4,5,6. The nonlinear wave
equations with Cauchy data distributions are studied in [9] Chapter
8. The linear partial differential equations with c” coefficients
are studied in [(10] as well as some nonlinear partial differential
equations. Various articles developping the theory are also quoted in

the references.
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SUMMARY

Using ultrapowers and J* ideals we show that the second dual
of a JB* triple system is a JB* triple system. This gives a short

proof of a result originally proved in [1].

DEFINITION 1 ([31). A Banach space E is called a JB* triple system
if there exists a (necessarily unique) continuous mapping ¢ : £ x E -

L(E) (the continuous linear operators from F into E) such that

(1) {zyz} := ¢(x,y)(z) is linear in x, antilinear in y and
symmetric in x and =z,

(i1) [o(z,y),¢(u,v)]l = ¢({xyul,v) = ¢(u,{vey}) for all =z, y,u,
v in E (Jordan triple identity),

(1i1) (2,20 = 1z 1% for all z € &,

(iv) ¢(z,z) is a positive hermitian operator for all =z € E.
DEFINITION 2. A closed subspace F of a JB* triple system (E,9) is
a J* ideal if ¢(x,y)(2)€ F whenever either z or y belongs to 7.

1f F is a J* ideal then E/F 1is a JB* triple system ( [3 ],
[4],[8, Proposition 2.3 ]).

If E is a JB* triple system and I is an arbitrary set then

foed
= . - 4 4 *
L (E) = {(xi)ieI Pz, €F, ”(xi)i€<I” = sZpllxiH < »} is again a JB

triple system and

¢((xi)i c I’(yi)i e‘z) = (¢(xi’yi))i'

Now suppose U is an ultrafilter on I. Let
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vy, = {(xi)iGI € L (E) : Zﬁm Hxill =0},

Nu is a closed subspace of li(E) and since

sz H¢(mi,yi)(zi)” <c Zﬁm HxiH Zﬁmﬂyi” Zﬁmﬂzi“

(this follows from the continuity of ¢), we see that ¥, is a J*
ideal in Ri(E). Hence Eﬁ := 2;(E) /Nu is a JB* triple system.

Banach spaces of the form Eﬂ are called ultrapowers of E. Hence
JB* (the collection of all JB* triple systems) is closed under the
operation of taking ultrapowers.

By [ 5] and [6, Theorem 2.3] JB* is also closed under the op-
eration of contractive projection (i.e. projections of norm < 1).
Since ([2,7]) any collection of Banach spaces closed under the opera-
tions of taking ultrapowers and contractive projections is also closed

under passage to the bidual we have the following result.

THEOREM 1. If E <s a JB* triple system then so also is E".

A domain D in a Banach space E 1is said to be symmetric if for
each a € D there exists a biholomorphic automorphism of D, 8 1
such that si = identity and a is the unique fixed point of s,. In
[4] Kaup shows that a Banach space is a JB* triple system if and
only if its open unit ball is symmetric. Hence Theorem 1 is eguivalent

to the following.
THEOREM 2. If the open unit ball of the Banach space E is symmetric
then the open unit ball of E" is also symmetric.
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SUMMARY

In the paper we give a brief survey of problems concerning ho-
lomorphic approximation of Cauchy-Riemann (CR) functions on CR sub-

manifolds in a complex manifold.

1. INTRODUCTION.

Exactly one hundred years ago Karl Weierstrass in [19] proved a
very important theorem on almost uniform approximation of continuous
functions by polynomials on intervals of the real line. His work had
a great influence on the development of some parts of the theory of
functions as well as was an initial point for investigations of holo-
morphic approximation on subsets in a complex linear space, or more
generally, in a complex manifold.

Let X be a complex manifold and # C X a subset or an embedded
submanifold (real or complex). For any holomorphic function f de-
fined in a neighborhood of ¥, the restriction f] M 1s continuous
(smooth or holomorphic) on M. It is natural to ask when all con-
tinuous (smooth or holomorphic) functions on M can be obtained in
this way or, at least, the image of the restriction operator is dense
in the above mentioned spaces. In the present paper we consider ho-
lomorphic approximation of continuous and smooth functions defined on
a smooth CR submanifold ¥ of X (the space of holomorphic tangent
vectors to M at each point has constant dimension; for definitions
and notation see section 2). This type of approximation has been
extensively investigated during the last twenty years. Here we give

a survey of results and some suggestions concerning these problems.

Most papers concern the case when M is a totally real submani-

fold (that is, ¥ has no holomorphic tangent vectors). In this special
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case there are almost complete results of Harvey and Wells (111,
Range and Siu [15], Nunemacher [14] and of the others, some of which

we formulate in Section 3.

For arbitrary Cauchy-Riemann submanifolds the situation is more
complicated. The general result for local holomorphic approximation
was obtained by Baouendi and Treves [2] in 1981. Actually the main
theorem of {2] gives an approximation of a solution to a system of
linear partial differential equations by polynomials in a fixed so-

lution of this system (see Section 4).

Very little is known about global holomorphic approximations of
CR functions on CR manifolds. The existence results are very far fram
satisfactory. In paper [13] Nunemacher, under very strong assumptions,
suggests a technique that can be applied to the global problem, at
least on some compact CR submanifolds of a Kahler manifold. Also
Sakai [16] obtains a theorem on holomorphic approximation of CR func-
tions in a neighborhood of a compact subset in a holomorphic CR mani-
fold M C w”, i.e. when ¥ is a sum of complex submanifolds of a”.
In [7] under some geometrical and analytical assumptions, a global
holomorphic approximation result is proved. We formulate this result
in Section 4 and give some suggestions concerning global approxima-
tion.

2. BASIC NOTATION AND DEFINITIONS

(a) DEFINITION OF ABSTRACT CR MANIFOLDS. Let M be a CZ manifold
of real dimension d and T(M) the real tangent bundle to M. Denote
by €¢T(M) = T(M) ®,, ¢ the complexification of T(M). We say that an
m—-dimensional complex subbundle #(M) C ¢T(M) gives a Cauchy-Riemann
(CR) structure on M of type m if the following conditions are satis-
fied:

(1) H(M) n (M) = {0}, where the bar denotes the complex con-

jugation and {0} stands for the zero section;

(ii) H(M) is involutive, i.e. the Poisson bracket [P,Q] 1is a
section of H(M) whenever P and ¢ are sections of H(M).

Notice that ¢ < m i(l/Z)dimﬂ?M. If m :(1/&HimmM we have an
almost complex structure on M; when m = 0, then the CR structure
is called totally real.
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By a CR manifold we mean a pair (M,H(M)), where H(M) is a CR

structure on M of type m, and we write dimCRM = m.

For short we shall write M instead of (M,H(M)) whenever the CR

structure is clear from the context.

By a CR function f : U > ¢ defined on an open subset of ¥ we

mean a Cl function which satisfies the condition

=0 for £ € Hp(M), p € U.

(b) LOCAL REPRESENTATION OF CR MANIFOLDS. Let (M,A(M)) Dbe a CR
manifold, dimﬂ?M = d, dimCRM = m. Take a point p € ¥ and a suf-
ficiently small neighborhood U of p in M. We can find a local para-

N . . 4 .
metrization of U, i.e. a ( function

zZ:Q=>U

defined on an open set C.md, such that U = Z(R). The function

Z gives also the mapping
Zy o €T(Q) ~ €T(M) |,
Using the mapping Z, we define the subbundles
-7 [ S
H(Q) = 2, (H(M)|,), H(Q) = 2, (H(M]|,).

Decreasing U, if necessary, we can choose linearly independent global

sections L,,...,L of the bundle H(Q). Consequently, the CR mani-

m
fold M may be represented locally by an (m + 1)-tuple “LLI,”.,Lm)

consisting of an open subset § of R and of m complex vector
fields L]""’Lm such that LJ""’Lm’ EZ""’Zm are linearly
independent and the system LJ""’Lm is closed with respect to the

Poisson bracket.

(c) CR SUBMANIFOLD IN A COMPLEX MANIFOLD. Let X be a complex mani-
fold of complex dimension n. Take a Cl real submanifold ¥ of real
dimension d, 1 < d < 2n. Now we see how the submanifold inherits a
CR structure from the complex manifold.

Let F(M) denote the sheaf of germs of 01 complex-valued func-

. n s ; . .
tions on ¢, which vanish on M. Take local holomornhic coordinates
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(zz,. . .,zn) in a neighborhood of a point P, and put
5 3 3 3p(p)
2 (M%) = {2 a = e er (x); Z a —34”—:0
p a=1 % 9%y p a=7 * 24

for every p € Fp(M)},

n "
B (M,7) = { T a,  egr (x); T a ®EL -y
P a=1 9z p a=1 ¢ 9z
a &
for every o € Fp (M)},
Set
H(M,X) = Y H_(M,X), H(M,X) = Y B _(M,XJ.

pey P pEM

The definition of H(M,X), H([L'{,X) does not depend on the choice of
local coordinates. If the dimension m(p) of Hp (M,X) 1is constant

on M, i.e.

1M

m(p) = dim Hp(M,X) const = m on M,

¢
then it is easy to check that (¥,H(M,X)) is a CR manifold. 1In this
special case we say that ¥ is a CR submanifold of a complex mani-
fold. If the dimension m is minimal possible, i.e. m = max(0,d-n),
we say that M <s generically embedded Zn X. When m = 0 on M, then
M is a totally real submanifold of X.

A function f : U - ¢ on an open subset of an embedded CR mani-
fold is a CR function if f satisfies the tangential Cauchy-Riemann
equations.

Assume for a moment that M is a generically embedded CR sub-
manifold of €. Taking a local representation of M, say (Q,LZ,...,Lm)
as in subsection (b), we see that there are »n functions Zi,...,Zn,

parametrizing locally ¥, which satisfy the system of equations
L.2 =0, §=1,...,m, o= 1,...,n.

Moreover, the differentials dZZ,...,dZn are linearly independent
at each point of Q. Therefore, it is easy to see, that equivalently,
a CR submanifold M can be locally represented by an (n + 1/)-tuple
(Q,Zl,...,zn). This approach 1leads immediately to the so called
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hypo-analytic manifolds, which were recently introduced by Baouendi,
Chand and Treves [11].

3. HOLOMORPHIC APPROXIMATION ON TOTALLY REAL SUBMANIFOLDS

In this section we formulate only a few principal results con-
cerning holomorphic approximation of smooth (or continuous) functions
on totally real submanifolds. In this case the approximation problem
has a complete solution. There are also quite a lot of partial or very
special results about this type of approximation. For a more wide
survey see for example Margelyan [i2], Wells [20], Gauthier and

Hengartner [10], Gamelin [Y9].

In the introduction we mentioned the well-known and famous

Weierstrass' theorem. In 1927 Carleman gave a stronger version of it:

THEOREM (Carleman [5]). Suppose f and € are arbitrary continuous
funetions on the real axis R with € positive. Then, there 1is an
entire function g on G such that |flx) - glz)| < e(x) for any
x € IR.

The proof of this theorem is very simple and uses a clever method
of approximation of the function f by polynomials on an increasing

sequence of compact subsets.

The next fundamental step in one dimensional case, much more
complicated than the previous one, is a theorem of Runge type proved

by Mergelyan in 1952.

THEOREM (Mergelyan [12]1). Let K be a compact subset of (&, such that
the complement & -K has only a finite number of components. Then
every continuous function defined on K which 1s holomorphic on the
interior IntK can be approximated uniformly on K by rational fune-
tions with poles in @& - K.

The proof of the theorem makes strong use of the Cauchy kernel
and delicate estimates. More generally, in 1967, Vitushkin [18] has
given necessary and sufficient conditions for subsets X so that any
function continuous on KX, holomorphic in Int X, can be uniformly

approximated by holomorphic functions defined in neighborhoods of K.

Passing to several complex variables first we formulate the fol-
lowing theorem.
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THEOREM (Range and Siu [15]). Let 1 < k < and M be a ¢® to-
tally real submanifold of a complex manifold X. Then there exists a
Stein open neighbourhood U of M in X such that the set of restric-
tions to M of all holomorphic functions on U is dense in the Fréchet

space of all ck functions on M.

Notice that in the above theorem there is no loss of the rank
of differentiability. The theorem is proved by solving the g—problem
using Henkin's method. The usual construction of the integral kernels
is modified and there are given some special and nontrivial formulas

for the derivatives of the kernels.

The last theorem which we formulate in this section is the theo-

rem of Nunemacher proved in 1976.

THEOREM (Nunemacher [14]). Suppose D is a domain in ¢" and M is
a connected ¢! totally real submanifold of D. Let € be an arbitrary
positive continuous function on M, Then any continuous function 7
on M can be approximated by a holomorphic function g defined on an
open Stein neighbourhood of M in D so that |f(z) - g(z)| <e(z) for

all =z in M.

The above theorem is a natural generalization of the Carleman
theorem. Without imposing global convexity hypotheses one would not
expect, of course, to obtain polynomial approximation (locally this
is true). The proof uses similar methods as in the paper of Range and
Siu [151].

4. HOLOMORPHIC APPROXIMATION ON GENERIC CR SUBMANIFOLDS

(a) LOCAL CASE. We known (§.2(b)) that a CR manifold ¥ with dimEM

= d and dimCHM = m, can be locally represented by an (m+ 1)-tuple

(Q,Ll,...,Lm). Assume moreover that there exist »n = d-m solutions
Zl,...,Zn of the system
(4.1) fjh =0, 4§ = 1,...,m,

such that the differentials dzl,...,dzn are linearly independet at
every point of § (compare to the case when ¥ is an embedded CR sub-
manifold of ).

For solutions of such system there is a beautiful approximation
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theorem by Baouendi and Treves [ 2]. Actually the theorem does notre-

m? 31,. "’Em but only

,Lm. If the last holds then there are interesting

quire independence of the whole system LZ" sl
of the subsytem LJ,...
consequences about constancy of solutions of (4.1) on the fibres of

the mapping
z = (ZJ""’Zn) PR,

Let us formulate the theorem. This theorem has purely local charac—
ter and, therefore we can assume, that the origin 0 € le belongs to

 and all considerations are around this point.

THEOREM (Baouendi and Treves [2] ). Every open neighborhood Q' C Q
of the origin contains another open neighborhood of the origin Q",
such that every ¢! sotution of (4.1) in Q' s the uniform limit,

in Q", of a sequence of polynomials with complex coefficients in
.
As an immediate consequence we obtain local holomorphic approxi-

", 1t fol-

lows from considerations in §.1 (¢c) and from the fact that if ¥ is

mations of CR functions on generic CR submanifolds of ¢

such a submanifold, then f is a CR function if and only if foz

satisfies system (4.1).

In the original Baouendi and Treves' proof a formula for locally
approximating solutions of (4.1) is given. The formula uses a special
choice of local coordinates and, actually, it isnot sufficiently clear
to see its invariant sense. In many situations such a formula is needed
in an invariant form, independently of local coordinates. This was
the purpose of the paper [ 6] in which an invariant explicit formula
is given for local holomorphic approximations of CR functions on
generic CR submanifolds. This formula is a version of, so <cailed,
the FBI-transform but express geometric local position of a CR sub-
manifold in a complex linear space and also is useful for the proof

of global approximations.

The FBI-transform is a special Fourier transform in the version
by Bros-Iagolnitzer [4]. This transform is called Fourier - Bros-—
Iagolnitzer transform, shortly FBI-transform, and is used for example
in papers of Baouendi, Chang and Treves {11, Baouendi and Treves
{31 for holomorphic extensions of CR functions. The complete defi-

nition and fundamental properties of the FBI-transform can be found
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in Sjdstrand [17].

We now state local approximation formula from [ 6] and formulate

an appropriate theorem.

Let M be a generic smooth (¢”) CR submanifold embedded in d‘n,
dim_mM =n+m, 0 <m< n, Fix a point p, € ¥ and a neighbourhood U,
r, € U C M, and take a totally real smooth submanifold ¥ embedded in
M which passes through P, dimlRIV = n. Suppose moreover that we have
a smooth CR function 4 : U = GL(n,f) that satisfies the following

property:

(4.2) |Im v| < |Re v| for v € A(p)Tp(N), v#0, pE€NNU,
where | | denotes the Euclidean norm in ¢, i.e. |E]|= (£1|2+... + linlz)l/z
for £ € ¢". Finally take open subsets Uys Uy of U, p, €V, ccu,
CC U, and a smooth function ¢ : U > IR such that

1l
~a

suppy C UJ’ ("] on U2 .

Now define a sequence of integrals:

(4.3) F,(w) = (= )" J ¢(p)exp{- vZ[A(p) (w - p)]Z}f‘(p)detA(p)dp,
w N

=
vede, v=1,2,...,

where for simplicity we write p = (pl,...,pn), dp = dpl A eeaA dpn,

[5]2 = E? oo F Ei for £ € ¢", and an orientation on ¥ we choose

later.

Notice that for any totally real submanifold ¥ there always

exists the matrix function A4 which satisfies condition (4.2).

THEOREM ([61). Let M be a generic smooth CR submanifold embedded in

d‘n, dimlRM = n + m. Fix a point P, € M and a neighbourhood U, r, €

UC M. Then, with the notation given above
1@ we can choose an orientation on the submanifold N;
20 there are neighbourhoods UI’ UZ’ v, p, € ¥V CC UZ N

39 there exists a smooth Ffunction ¢ : U > IR;

such that for any smooth CR function f : M > & the sequence of
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entire functions Fv(w), gitven in (4.3) converges wniformiy to f on V.

REMARK. In the paper [6] the behaviour of the integrals (4.3) under
deformations of the submanifold # and the matrix function 4 is in-

vestigated. Roughly speaking:
(1) if we deform the submanifold ¥ in Cz topology we obtain

2
7 -
F‘\‘)’(w} - Fi}v w) = 0e™ ™) when v o =,

where w belongs to a neighbourhood of p, in w”, and d is a posi-

tive constant which does not depend on the function f.

(2) If we deform the function 4 in c? topology we obtain

, B 1
Fv,A(W) - Fv,A’(w) =0 (?;?) when v > o,

where w belongs to a neighbourhood of p, in M.

(b) GLOBAL CASE. In this subsection we formulate and give some con-
sequences of the global approximation theorem that is found in the

paper [71.

Through this subsection ¥ denotes a smooth (c”) generic CR sub-

manifold of ¢, dim_ M = n + m, where 0 < m < n. We put some geo-

IR
metrical condition on the manifold ¥, the R-property, which does not

seem to have appeared earlier in the literature.

DEFINITION. We say that a CR submanifold ¥ in ' has the R-property
if there exists a smooth n-real dimensional distribution 7 : M = T(M)

and a smooth CR matrix-valued function 4 : ¥ - ¢L(n,E) such that

|Im v| < |Re »| for v € A(p)Lp, v #0, p €M

Roughly speaking, at each point p € M, the matrix A4(p), as a
f-linear mapping of ¢" into @n, "turns" a real subspace Lp(iT (M)
c ¢" such that the image is "close" to .Rn, and everything depends
smoothly on p.

THEOREM ([71). Let M be an embedded gemeric CR submanifold of &

with the R-property. Then there exists a neighbourhood O of M in a"
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sueh that for any strongly pseudoconvex domain D, D CC Q, with
smooth boundary, any smooth CR function §f : M > & canbeuniformly
approxzimated on M N D by holomorphic functions on neighbourhoods of
D.

The idea of the proof is the following: first the theorem is
proved locally, using the invariant local approximation formula (4.3)
and after estimating the difference between local approximation for-
mulas, we apply the first Cousin problem with bounds then obtain the
global result.

Notice that the R-property is the global condition imposed onthe
submanifold M. This condition is sufficiently difficult to deal with
and it would be convenient to replace it by some type of convexity.In
the totally real case, for totally real submanifolds of @n, (or a
complex manifold), there is a fundamental system of Stein neighbour-
hoods and no additional restriction on M is needed. This is not the
case with arbitrary Cauchy-Riemann submanifolds. This justifies the
R-property and the assumption about a strongly pseudoconvex domain

iying in a small neighbourhood of the submanifoid.

The R-property is, in some sense, connected with the existence of
a foliation of M by totally real immersed submanifolds. More pre-

cisely, assume that we have a foliation N = {NA} of M by im-

A EA
mersed totally real submanifolds vy, XE€ A, of real dimension n.
For each p € M, we have exactly one N, passing through p and we
take the tangent space Tp(NA)' Hence we get a subbundle of T(M) which
a denoted by T(N).

We say that the CR manifold has the R property along the fo-
iiation N if there exists a smooth CR function A : M > GL(n, @)
such that

|Im v| < |Re »| for v € A(p)Tp(N), v £ 0, p € M

Observe that the R-property is more general than the R-property along
the foliation.

In the totally real case for dimﬂ?M = n, it is easy to see, that
the R-property is equivalent to triviality of the tangent bundle

T(M).
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1. INTRODUCTION

The purpose of this paper is to discuss some open guestion in
the theory of approximation with subspaces of finite codimension. We
shall point out the relationship between some already known facts and
a few new results (of which we shall give complete proofs). We hope
that this will be of some help for a solution of the general problems

which remain unsolved.

Let X be a real Banach space and V a closed subspace, V is
complemented in X 1if there exists a projection P : X ~» V (P 1is
linear, bounded and Pv = v for v € V). The relative projection cons-

tant of V in X is
MV,x) = 2nf{llPl: P : X >V is a projection}l.

If there exists a projection P such that [Pl = A(V,X}, X is exact

and P is termed minimal.

The existence of minimal projections onto a subspace V can be
proven with standard compactness arguments when V is isometric to a
conjugate space, see for example [2]; however in the general case
very little is known.

V is proximinal if for every x € X there exists a v, € 7
such that |z - U I = distl(x,V).

Let us say that V is an (E)-gpace if it is proximinal and that
it is an (F)-space if it (is complemented and) admits minimal projec-
tions. We shall discuss this two properties and their possible re-

lationship when codimV < o,

Standard references for proximinality in this (and in the general)

case are Singer's moncgraphy [10] and its updating [111].

We recall that if #n = codimV, then V‘L C X* has a basis [f.,fg,...,f'n]
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n
such that v = N kerjy . V 1is trivially complemented and every
=1

projection P onto V can be written in the form:

with fi € Vi, 3. € X, fi(zj) = Gij i.e., Px = x - Ei fi(x)zi.

2. THE (E) PROPERTY. (PROXIMINALITY)
Recalling that the following isometry holds:

(X V)% = v,

it is easy to prove a classical theorem of Garkavi (see for example
[10], pag. 292).

THEOREM A (Garkavi). Assume that X/V <s reflexive (im particular
that codimV < =), Then V <g proximinal <f and only <f there exists a
map T : (Vl)* > X suech that

(1) el = e, oe wi)*
(ii) F(78) = o(f), fe v .

In the sequel it will be helpful to recall that:

(a) A corollary of Helly's theorem guarantees for every € > 0

the existence of a map T, such that
(i) HTEQH < el + ¢
and (ii) holds.

(b) In general there is no linear map T satisfying (i) and
(ii) (since in the construction of 7 it is essential to use a se-

lection of the best approximation map MV). However 7 can be chosen

linear when My does possess a linear selection Py (in this case
Ir-p,ll =1).

(c) As a matter of fact the principle of 1local reflexivity
guarantees the existence of a linear T  satisfying (i') and (ii)

(see Section 5 below).
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It is useful to reproduce here the proof of the following in-

teresting corollary of Theorem A due to Phelps:

THEOREM B (Phelps). Assume that V <is proximinal in X and that X/V

i8 reflexive. Then
VCW=¥W <s proximinal.

PROOF. 7V C W = Wl C V'L = X /W is reflexive. Let & be a functional
in (Wl)* and § be a Hahn-Banach extension to Vl of ¢; since 7V
is proximinal by Theorem A there is a y € X such that fiyll = el
=liell and I(Ff) = fly), fE€ Vl. This implies, again by Theorem A,

that ¥ is proximinal.

PROBLEM. Under what circumstances the previous condition is suffi-

cient for proximinality ?
Let us state this problem formally:

We say that a Banach space X belongs to the class A if when-

ever V 1is a subspace of finite codimension in X, then the statement
(o) (W #V, W2V =W proximinall = V proximinal

is true.

Similarly we say that X belongs to the class Ak’ 0 < k, if for
the subspaces V with codimV > k the statement

(uk) (codimW < k, W2 V = W proximinal) = V proximinal

is true.

Note that A 2 Ak 2 Ak—l'

So the above problem has the following formulation: which Banach
spaces are in the class A, or in the classes Ak?

Note that Ao is exactly the class of reflexive spaces: in fact
the only ¥ 2 ¥V is X itself which is trivially proximinal, (uo) is
just a well known characterization of reflexivity (X is reflexive if

and only if every subspace of finite codimension is proximinal).

The following examples show a great variety of situations con-
cerning this problem.
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EXAMPLE 1. Let X be the space e, of null sequences and V a sub-
space of finite codimension. Then if every hyperplane containing 14
is proximinal so is V, i.e. e, is in the class AJ.

This result is proved in [2]. In fact W = f_l(o)is proximinal
if and only if f (as an element of 21) has only a finite number of
nonzero coordinates; since Vl < o, this implies that V is contained
in 2l(v) for some v. Hence (Vl)* is contained in & (v) C e, and

Theorem A gives the desired result.

EXAMPLE 2. Let X be the space ((g), where ¢ is a compact Hausdorff
space, and V a subspace of finite codimension. Then if every sub-
space of codimension &2 containing V is proximinal so is 7, i.e.
C(g) is in the class A2'

This result is a consequence of the famous Garkavi's characteriza-
tion of the proximinal subspaces of (@) of finite codimension in

1
term of the measures of the annihilator V' :
V is proximinal if and only if:

(i) For every yu € Vl \ {0} the carrier S{(u) admits a Hahn-
decomposition into two closed sets S(u)+ and Sﬂu_zs(u)\SﬁU+.

(ii) For every pair of measures Ugs u2 < Vl \ {0} the set
S(ul) \S(ug) is closed.

(iii) For every pair of measures Wy M, € Vl V {0} the measure
Wy is absolutely continuous with respect to u, on the set S(ug).
See for example [10] pag. 302.

Note also the following example due to Phelps (see again [10]
pag. 309).

Let @&

(0,21 and v = £;7(0) 0 £,7(0), where

f,= % e M1/m)T + 0, f,= T 47(1/n)”
n=1 n=1

{here &(x) = x{a)). Then the hyperplanes containing V are proxi-
minal but V is not (Garkavi's condition (iii) is not fulfilled).
Note that this shows that (C(g) & AJ.

The following interesting result (see [8]) shows that in many
spaces even (o) does not hold.
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EXAMPLE 3 (Indumathi). Let X be any space LJ(T,\)) where (T,v) 1is
a positive measure space such that (LJ(T,\)))* = L (T,v) and dimX ==,
For any »n > 2 there exists a V with codimV = n such that V is not

proximinal but every W 2 V, W # V, is proximinal; i.e., X & A.

It would be interesting to characterize the classes A and Ak'

3. THE (F) PROPERTY

When codimV < « minimal projections are exaustively discussed
(existence, non existence and formulas for the relative projection con-
stant) only when 7V is a hyperplane is the sequence spaces e, and 21,
see [3]). It is shown in particular that in ¢, property (E) implies
(F). In [2] this is generalized to any subspace of finite codimen-

sion. The same result on hyperplanes is true in ILI, see [3].

No theory whatsoever on the (F) property 1is available in the
literature.

4. Dn—SPACES

We have seen that if codimV = »n any projection P ; X > V is

of the form P =T - QP , where @ is a projection onto a (variable)

P
n—dimensional subspace of X.

If we want to see how good is Px as a linear approximation of

xr we compute as follows:

le = Pxll = ll(x - v) + Pv - Pzl
=1 - P)lx - vl
<t -PI e ~ol,
l.€.
le - Pxll < IlI - Plldist(‘x,V) = IIQPIIdist(x,V)-

Recalling that a projection P such that Il - Pl is a minimum

is termed cominimal, we see that the smallest error is given when P
is cominimal.

In the case that I - QP =1+ IIQPH, P is minimal if and only

if it is cominimal. This is an interesting situation which arises in
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some "very flat" spaces. Let us give the following

DEFINITION 1. X 1is called a Dn—spaee (n = 1,2,...) if every opera-
tor A : X > X of rank less than or equal to »n is such that

(1) Wr - 4all= 1+ t4l.

X 1is called a D-space if (1) holds for every finite rank operator 4.

We shall see in the next section the relevance of thel%;property

with respect to the (E) and (F) properties.

In (9] it is proved that (¢(@/), with ¢ Hausdorff, compact and
perfect, and LJ(S, Z, u), for a wide class of measure spaces S are
both D-spaces, generalizing previous results of Daugavet and Babenko-

Pichugov for the special cases (C[0,1 ] and L, [0,1] respectively.

It can be shown (see [7],[9]1) that no finite dimensional space
and (see [7]) no uniformly non square space can be Dl' Some new

positive results for the Dz—property in L,-spaces are proved in [5].

5. RELATIONSHIP BETWEEN THE (E) AND (F) PROPERTY

The following conjecture has been proposed in [4], recalled in
[2] and in {11] (pag. 84, Problem 5.6).

CONJECTURE. Assume that dimX /V = n. Then, for v, (B) = (F).

This conjecture has been recently disproved by D. Amir [1]. We
shall reestablish the conjecture for the restricted class of Q;Banach

spaces.

First of all note that the reverse implication is not true in

general, as it was well known.

The example below is taken from [3].

Let X be the space e, V = f (0) with f = (f,, ..., f ,e-u),
ifl, = 1; then:

if sup Ifil > 1/2 then A(V,X) =1 and every V has (F);

if suplfil < 1/2 then A(V,X) > 1 and for V, (E) = (F).

Taking for example f = (1/2,1/4,1/8,...) then V = £ 1(0) has

(F) (a minimal projection P is given by P=1I - f ® =z, with
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2 = (2,0,0,...)) but not (E). Note that in any case (E) = (F) (this

is in fact true for any finite codimensional subspace of co) .
We give now an outline of Amir's counterexample.

Let Y be a Banach space with unit ball B in which there exists
a closed bounded convex set 4 for which the set E(4) of the Chebysbev
centers of 4 is empty {(an example of such a space can be found in
[7]1). After normalization it can be assumed that diam4d = 2. Let X =
Y x IR be normed by the unit ball

U=co{+ (4 xA{1}) U (B x {0o}).

Let M =Y x {¢}; M 1is a proximinal hyperplane of X, the metric pro-
jection being PM(x,a) = (z,0). If P : X > M is a projection then
P(x,a) = (x - ay,0) where y € Y is any. It can be shown that for
any such P one always has Pl > »(4) (the Chebyshev radius of 4).
Hewever for any € > 0 selecting y € E€(4) (the nonempty set of e-
centers of 4) one obtains a projection P_ with P Il < r(4) +e.ve
conclude that A(M,X) = r(A) and that there is no minimal projection
onto M.

Let us prove the following easy

PROPOSITION 1. If X s a Dl—space for every hyperplane V in X we
have that M(V,X) = 2 and (E) < (F).

PROOF. If P : X = V 1is a projection then P =1 - f @& z, f(z)=1.

Since X is a Dl-space we have:
el =2+ lfe =zl =212+ Ifllzll = a(v,x) = 2.

The norm of P is 2 if and only if there exists 2z € X such that

lfillzall =1, i.e. if and only if V is proximinal.

A slight generalization of Proposition 1 goes as follows:
PROPOSITION 1'. If X Zs a D -space, codimV = k (k < n) and V has
a linear metric projection P then 2 = PNl = A(V,X); so that the im
plication (E) = (F) is true.

PROOF. It is easy to see ([4]) that in this case IIT - Pll= 1; hence

Pl =llr = (1 - Pl =1+ II-PI = 2;
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of course for any other projection ¢ we have gl > 2.

We shall give aresult which could be a support to the conjecture

(E) = (F) when codimV < n and V is in a D -space.

Let us first prove a theorem on approximation of general projec-

tions with spacial ones.

Let Y be a dual space, Y = X*; let F be an n—-dimensional sub-

space of Y, and [fz,fg JR "fn] a basis for F. Any projection
n
P : Y > F has a representation P = X wi ® fi’ with 11)7: € X** and

1=1
\bi(fj) = 5ij .

THEOREM 1. Given any projection P, for every o > 0. there is another
n
projection P : Y > F with a representation P = z 2; 8 f., with
=1
S C X** o= . )= .
z X X and Zi(fg) fJ(z_L) 61‘7 » and suech that

Pl - o <lp i < HPI + o.
PROOF. We shall use the principle of local reflexivity of X, see
for example [ 6] (pag. 33):

Let ¥ be an n-dimensional subspace of X** spanned by a basis

[Wz,wg,...,wn]; G a finite dimensional subspace of X*, then for

every § > 0 there is a linear map T6 HER i ¢ such that
(1) Yif) = f‘(Tstp), fe€a6, ve vy and
(i1) (2 = &)yl < ITgwll < (1 + &) 1yl

We shall also use Helly's theorem:

Given the system w_b.(‘o) = 7 = 1,0.. ,n for every € > 0
there is a solution ¢_  with IIWEII <1+ k + ¢ if and only if for
any n-tuple (az,.. .,an) we have

[Z.a.e.] < (1 + k) 1Z.a.v.l.
772 = 177

Let the projection P = Ei q)i ® fi be given. Let ¢ € X* be such

that llgyll = 17 and llPIl < llpel + 0. Let G beany finite dimensional
subspace of X containing {fz,fg,...,fn,tp}. For every & > 0 let Tg

be a linear map satisfying (i) and (ii) and set zg = Ta“’—; . Define
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P by Py = Zi zf’ ® fi - Pg is a projection because of (ii). We have
12l > 1Pl = IZ 2500 7.1
§' = J : Z T
= |I§ %W £z = lPell > IPIl -0
so for every & we have IIP(SII > IPIl - o. Select now y_ € X* with
8 .
- - .= (2.
ly 1 and lpgey )l > Npgl €. Set ¢ =Y _(z;) and consider the system
(2) d)i(g) = e, T = I,...,41.
We have, for any n-tuple (al,...,an),
_ § _
[Za, el = |Za;v (z;)] = v (Ta;z)]
1 7 A
< ||E'a7: zill = ||T6(E'a7l. “’7;)”
T 7

| A

(1 + 6}1@541. x}JiH.

A

Helly's theorem will now give a solution g. € X* of (2) with ||g€H

< 1 + 8 + €. We have now

i pg 1l NZp;(g Jf-
e > E. - I e
g I fig
W Zpesrl o Pg (v )l . eglh -
- - 1 +8 +¢
|lg€l| g |
Therefore WP > WP /(1 + §) and there is a & such that [Pl <

Pl +o.

The relative projection constant A(F,X*) where F 1is the finite
dimensional subspace generated by the basis [fz’fz’ ‘e .,f‘n] is trivi-

ally exact. It we call PX the class of projections P : Y = X* > F

which have a representation P = Ei z

i ® fi with 2z, € X, then Theo-

rem 1 gives the following formula for A(F,x*).

1

COROLLARY 1.

(3) (P, x*) = inf{llP} : P € PX}.
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We also have the

1
COROLLARY 2. Let V =N ker f., V. =F = span{fl,...,ﬁ1}. Then

1
MV, X) < 1 4+ X(F,X*)
and 1f X is a D, —space then

(4) : A(V,X) = 1 + A(F,X*).

PROOF. If P : X -V 1is a projection, then P = T - Ei f; @zi with

fi(zj) =§., and a2 € X. Set @ = Ei fi ® S @ projects X onto

d
span{zi,...,zn}. Define § : Y > F by § = £, 2z, ® 7. (here we con-
sider z. as an element of ¥**):as itiswell known I§HI = gl (in
fact
gl = sup ”Eifi(w)zi”

facll =1

sup sup |Z.f.(xle(z.}]|
el =1 Nle=z  *°* z

sup sup | (Z.e(z.)f.)(x)]
lell=1 llzll=1 ooV OT

{

sup NZ.e(z. )f. = 1@1).
lell=z =%

We now have:
NPl <2 +1l@lt=1+14gl.
Taking the infima and using Theorem 1 we get
A(V,X) < 1 + M(F,X*).
If X is a Dn—space then
il =1+ 1@l

so that

MV, X) = 1 + A(F,X*).
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We finally formulate the

THEOREM 2. Assume that X s a D —space, then V has property (F) if
and only 1f in the class Py there is a minimal projection.
PROOF. It is a consequence of (3) and (4).

Garkavi's Theorem A, Helly's theorem and the principle of local
reflexivity seem to suggest that PX has a minimal element when 4
is proximinal. Unfortunately we were not able to prove this result
which would have given a proof of the conjecture in the Dn—Spaces.
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This paper is an expository survey of some recent results con-

cerning the propagation of analytic singularities in Cauchy

which heavily rests on the theory of holomorphic functions

variables through the concept of microhyperbolicity.

CAUCHY PROBLEM IN THE DISTRIBUTION SETTING

problem

many

+ . ; .
1. Let us work in the space-time R" 1, where we denote thevari-

ables, the dual variables and the derivatives by

X = (¢, ), E=(1,E), DJD,,D J.
(1) (n) (1i(n roee
Let
I (x,0,) = £ a (x)D%
(WxN) X la|<m @ x

be a matrix differential operator with analytic coefficients of order

m and let

L(X,D,] = X aa(X)D?L(
fef=m

be its principal part.

We know that the Cauchy problem for that operator may be

as follows in the distribution setting: given a distribution

M e px(r™L)

(n)

carried by ¢ > T, find a distribution

¥ e D*(an+1)
(N)

posed
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also carried by ¢ > I' and such that

I - I* (X,0,) ¢ = M + v, Vo e p(mr™1?

(y) (NxN) (n) (N) (W) (N)

J.

We definitely leave aside the guestion of the existence, unique-

ness and construction of the solution of that problem.

We just consider the problem of the propagation of analytic sin-
gularities: find the analytic singularities of X from the analytic

singularities of M.

2. Here we consider analytic singularities because we know that,
in the more general framework of boundary value problems, those sin-
gularities are the simplest ones convenient to describe completely

the propagation phenomenons.

Let us first say a few words about the analytic singularities of

a scalar distribution T(¢), V¢ € D(Q), 2 being an open set of _En+{

The analytic singularities of a scalar distribution where first

defined as the points of the analytic mqmort[T]a of the distribution:

3
X & [T]a =3~y
T(e) = J fedz, Yo € DX ), f € A(NK ).

Since a few years ago (1970), it looks more advantageous to con-
sider more involved singularities got by completing every XO by a
direction = # 0.

Let us say shortly that to X, we may associate good and bad
directions EO

If ail the directions associated to XO are good then Xo &
[T1,-

So to every Xo € [T]a’ there exists at least one bad direc-
tion =,

Those bad directions make a cone Yy (T) associated to XO and

2}
called frequency cone of T at X,.
The notions of [T ]a and vY(T) are put together in the wave

front set WFaT of the distribution T:
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WE,T = {(X,=) xe[Tr), , =€ Yy(T)}.

The wave front set appears as the hedgehog attached to the dis-

tribution T whose skin is [T]a and whose thorns are every = €

YX(T).
It is easy to see that

WFaT is - conical with respect to E:

(X,E) € WFa-T = (X,\E) € WFaT, YA >0,

- closed in £ X Lm”*l 0):

(Xx ,E ) € wr T
m-m a

By definition, WF, T on the X-space is [T]a.

To be complete we define the good direction, for instance, by
in the Sjdstrand version (1980):

the projection of

the Bros-Tagolnitzer criterium (1975)

3 €1s€9s M >0

(XO,EO) ¢ WE T =
3 a(Xo) € p(Q), a(Xo) # 0, af(X) € A(mXo)}.-

-iAXE - AM(X-U)2 1|

sup | Tla(x)e
IU’X0|i51
|='_='0|i52
is exponentially decreasing (i.e. < Ce-EA if A > Ao with c >0
and € > 0).
For a vector distribution T =(T,,...,T,.), we set
1 N
(N)
N
WF T = U Wr T..
a . _ a &
=1
HYPERBOLICITY AND MICROHYPERBOLICITY
homogeneous

3. Let us first define the hyperbolieity of P(Z)

polynomial of Z € 07 of degree m, in the direction Eo by
n+1

P(XE, + 2X) # 0, VX > 0, vy e ®m',
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Concerning that polynomial, let us recall the Garding Theorem (1972)
by which it exists an open convex cone I' defined as the connected

component of Eo in the open cone
{Xx : P(X) # 0}

and for which

P(E + iX) # 0, VYEET, vxe "1,

it £, = (1,0 ), we have hyperbolicity with respect to the time.
(1)(n)

The dual cone of I denote by

Fl:{y:y-xzo, vy €I}

plays an important part in the following.
Trivially I‘l is convex and closed.

Let us point out that it is (strictly) oriented in the direction

of E,: there is a (non flat) circular cone around E, which con-

tains Fl:

X+ E >0, V¥YXE€T
L
E|50|X-Eo|, VX ET™.

4. This notion was recently (1975) precised by introducing the
microhyperbolicity of f(Z) holomorphic function of 2 € ¢” near Xo
n
€ IR .
We say that f(Z) is micerohyperbolic at a point X, in the di-

rection EO, if e > 0:

lx - x| <e, VXE w",
FOX + 4XE_) # 0 if

AE (0, €].

We see immediately that a homogeneous polynomials Pm(z) hyper-

bolic in the direction Eo is microhyperbolic at every point X in
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the same direction Eo.

P(X + iAE,) = —;’”p(wo - ix) #0, vxie R".

For microhyperbolic functions there is an important notion of

localization.
Let us call multiplicity of X, the integer p(XO) >0 such

that
[¢7 . .
DUf(X,) = 0, if o} < pix,),
3o i Ja| = pex ) D%F(x,) = 0.

Such a multiplicity is nothing else that the geometric multi-

plicity of the point X, on the real surface
{x : Ff(x) =0},

We may compute more simply the multiplicity p(XO) by using (the

here extraneous) EO by
o

E
] o -
" z Y Dyf(X,) =0,
al=p’'<p
fo
T =% pyr(x ) # 0.
lal=p K

By definition the Zocalization of f(Z) at XO is a homogeneous

polynomial of degree p(Xo)

a
Z o . 1
= ) —_— = I
fX (Z) or D f(XO) ZZi% p f(Xo + ZEo)’

o |a]:p(XO)

(notion independent of EO).

It is the first term of the Taylor series of f(Z + XO) at XO.

]

- If p(Xo) =0 fy (Z) f(Xo) (the localization is constant)
o

- If p(XO) = 1 : fX (Z) = 2 » Df(Xo) (the localization is linear)

o

- If P(X)) = 2 : f,(4) = D% f(X )3 + 4 (the localizationis quadratic).
2]
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In each case {X : Fy (X) = 0} 1is the generalized tangent cone
o

of {X : f(x) = 0} at X,:
{r : f(x, + AY) has X as zero of order p(X_)l}.
The localization Ty (Z) has the following capital property:
o

fy (Z2) s a homogeneous polynomial hyperbolic with respect to E,.
0

So, we may attach to every Xo to Gérding cone Ff »connected
X
o
component of E_ in {x : fx (Xx) = 0}.

o

It is also essential to define the dual of the Garding cone:

r ={y : Y+Xx>0, ¥Xel_, 1}
—_ fX

o o

Microhyperbolicity also has an important un<formity property:
for every compact X € T it exists & > 0 such that

x

o
lx - x| <8,

. p(Xo) . .
|F(x + ZXE)| > CA , if AE (0,81,

E C K.

More specially we have a stability property: if E € T is
fX
fixed, we have o
|x - Xo| < 8,
FO_X + £XE) # 0, if

A€ (0,51

and that expresses that the function studied is automatically micro-

Foot
XO
From this follows that, in spite of possible changes of multi-

hyperbolic at the same point XO for every E €T

plicity of X, the Garding cone Ff is inner continuous with respect
X

to X v X
o
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T DK compact = T > K YXn~n X .
fy P y g 0
o
1 . , .
This implies that the dual cone Ff is outer continuous with
X
respect to X © Xo
1 1
r (\N0) Cw open cone = T \ 0 C o, ¥X~Xx ,
fx fx ©
o o
which means that he multifunction Pf of X n Xo has a closed graph
X

in Co:

Yy € l"l

m fX

m
X -+ x - y ert .
m o o fX
0
Y—»YO#OJ

APPLICATION TO THE CAUCHY PROBLEM FOR THE DERIVATION MATRIX OPERATOR
WITH ANALYTIC COEFFICIENTS

5. Let us come back to a matrix derivation polynomial with ana-

lytic coefficient

L (X,D ).
(W) X

Let us express the following only assumption:

R o —
m(X,E) = dtm L(X,E)

18 hyperbolic with respect to e = (1,0) for every frozen X.

This assumption implies that m(X,E) aqs a funetion of (X,E) 1is

=

mierohyperbolic at every point (XO,AO) in the direction (0,e).

As hyperbolicity and microhyperbolicity just concerns the zeros

o}
of the function considered, we may replace dtmL(X,Z) by any other ho-
mogeneous polynomials in =, analytic function of X, with the same

zeros & for every X.
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For instance, we may take

(¢
dtm L(X,E)

m(X,Z) = 5 -
g.e.d. of the cofactors of L(X,Z&)
We may apply to m(X,E) the previous properties of the micro-
hyperbolic functions.
Specially, we may define the multiplicity p(Xo,Eo) of (XO,E)
which, here, may be computed simply by

=

=

>

“

1l

—
—_——N—

We may also define the localization moy L= )(X,E) of m(X,E) at
o’”

o
(XO,AO)
To this localization we may associate the Garding cone Fm(X E
L E
. 1 . . . o ©°
and, moreover, its dual cone Fm(X ) which is a nonveoid cone,
0* o

convex, with closed graph (then closed), strictly oriented to the

increasing Et‘

6. Let us now state an essential result for the propagation of
singularities of the operator L(X,D,) studied.

1 . . =
To the cone Fm(X %) considered as a multifunction of (X,Z) let
S &

us associate the multidifferential hamiltonian system

-= /X ' . 7
Dg Tz T P\ )7 Lzl © Ty, =)l

X — T
J X(0) = Xo’
L E(0) = &
o
This is a generalization of a differential system in which to

every point (X,E) we do not give the gradient of the unknown func-

tions, but a conical multifunction containing that gradient.

When the multifunction of the second member is convex, nonvoid,

with closed graph, strictly oriented to the positive time, we may prove



MICROHYPERBOLIC ANALYTIC FUNCTIONS 103

that it exists a "solution" of this system which is a multifunction
of the data defined as the set

+ -
F(X JE ) {resp. T )
0’ "o

(X ,E )
of the (X,Z) which may be connected to (XO,EO) by a lipschitzian curve

{(X(J),E ) : s €1[0,81}

(s)
. . I -1
whose tangent a.e. stays in )T .
-1 " my
X, =
It may be proved that when F;}X %) # 0 there is at least one
S E

such a curve from (XO,EO) with ¢ monotonically increasing when its

parameter varies from 0 to + «,

+
K( is a closed graph multifunction of (XO,EO)

o
.

Il
-

+
K(X z ) is directed to the increasing time but perhaps not
S E

strictly (in which case, we have to suppose that the closed time sec-
tions are compact).

We shift from ) to T

+ —_
r = o
& S (X 5% )

second member of the multidifferential equation.

by changing the sign of the

Let us notice that

— + + + L.
(a) (X,2) € K - =K. =, C K _, .  (Huygens Principle)
(X ,% ) (X, = (X ,& )
0’ o o* o
e + — - . . .
) € - = € bt =
(b) (X, %) K(XO,&O) = (X, 0) K(X,:) (Coming-back Principle)
In this conditions, we have
+
WF X C Y K N
oy L= e M Ko’
o a

We may interpret geometrically this result from every singularity

of [M](l escape singularities of ¥ described by the multifunction

solution of the system mentioned.

7. Let us mention some particular cases where it is easy to in-
tegrate the multidifferential system.
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A. If all the point (X,E) are of multiplicity 0 or 1 of m(X,Z),

we have

rt =0 or (A, gm(X,E) : A > 0}

m(x,&) s
and so the system becomes
Dxm(X,E)
Dgm(X,E)

We find back the differential equation of Hamilton by replacing
the variable s by As for every A > 0.

This condition is realized when m(X,E) # 0,

m(X,E) = 0 = DX,Em(X,E) # 0,

which means when the given operator is of prineipal type.

In this case, as we know, the singularities are proparated along
the bicharacteristics solution of the Hamilton system issued from the
singularities of M such that m(X,E) = 0.

B. In the case of an operator with constant coefficients is in-
dependent of X and we have

Moy E )(a) = g (E)
o- o o
and so
r =R x T, =a~1‘ml =0 xrt
= = = M
(XO,_O) z, {xo,-o) z,

L]
%}
—

]
> Bl
-

m
/-\
=3
-
~———

ul

x(o)

1]
e
-

]
I

E(0)
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and as E = Eo’ reduces to

pxert
8 M
x(0) = X

0"

As the second member is a constant multifunction, the solution

is trivially

We see that from every singularity of M comes a beam of sin-
gularities of ¥ which is or the point (X,E) itself, or a ray, or a
beam which becomes more and more complicated when the multiplicity of

Eo increases.

8. A direct majorization of [X ]a as the projection of WF_X

is not trivial.
We may get an estimation of [X 1a as follows.

It is easy to see from its simplified expression that

p o = py (B ),
(Xo’"o) X, "o

multiplicity of X in m(XO,E) when X = is frozen.

But as
my = (6,8) = M (Xo,:)
0’ o o
we have
T R T < BTNy
= = = = = U
(Xo’”o) o © (X0,~0) =, o

From there

- 2},..t,?'z+}

DS C .
1
X ro (X, )

ot
o
=~

So X is arbitrary and we have for every = the simplified
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multidifferential system

L

er -
DX me(X,5)

X(o) = Xo

of the previous type.

It has as a solution a multifunction with closed graph directed

to the increasing time denoted by

P
X
0
Then finally, we have
[¥] c v Ky ().
¢ x €lMl_ o
o a
VE £ 0

BIBLIOGRAPHICAL NOTES

9. The recent book of L. Hdormander [2] contains (among others)
the classical theory of hyperbolic polynomials (II, p. 112) and a con-
cise study of microhyperbolic functions (I, p. 317). The direct proof
of the uniformity property is due to Hormander and seem to have been
found simultaneously by P. Laubin in his Pn.D. thesis [3]. For a
detailed study of the analytic wave front set of a distribution based

on the only Fourier-Bros-Iagolnitzer criterium, see also H. G. Garnir

and P. Laubin [1]. The application to partial differential equations

through multifunction theory is taken with some improvements from S.

Wakabayashi [ 4]. The detailed proofs are in course of publication.
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1. INTRODUCTION

Wazewski principle [23] plays an important role in the study of
ordinary differential equations. Its applicability is largely due to
the fact that in a finite dimensional euclidean space, the unit sphere
is not a retract of the closed unit ball. Since this is no longer true
in infinite-dimensional Banach spaces the direct extension of WaZewski's
principle to processes or semidynamical systems on infinite dimen-

sional Banach spaces has a very limited applicability.

Since in finite-dimensional spaces the fact that the unit sphere
is not a retract of the closed unit ball is equivalent to the fact
that every continuous mapping of the unity closed convex ball has a
fixed point, the main idea of this work is to develop a method based

on fixed point index properties instead of retraction properties.

Our fixed point formulation, Corollary 1, is essentially equiva-
lent, in finite dimension, to Wazewski theorem. Although in infinite
dimension, Wazewski theorem is no longer applicable, Theorem 1 and
Corollary 1 are applicable and give deeper results since fixed point
index methods have proved to be very useful in the solution of dif-
ferential equations either in finite or infinite dimensional spaces.
After that we go further and give a formulation of Theorem 1 wusing
Leray-Schauder degree theory or the fixed point index for compact or
condensing maps. These generalizations, Theorems 2, 3, 4,5 and 6 are

stronger even in finite dimension than WaZewski theorem.

After Wazewski paper several papers arised applying Wazewski
principle to the asymptotic behavior of ordinary differential equa-
tions, C. Olech [17], A. Pliss [20], Mikolajska [14], N. Onuchic [18],
A. F. 1Izé [11] and others. Kaplan, Lasota and Yorke [12] applied
Wazewski method to boundary value problems and C. Conley [3] also
applied Wazewski method to a boundary value problem for a difusion

equations in biology. Since our approach uses Wazewski basic ideas in
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connection with fixed point index theory it should give, even in
finite dimensions, much better results and can be applied also to

boundary problems in Hilbert spaces.

2. DYNAMICAL SYSTEMS AND PROCESSES

Let X be a topological space,_R+ ={0,»}), A C X X.H+ a subset
of X X.E+ such that

{0} x x C 4,
and let 71 be a mapping from 4 into X. We put
+
1, =1t € B |(¢t,2) € 4}, w, = sup I,

w, =@ if sup I, does not exist.

DEFINITION 1. We say that (X,m+,A,ﬂ) is a local semidynamical sys-—
tem if and only if

(a) The map x — Qx’ x € X, is lower semi-continuous in the
sense that for every « € X

i) If w, < @, then for every 1n > 0 there exists a neigh-
bourhood V of x such that

e -—
Y V= wy > oW, n

ii) if w, = then for every ( € ®® there exists a neigh-
bourhood V of x such that

E V=w >
Y y

(b) T is continuous

(c) m(x,0) = « for every «x € X

(d) If te€ I, and s € Iﬂ(x,t) then s + t € I

(e) m{wl(t,x),s) = nl{x,s + t) for every ¢t € I.s s € Inhgtf

Autonomous differential equations on Banach spaces, autonomous

functional differential equations are examples of semi-dynamical
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systems. Dafermos [4] introduced a generalization of dynamical sys-
tems as to include also non autonomous differential equations in Banach

spaces or nonautonomous functional differential equations.

DEFINITION 2. |4]. Suppose X 1is a Banach space

®mY = lo,0), u: mx x x RY » x

is a given mapping and define VU(o,t) : X > X for o € R, t €R
by Uloc,t)x = u(o,x,t).

+ . .
A process on X 1is a mapping u : IR X X x IR > X satisfying

the following property
i) u 1s continuous
ii) U(o,0) = I (identity)

iii) U(o + s,t)U(o,s8) = U(o,s + t).

A process 1is said to be an autonomous process or a semidynamical

system if U(o,t) is independent of o, that is, T(¢) = u(0,t), t > 0.

Then T(t)x is continuous for (t,x) € ®r* x x.

Let A4 C R x X x B and wu : 4 » X. We define

={t > o|(o,z,t) € A}, = sup I

Tz, 0) Wiz, o) (z,0)

w(x,o) =~ if sup I does not exist.

(x,0)

Then if the map (z,0) - w is continuous in the sense of

(z,0)
Definition 1, u defines a local process. A local semi-dynamical sys-

tem is an autonomous local process.

If X is a bounded metric space we define the measure of non-
compactness of A to be inf{d > 0|A can be covered by a finite num-
ber of sets of diameter less than or equal to d}. If X is a Banach
space and 4 a bounded subset of X, 4 inherites a metric from X and
we can give the same definition of the measure of non-conpactness of
A.

Let X, and X, be metric spaces and suppose f : X, = X is

1 2
a continuous map. We say that f is a k~set-contraction if given any

bounded set 4 in X;, f(A) is bounded and Yg(f(A)) < kyZ(A). of
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course, Y, denotes the measure of non compactness in Xi’ iz = 1,2.
We assume that 0 < k < 1. If f is a k-set contraction we define
Y(f) = inf{k > 0|f 1is a k-set contraction}. We say that f : X > X
is a local strict set-contraction if for every x € X there is a

neighbourhood /¥ (z) such that f|¥(x) is a kx—set—contraction.

M. Furi and A. Vignoli [8] and B. N. Sadovskii gave a slight
generalization of k-set-contraction. Given a continucus mapping
f : XZ g X2 we say that f is a condensing map if for every bounded
set 4 C X, such that YI(A) £ 0, yg(f(A)) < yz(A). We say that f
is a local condensing map if every « € X has a neighbourhood ¥(x)
such that f|¥(x) is a condensing map. If f is a k-set - contraction
f 1is condensing but the converse is not true in general:see Nussbaum

[16]. If f is linear the two concepts are equivalent.

There are several examples of processes described by functional
differential equations and partial differential equations of the evo-
lution type that are compact or a-set contractions.

EXAMPLE 1. Let »r > 0, ¢ = C([-r,0] ,m" ) the space of continuous
functions defined in [-»,0]. If z € ¢( {0 - », o + 4),R"). 4 > 0,
o € R define xt(e) = x(t + 8). Let QC R x (C, Q open, and let
D, f£f: Q- R" be continuous functions, D is linear and
o
D(¢) = ¢(0) - J aul(t,6)¢(6)

-r
where u is a matrix function of bounded variation for 6 € [-r,0].
A funectional differential equation of the neutral type is a relation
of the form

(1.1) D(t,xt) = f(t,xt), x_ = ¢.

[e)

a,
&e.

Let x(¢,$) be the solution of % D(t,z,) = 0, ¢ = 0.

We say that D is an uniformly stable operator if there are con-
stants X > I, «a > 0 such that

—a(t—to)
lz(t,¢)| < Ke . bt >t

0
The solutions of this equations describes a process kat)w-:xt(c,¢).
If D is an uniformly stable operator and t > r, U is a weak a-set

contraction, that is, for every bounded set 4 C R x ( for which
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U(A) is bounded Y(U(AJ} < kY(4). When D(t,¢) = ¢(0) equation (1.1)
is the equation x = f(t,mt) and if ¢ > r, the process U is compact
[91].

Another general form of a neutral equation for which there is
a reasonable existence and continuation of solutions theory, [5], is

the equation
z = f(t,xt,:;:t)

where =z, (8) = ¥(8) € C([-r,01,R"), z,(8) = v(8) € IP([-r,01, R")
and f satisfies a uniform Lipchitz condition with respect to ¥ in
2 [-r,01, Rr"), 1 < p £ =, The process described by these equations
is also a k-set contraction.

The following example is given in [22].

EXAMPLE 2. Let X be a Banach space and 4 : D(4) * X be a closed,
densely defined linear operator in X. A4 is called sectorial if there
are constants ¢, M, a with 0 < ¢ < /2, M > 1, a € IR such that the
sector Scb,a ={r € ¢{x #a, ¢ < arg|r - al < r} is contained in

p(4) the resolvent set of 4, and li(x - a)—z

A€ 8

I < M/(x - a} for all
b.a " If A is sectorial, then there is a &k > ¢ such that

Reo(A + kI) > 0. Let AZ = A + kI. For ¢ < o < 1 define

©

-0 _ sinTa -0 -1
AZ = —T__[ A T(A - AZ) dh.
0
-0 - . a -0
4y is bounded and injective. Let X be the range of 4,7,
x° = X, X' = p{4). Let AOZL : x% > X be the inverse of A;u, 4° = IdX’
4" = 4. x% is dense in X. Define the norm I ”a on x% by
hull, = IIA?uII where || I, k, and different choices of %k vyields
equivalent norms on x&. x* is a Banach space under |+ h, -

Suppose 0 < o < I, V is open in x*  and f:V—>*X is a lo~-

cally Lupchitz continuous mapping. Consider the eguation
du -
e Au = flu).

Let u € V. By a solution of (1.2) on (0,A) throught U, we

mean a continuous mapping u : [0,A) = V such that u(0) = U, > u is
differentiable on (0,4), u(t) € D(4) for t € (0,4), t > flu(t)) is
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a
locally H8lder continuous, J Wflul(t))ldt < « for some a > 0 and

0
(1.2) holds for ¢t € (0,A). In this definition "t > g(t) lo-
cally HOlder-continuous" means that for every to there exists

a neighbourhood W of to and L, 8 > 0 such that

1® for t.,t, € W

hg(t,) - gt )l < L|t1 -ty
If follows from [ 7] that under the above assumptions, for every
u, €V there exists a unique solution u(uo) of (1.2) trhough wu_,
defined on a maximal interval [0,Wu J. Defining u(t)uo = u(uo,t)
1%
for ¢ < Wu we obtain a local autonomous process or a local semi-
o
dynamical system.

The most important example of a sectorial operator arises in the
following way: Let § be an open, bounded set in E" whose boundary

is of class %™ (m an integer). Let X = LZ(Q), D(4) = BEMQ) N HZ(QA

(Aw)(z) = T a (x) - p%u(z)
[a]<m

where the a, ¢ % - ¢ are continuous mappings and p%u is understood
in the distributional sense. Suppose that 4 is uniformly strongly el-

liptic on @, i.e., there is a Co > ¢ such that

Re{ Z a,(z) - £%3 < Co]glgm

for all ¢ = (Eu)|a|<m’ E € IR, and all =z« € Q. Then eqguation (1.2)

o
is called a semilinear parabolic P.D.E. Results in [10], imply that

A is sectorial and R(X,4) is compact for every X € p(4/.

In the following we consider a process defined for all t > 0
but it becomes guite clear that the results are true for local pro-

cesses or local semidynamical systems.

DEFINITION 3. Suppose u 1is a process on X. The trajectory T+(c,x)
through (o,x) € IR x X 1is the set in R x X defined by

T (o,2) = {(o + ¢, U(o,t)z|t € RT}.

The orbit y+(0,x) through (o,x) is the set in X defined by
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Y+1’0,x) = {Ulo,t)xe, t € Ry

DEFINITION 4. If u is a process on X then an integral of the pro-
cess on R 1is a continuous function y : IR - X such that for any
o € R,

¥ (0,y(0)) = {(o + ¢, ylo + t))|t > 0}.

An integral y is an Zntegral through (o,x) €ER x X 1if y(o) = X.

We assume in the following that the integral through each (o,x)

€ R x X is unique.

We define

T_Z(x) = {(o,y) € R x X{3¢t > 0 such that Ufog,tly = z}.

Iif Po = {o,x) € R x X and z € y+(o,x), we define
t, = inflt >0]|U(o,t)x = 5}
@, = (o + i, U(O,tz)x)
[2,9,1 = {(o + ¢, Ulo,t)z]0 < t < ¢}
[P ,q,) = {({c + ¢, Ulo,t)z|0 < t < t,}
(P,Q,1= {(c + ¢, Ulc,t)x]|0 < ¢ <t}
(P,,Q,) ={(o + t, Ulo,tlx]o < ¢ < t, 1.

3. MAIN RESULTS

Let Q be an open set of K x X, w an open set of 2, w C @,
w #¢ and 3dw = w N (8 - w) the boundary of w with respect to Q.
We put:

5% = {PO = (o,z) € 3w | 3¢t >0 and z€~yi(o,2), with
(PO,QZ) 7 and (PO,QZ) Nnw =g}

S = {g€ duw]|3 P = (0,2) € w, with Q€ y+(c,x) and [PO,Q) C w}

s* = 32 n g,
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The points of S are called egress points, the points of s* are

called strict egress points.

Given a point P, = (o,x) € w, if the trajectory T+(0,x) of the
process is contained in ® for every ¢t > 0, we say that the trajec-
troy is asymptotic with respect to w; 1if the trajectory 1is not
asymptotic with respect to w then there is a ¢t > 0 such that
(¢ + t, Ulo,tlx) € 3uw.

Taking
tp = {min t > 0| (c + ¢, U(o,t)x) € Buw}
Q = (o + tP ,U(o,tP Jx) = C(Po)
o o
we have
[PO,Q) C w.

The point C(Po) is called the consequent of P .
Define G to be the set of all PO = (o,x) € w such that there
is ¢(P_) and C(P_) € 8*.
2 o

*

Consider the mapping X : 8* U g = § defined by

kK(p ) = C(P ) if P € u,
o o o
K(p) =pP if P € 8*.
o 0 o
The proof of the following is standard, see for example [23],[19].

LEMMA 1. The mapping K : S* U ¢ » 8% 4s continuous.

To prove the following theorem, we will need to know the basic
properties of the fixed point index theory as well as the extensions
made by Nussbaum [16] for k-set contraction and condensing maps. We
shall say that a topological space X is an absolute neighbourhood
retract (ANR) if given any metric space M, a closed subspace 4 C ¥
and a continuous map f ¢ 4 » X there exists an open neighbourhood
U of 4 and a continuous map F : U 2> X such that P(q) = f(a) for
a € A. X 1is called an absolute retract (AR) if F as above can be
defined on all of M. A theorem of Dugundji [6] asserts that any
convex subset of a locally convex topological vector space is an AR.
Let A be the category of compact metric absolute neighbourhood retracts
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(ANRS). Let 4 € A, (G be an open subset of 4 and f : G >4 bea
continuous function which has no fixed points on 38G. Then there is
a unique integer valued function iA(f,G) which satisfies the follow-

ing four properties: [1]

1. Additivity property: If f : G+ A has no fixed point on 3G and

the fixed points of f 1lie in G, u GZ where G

disjoint open sets included in G, then

1 and 02 are two

1y (F26) = i4(f3G,) + 1,(F,Gy).

In particular if f has no fixed points in G, this is meant to say
that 7,(f,G) = 0.

2. Homotopy property: Let I denote the closed unit interval [0,I11].
If F: GxI=>4A (A belongs to A of course) is a continuous map,
and Ft(x) = F(x,t) has no fixed points on 3G for 0 < ¢t < I then

zA(FO,G) = zA(Fl,G).

3. Normalization property: If G = A then <4(f,G) = A(Ff), the
Lefchetz number of f, equals Z(- 1)k trace (f*K), where f}K: HKOU
d HK(A) is the vector space homomorphism of HK(A) to HK(A) and
HK(A) is the Cech homology of 4 with rational coefficients.

4. Commutativity property: Let 4 and B be two spaces which belongs
to A. Let f : A2 B be a continuous map. Let V be an open subset
of Band g : ¥V > A a continuous map. Assume fg has no fixed points

on 3V. Let U = f_Z(V). Then gf has no fixed points on 33U and

1y(fgsV) = 1,(gf, V).

Let G be an open subset of a Banach space X and g : ¢G> X a
continuous map such that gl(x) # x for « € 9G. Assume that g is
compact, that is, g(G) has compact closure. Leray and Schauder [1 ]
defined a fixed point index for g and consequently a degree for
I - g, I the identity function. We shall denote this degree by
deg(I-g,G,0). It turns out that the Leray-Schauder degree satisfies
all the four properties of the fixed point index listed above. So we
can define the fixed point index by
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Ty(g | X NG, x N G) = deg(I - g,G,0)

where X = co g(G).

In the following we indicated by U the restriction of X to

ZUSJ.

THEOREM 1. Assume that there exicts sets w open, 5, ¢ 8¢ qw and
ZCwUYUs,, ZF ¢ satisfying the conditions

i) 5 = §*.
ii) Z 18 a compact ANR.

iii) There is a retraction r : 8, > Z N §

1 1°
iv) There is a continuous map ¢ : Z N §, > 2 n 8y such that
$(P) # P for every P € ZﬁSJ.
V) iz(d:-r-ﬁ,zﬁw);fo.
Then there exists at least one point Po = (o,z) € Z D w such

that either C(Po) €8~ 5, or C(Po) does not exist, that is T+(c,x)
C w.

PROOF. Assume that the theorem is not true. Then for every POE ZNw,
C(PO) € 5, and then Z N w C G. Then

Z:(Z(\SJ)U(Zﬁw)CSUG.

From (i) 8§ = 5* and from Lemma 1 the map X is continuous and the
restriction U of X to Z U S2 is also continuous. From condition

(iii) there is a retraction »r : S] >zZns5;.

Then the map R - r 0 : Z U S] * 2 0 5, 1s continuous and takes
P, into C(Po) €zns,;.

From condition (iv) the map ¢ takes C(Po) into @(C(PO)) =
C”(Po) # C(Po) and then the composite map ¢ *» « U : Z = Z is con-
tinuous and ¢ «»r - U(P) # P for every P € Z N w. From property 2 of
the fixed index iZ(<I> +r-0, 2 0 w) = 0, what is a contradiction with
(v). Then there exists at least one point Po € Z N w such that the
trajectory through PO is asymptotic with respect to w, that is,

T+(O,.'L‘) C w, or C(Po) € S - SZ'
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REMARK. When 5 = §, the only final conclusion is that the trajec-

tory T+(0,x) is asymptotic with respect to w.

COROLLARY 1. Assume that there exist sets w open, § C 3w and Z C
wVY S5, Z#P satisfying the conditions

(a) s = 5*.

(b) Z 18 compact and convex.
(c) Z NS <48 a retract of 8.
(d) There is a continuous map ® : 2Ng > 2 N5 such that

®(P) # P for every P € Z N S.

Then there exists at least ome point P, € 72 N w such that the

. + , . .
trajectory T (0,x) 18 contained in w.

The proof follows easily since a compact convex set is an ANR
and then (b) implies (ii). Since ¢+r-+0 : 2> Z is continuous
¢ +r+0 has a fixed point in 2 and then 1,(0 ¢ r 0, z2nw #£0
what implies (v). In the applications, the following form of Theorem
1 is more useful since we can use the Ascoli-Arzela Theorem to prove

the compactness of [.

THEOREM 2. Assume that there exist sets w open, 5, C S C 3w and

ZCwy 8,5 4 Z P, Z closed convex satisfying the conditions

i) S = S*,

ii) U is compact.

iii) There is a retraction r : Sl =z N Sl'

iv) There is a continuous map & : Z N 8, >z N85, such that
®(P) # P for every P € Z N S,

v) iA(¢ crf, ZNw) £0, 4 =Codv 0(z2).

Then there exists at least one point P = (C,x) € Z N w such
that eitther C(PO) € 5~ 5, or C(Po) does not exist, that is,

+
T (o,x) C w.

The proof fcllows as in Theorem 1, since ¢ and r are continuous
and then ¢+r+J is a compact map such that @ +»r -« U(P) # P for
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every P € Z and then iA(¢ ep+fJ, 2N w) = ¢ what is a contradic-
tion.
COROLLARY 2. Assume that there exist sets w open, S C 3w and

Z CwVY 8, Z#4@, such that

(a) 5§ = 8%.

(b) Z s closed bounded convex and U is compact.
(c) Z N S Zg aretract of S.
(d) There is a continuous map ¢ : 2 NS> 2 NS§S such that

®(P) # P for every P € Z N S,

Then there exists at least one point P, = (c,x) € 2 N & such

that C(Po) does not exist, that is, T+(o,x) C w.

Theorems 1 and 2 are general enough to cover most of the ap-
plication and if we restrict ourselves to finite dimension, Corollary
1 is essentially equivalent to Wazewski Theorem [23]. However we can
give a more general formulation of Theorem 1 and 2. Actually Theorens
1 and 2 are Corollaries of Theorems 3 and 4 respectively although we
prefered to prove them independently.

THEOREM 3. Assume that there exists sets W open in $§, 8, C 85 C 2w
and 72 C w VYV 51: 72 £ 9 satisfying the conditions

i) 5 = 8*.

ii) zZ U S] 18 a compact ANR.

iii) There exists a continuous map ¢ : Sl > 5, such that &(P)
#Z P for every P € 8,

iv) iZlJSJ(¢U, Z N w) £ 0.

Then there exists at least one point P_ = (o,x) € Z N w such

o
that etther C(Po) €85 -85; or C(Po) does not exist,that is, the tra-—

+ . . .
Jectory 1 (0,x) 18 asymptotic with respect to W.

The proof follows as in Theorem 1. If the theorem is not true

C(Po) e S for every PO € Z N w. Then,

1

z = (znN SJ) U (ZNuw) CS UG,
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From Lemma 1 the map X is continuous and the restriction U of X to
Z U §; 1is also continuous. The map ¢+ K : Z VU §, » 7 u g is con-

1
tinuous and & « XK(P) # P for every PE€ ZLJSJ. Then < Ug (0,2 N w
1

Z

= 0, a contradiction and the theorem is proved.

THEQREM 4. Assume that there exist sets w open in f, S, € 8§ C 3w

1
and Z C w U S;, L £d, 2V 54 closed convex satisfying the condi-
tions:
i) 5 = s*.
ii) There exists a continuous map & : 5, ~ 5, such that o(P)

Z P for every P € 55

iii) U <s compact.
iv) (00, Z N w £ 0, A = Col(dU(Z U 5,00

Then there ex<ists at least one point P, = (o,x) € Z N w such
that either, C(PO) € 5-8, or C(PO) does not exist, that is, the
trajectory T+(O,PO) 18 asymptotic with respect to w.

PROOF. Assume that the theorem is not true. Then C(PO) & &y for
every P € Z N w and then Z N w C€ G. Then

z = (znN 51) U (ZzNuw) CS5 UG,

From Lemma 1 the map X is continuous and the restriction 7 of X to
AR SJ is also continuous. Since [ is compact the map K that takes
P, into C(PO) is compact. The transformation &U 1is also compact
and ®U(P) # P for every P € Z U SJ. Hence <Z(%U, Z N w) = 0, what
is a contradiction. Then there exists at least one point P,&ezNw

such that either C(PO) € 5§ -5 or the trajectory through P is

1 o

asymptotic with respect to w.

For delay differential equaticns and some integral equations the
operator U is compact. However most process described Dby neutral
functional differential equations and differential equations of the
evolution type as in Examples 1 or 2 of Section 2, the process is not
compact but is an oa-set contraction or a condensing map. We extend
in the following Theorems 1 and 2 for a-set contraction or condensing
maps. Following Nussbaum [16] we will give an outline of the theory

of fixed index for oa-set-contractions and condensing maps.
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Let X be a closed subset of a Banach space B. We shall say that
n
X € F if we can write X = U Ci,where Ci are closed convex sets
=1
in B. The metric on X will always be that which it inherites from B.
Let ¢ < B and g : ¢ > B a continuous map. Assume that the

set

5 =1{x € ¢|lglz) = x}
is compact. Let us write

kK, (g,6) = Co £1G),

- A=
K (g,G) = Co(G K l(g.G))
and

K, (g,G) = N Kn(g,G)
n>1

where To denotes convex closure. It is easy to see that
Ff: 6N K (g,6) > K (g,G)

and X _(g,G) is closed and convex. If (G is bounded and g : G > X
is a k-set contraction, %k < 1, Kuratowski's results [13] also im-
plies that X_(f,G) is compact. Finally, assume that g is a local
strict set contraction. By this we mean that for every point x € G
there is a neighbourhood ~N(x) and a real number 0 < k< I such
that f|¥(z) is k,.,~set-contraction. Using these assumptions we can
of § such that g : G, > X is

1 1
a k-set contraction, %k < 1. Let us write K: = Km(f,GJ) n Xx. K; is

find a bounded open neighbourhood &

a compact metric ANR, G, N K; is an open sukset of Kt} and g 1 Gy

1
N K; - K: is a continuous function satisfying the necessary condi-

tion, so iK*(f,Gl N X*) is defined. (R. Nussbaum [16]). We define
iX(g,G) = iK*(g,Gl al K;). All the usual index property carry through
to this setting.

Let G be a bounded open subset of a Banach space B, g: G~ B,
I the identidy on X and ¢ : G » B a k-set-contraction, k < 1. As-
sume that gf(x) # x on 3G, 4 = kK _(g,G) is compact convex so we can

define the Leray-Schauder degree for g as
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deg(I - g,G,0} = iA(g,G n 4).

A similar definition of index can be given for condensing maps.
Suppose X € F, (¢ is an open subset of X and g : ¢ > X 1is a con-

tinuous map. We shall say that g 1is an admissible map if only if
(1) s = {x € ¢g|g(z) =z} is closed and bounded.

(2) There exists a bounded open neighbourhood U of § with
U C ¢ and a locally finite covering {CJ. |5 € Jd} of X by closed

convex sets such that
{a) g /T is condensing,
(b) I - g/U 1is a closed map,

(c) g(v) n Cj is empty except for finitely many 4 € J.

If S is empty, U may be empty. If g, U and {CJ. lj€J} are
as above we shall say that (g,U, {Cj |j € J}) is an adnissible triple.

Now let g be an admissible map and let (g,U,{GJ. |5 € b be
an admissible triple. Since (I - g)(x) # 0 for = € 3U and since

(I - g) /T is a closed map,
inf{lI - g(x) Il | =z € 3U} =6 > 0.

1f f: U~ X is a continuous map we shall say that f is an adnis-

sible approximation with respect to <(g,U, {CJ., J € Jr)y if:
(1) f is a k-set-contraction, k < 1.
(2) lflx) = g(x)ll <8 for z€ T, & =<inf{llI -gl |z € 30}.

(3) For all j € J and =z € U, if g(z) € Cj then f(x) ECJ..

Let now G be an open subset of a space X € F and let g:G > X
be a continuous function which is admissible. Let (g, U,{Cj |4 € Jdb
be an admissible triple and let f be an admissible approximation with
respect to this triple. We define iX(g,G) = iX(f,U). In [1l6] is

proved that this definition is well defined.

Let X be a closed convex subset of a Banach space B, ¢ 1is an

open subset of X and f : G » X 1is a continuous condensing map such
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that g¢g(x) # * for = € 3G. Then the fixed point index can be de-
scribed in terms of the Leray-Schauder degree. First it is not hard
to show that there exists & > 0 such that Iz - Fflz)ll < § for
x € 3G. Select any fixed z, € X and define

gt(x) = tglx) + (1 - t)xo for 0 <t < 1

and take t so close to I that Hlg(x) - gt(x)H < 8 for x € 3G.

Define
Kl = Co ft(G),
= Co al
Kn c?ft(G Kn—l) for n > 1
and
Km:ﬂK
n>1

One can prove that K is compact (possibly empty) and convex and that
gt(G nK,J) <K If K, 2 is empty define iX(g,G) = 0. If K_ 1is not

empty let X be any compact convex set such that kK 2> K, and
g.(G N K) < K. K, is itself such a set so the collection of such
K is non empty. Let p be any retraction of B onto KX. (A result
of Dugundii [ 6] guarantees the existence of such a retraction), and

let H# be any bounded open neighbourhood of the (compact) fixed point
set of g, in % such that # <€ p~1¢(¢ N k). Then one can prove that
iX(g,G) = deg(I - ft *p,H,0). In particular the integer on the right
hand side is independent of the particular X chosen, the retraction
p,H,t and x,. We say that a set 4 is admissible <f A C F. For

example 4 1is closed convex.

THEOREM 5. Assume that there exist sets w open in £, 8§ C 3w,
§,¢8 and 7 C w U $;. 2 £ g, Z U §, closed convex, satisfying

the conditions
i) 5 = §*,

ii) There exists a continuous map & : 5, > 85, such that 3(P)
#Z P for every P € 54

iii) T 4s condensing.

iv) Z (¥0, Z N w) # 0.
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Then either P € 8 - §;, or the trajectory T+(c,x) through

(o,x) 28 contained in Ww.

The proof follows as in Theorem 2.

THEOREM 6. Assume that there exist sets w open in §, Sl C S C w
and 72 C w U 8,, 2 # #, 7 closed convex satisfying the conditions

i) s = 3%,

ii) z N SZ 18 a retract of ASZ, that i1s, there exists a re-
traction r : Sz - Z N SZ'

1ii} There exists a continuous map & : Z N s, > 72 ns, such
that &(P) # P for every P € Z N Sl'

iv) ¢ +r+0 is condensing.

v) iz(qa-r-ﬁ,znw)'¢0.

Then there exists at least one point P € 2 N w  such that either
C(Po) € 5 - Sl or the trajectory T+(0,x) through (0,x) 1ig contained

in w.

The proof follows as in Theorem 2.

COROLLARY 3. Assume that there exist w open, S C 3w and Z C w C §,
Z # @ such that

(a) 5 = 8%,

(b) Z is closed convex bounded and U is condensing.
(c) Z N S is a retract of 8.
(d) There s a continuous map & : 2 N §~> Z N g such that

o(p) # P for every P € Z N S,

It

Then there exists at least one point P {(t,z) € Z 0w such
that C(PO) does not exist, that is, T+(o,x) C w.

In the applications of the theorems above we must give criteria
to verify the condition iy(f,6) # 0. In most applications ¢ 1is a
closed convex subset of a Banach space ¥ and the index can be de-

scribed in terms of the Leray-Schauder degree. If D is a closed
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convex subset of a locally convex topological vector space X we say
that D is a wedge if « € D implies tx € D for t > 0. We call
D a cone (with vertex at 0) if 7 is a wedge and x € D, x £ 0

implies that -z & D. The following result is given by Nussbaum [15].

Assume that D is a wedge in a Banach space X, r and £E are

unequal positive numbers,
¢, =tz €p| lzll <o, = max(r,R)}

and f : G- D is a condensing map. Assume that there exists % # ¢

such that =« -~ f(x) # th for all «x € D with llzll =R and allt >0
and suppose that « - tf(x) #Z0 for x € D, lzll = r and 0 < ¢t <
1. Then:

(a) If »r < R, then iD(f,U) = - 1, and

(b) If r < R, then iD(f,U) =+ 1.

A more general formulation is given in [16] for local condensing

maps and some other condition are also given to verify iD(f, u) £ 0.

Some other criteria are known. For example, suppose that #4: HZ nd R2

is of class CZ, h(0) = 0, and a = 0 is an isolated zero of .
Then <¢(h,0) = 1 + 1/2(E - H) where E and F are integers associated
with the flow =z = hi(x), that is, E is equal to the number of el-

liptic regions and # is equal to the number of hyperbolic regions.

This formula for the index is due to Poincaré.
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1. INTRODUCTION

In a previous article [10] we introduced the spaces of entire
functions of order (respectively, nuclear order) k € [I, + =] and
type (respectively, nuclear type) strictly less than 4 € (0,+ ] in
normed spaces. The corresponding spaces for which the type is allowed
to be equal to 4 were introduced for k¥ € [1,+~] and 4 € [0,+=). All
these spaces carry natural locally convex topologies and they are the
infinite dimensional analogues of the spaces considered by Martineau
in [8]. We studied the Fourier-Borel transformations in these spaces
and wewere able to identify algebraicaly and topologically the strong
duals of these spaces with other spaces of the same kind. In this
article we are going to study existence and approximation theorems for
convolution operators in the cited above spaces of nuclear entire
functions. These results generalize to normed spaces theorems ob-
tained by Malgrange [7], Ehrempreis [4] and Martineau [8] . They
contain as special cases results of Gupta [5], Matos [9] and
Colombeau~Matos [ 3 ]. See Matos-Nachbin [11l] and Colombeau-Matos [ 3]

for references on similar results for locally convex spaces.

As usual there are three essential points to be studied when
one intends to work in the solution of convolution egquations: the
Fourier-Borel transformation, the division theorems and the existence
and approximation results. Since the first subject was studied in
[10], we summarize the corresponding results in Section 2. In the
third Section we get the correspondence between the topological duals
of the spaces under consideration and the set of convolution opera-
tors. The division theorems are established in Section 4 and the last
Section is dedicated to prove the existence and approximation re-
sults.



130 MATOS

2. SPACES OF ENTIRE FUNCTIONS AND FOURIER-BOREL TRANSFORMATIONS

We keep the notations fixed by Nachbin [12] and Gupta [5], [6].
Hence, if £ 1is a complex normeq space, ¥X(E) is the vector space of
all entire functions in %, P(YE) is the Banach space of all con-
tinuous j-homogeneous polynomials in £ under the natural norm Il - |l
and PN(jE) is the Banach space of all continuous j-homogeneous poly-
nomials of nuclear type in £, under the nuclear norm -l .

Now we describe the spaces with which we are going to deal in

this article.

(a) If p > 0 we denote by Bp(E) the complex Banach space of
all f € H(E) such that

(1) Hell = Z o d%reo)l < + o,

e n=0
normed by ||'|Ip . The complex Banach space of all f € H(E) such that
a"£(0) belongs to PN(nE) for each n € W and

{2} et = Z

-1 1
P O R

0

under the norm |l - |l is denoted by B, p(E). If A4 € (0,+>) we

N,p '
consider the complex vector spaces

Bxp, (E) = U B, (E),
p<A

1
= U
ExpN’A(E) pen BN,Q(E)’

equipped with the corresponding locally convex inductive limit topo-
logies. We consider the projective limit topologies in the complex

vector spaces

7
= N
Expo’A(E) oo BO(E),

1 _
BExpy o 4 (B) = pz; By o (E).

It is natural to consider the complex vector spaces

Bepl(E) = Expl(E) = U B (E),
o>0 P
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Expl(E) = Expy () = U By o (EJ,
3 p>0 El

with the locally convex inductive limit topologies, and

1 _ 1 _
Exzp,(E) = ExpDJO(E) = DCO Bp(E),
1 1
= = n
ExpN,O(E) ExpN,O,O(E) R BN,p(E)’

with the projective 1limit topologies.

(b) If p >0 and k > I we denote by Bg(E) (respectively,

B; p(E)) the Banach space of all f € ¥(E) such that
(3) iel, = 2 o L3Ry I o <+
k,p 7=0 ke

{respectively, ng(O) € PN(JE) for j € W and

_ s mdd /Ry -1 5d o
(4) ”f”N,K,p jio p (55 heg?) ~d (O)HN <+ o
under the norm ll'”k,p (respectively, ||.“N,k,p)' If A € (0,+ ]
the complex vector spaces
Ezpf(E) = U 8R(m),
p<4
k k
Exp (E) = U B (E)
N,A o< N,p

are equipped with the locally convex inductive limit topologies. For

A in [0,+ <) the complex vector spaces

k _ k
ExpO,A(E) = pz; BQ(E),

k _ k
ExpN,O,A(E) = p:; BN,p(E)

are endowed with the projective limit topologies. In order to sim-
plify the notations we also write

Expk(E) = Expi(E), ExpE(E) = Expz w(E),
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k

Exps(E) = Expé’O(E), ExpN’O(E) = (E).

k
E
Pu,o0,0
We note that f € H(E) is in Expi(E) if and only if
Tom (—kJ-—)z/ku (037239 peo VI < 4.
, e
Findh
It is also true that f € H(E) belongs to Exp; A(E) if and only if
>

ajf(O) is in PN(JE) for jJ € I and

Tom (<L VR i1 id o /7 <

j—)w

Here we consider %k € [I,+«)and 4 € (0,+=]. When k € [1,+%) and

A is in [0,* =) we have: f € H(E) is in Expg A(E) if and only if
Tin (<L) VR pcon 7 < a.
- e —
J > ©
We also have: f € ¥(E) belongs to Ewps , ,(E) if and only if & f(0)
. £l Kl

is in PN(JE) for j € I and

— i 1 =137 1/4
Tem (727?) /Kieg de(O)lliv/J < 4.

j—)oo

b
vector space of all f € ¥(B _,(0)) such that
A

(c) For A in [0,+ =) we denote by ¥, (B _.(0)) the complex
A

lim H(j!)_igjf(O)Hz/j < 4,

j—}w

endowed with the locally convex topology generated by the family of

seminorms (p:) where

p>A°

(5) v, (f) = o Neg1TIad feo

I &4 8

Jg=0

We recall that B,(0) denotes the open ball of center ¢ and radius
-1 - o =
r. As usual 0 =+ and BO_I(O) E. We denote by KNb(BA_J(O)}
the complex vector space of all f € H(B _1(0)) such that gjf(O) €
. A
da
PN( E) and

Tim (5107 1d o 19 < a,

j—}oo
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endowed with the locally convex topology generated by the family of

simenorms (p; p)p>A" where
3

8

(6) vy o (F) = . o ez dl fcom
’ J

We also adopt the notations Expz A(E) and Emp; 0 A(E) for the above
3 3 3

spaces, respectively. In order to simplify the notations we also

write:

ExpO(E) = Empo’o(E), ExpN,O(E) = ExpN,O,O(E)'

For 4 € (0,+ ] we denote by either Kb(B _1( 0)) or Exp:(E)
A

(respectively, either ¥ _, (B (0)) or E'acpoo (E)) the locally con-
wp'" -1 v, A

vex inductive limit of the spaces Exp; p(E)(respectively,Emp;(7p(EH
3 3 3

for p in (0,4). We also set

Exp (E) = Exp (E) = xb({o}), ExpN,m(E) = ExpN(E) = MNb({O}).

2.1. DEFINITION. The elements of Expﬁ(E) (respectively, Expx’A(E))
are called entire functions of order k (respectively, nuclear order
k) and type (respectively, nuclear type) strictly less than A, when
k€1, +2] and 4 is in (0,+~]. When k = 1 it is usual not to
write "of order I" and when 4 is « we replace the phrase "strictly
less than A" by "finite type". For k € [I,+>] and 4 € [0,+>) the
elements of Expz’A(E) (respectively, Exp;’o,A(E)) are called entire

functions of order (respectively, nuclear order) k and type (re-

spectively, nuclear type) less than or equal to 4.

We now list the main results we are going to need in this ar-
ticle. As we wrote in the introduction the proofs of these facts are
in [10].

2.2. PROPOSITION. (l) If A € (0,+=] and k € [1,+>), then Expz(E)
and Expﬁ,A(E) are DF-spaces.

(2) If A €[0,+=) and k€ [1,+=]1, then Eapi ,(E)  and
Expy , 4(E) are Fréchet spaces. ’
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2.3. REMARK. 1In all spaces introduced above the Taylor series at ¢
of each of its elements f converges to f in the topology of the

corresponding space.

2.4, PROPOSITION. (a) For k € (1,+x}, A€ (0,+=] and ¢ € E' the
function exp(yp) belongs to Exp;f(E) and Exp§ A(E).

(b) For k € (1,+=]1, A€ [0,+=) and ¢ € E', the function
exp(yp) belongs to Exp?}A(E) and Expg’O,A(E).

(c) For k =1, A€ (0,+=] and ¢ € E', the function exp(y¢)
belongs to Eapl(E) and FEapl ,(E) <f lell < 4.

(d) If k=1, A€ [0,+>) and v € E’, the function exp(p)
, 1 1 .
belongs to ExpojA(E) and ExpN,OJA(E) if el < A.

2.5, PROPOSITION. (1) The vector subspace generated by all functions
exp(v) with ¢ € E' g dense in

(@) Eapk (E) for k€ (1,+=] and 4 € (0,+%];

() (E) for k € (1,+o] and A € [0,+=);

x
EZpy 0,4

(c) Expé(E)

(2) The vector subspace generated by all functions exply), with
v € ' and llell < 4, Zg dense im Exp]f]A(E) for A € (0,+=].

(3) The vector subspace generated by all funections explp), with
¢ € E' and lell < 4, is dense in Explfl g alA) for A€ (0,+=).

2.6. DEFINITION. (a) If T is inone of the topological duals of E’a;p;](E),

Exp;,A(E) (for k&€ (1,+x] and A € (0,+=]), Exp;,O,A(E) (for k

in (I,+=] and 4 € [0,+>)), its Fourier—-Borel transform FT is de-

fined by FT(¢) = T(exp(y)) for every v € E'.
(b) If T is in the topological dual of E’xpllv A(E) (for 4 €
(0,+ ) ) its Fourier—-Borel transform FT is defined by FT(¢) = T(exp(¢))

for every v € E' with el < 4.

(c) If T is in the topological dual of Expllv 0 A(E) (for A € [ 0,+=))
E ]
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its Fourier-Borel transform FT 1is defined by

(7) FT(¢) = % (j!)_JBTj(w)

for all ¢ € E' such that (7) converges absolutely. Here Tj is
the restriction of T to PN(JE) and BTj e PlE') is given by BTj(w)

= Tj(wJ) for all ¢ € E'. As Gupta proved in [ 5] we have HBTjH:HTjH.

It can be easily proved that for each I there is pr > 4  such that
{7) converges absolutely for ¢ € F', lg |l < o In this case
FT(p) = T(exp(p)) because T can be considered as an element of the
topological dual of Expé,pT(E).

2.7. NOTATIONS. As usual we set, for 4 = 0 and A4 = + «, A_1 =+
and 471 = 0 respectively. If k € (1,+ « we consider k' € (1, +)
as being such that (k)_zf + (k')_z = 1. For k=1 and k = + = we
set k' = + » and k' = 1 respectively. We define

A(k) = k(k = 1)(k=1)/-k

for k € (I,+~). Since 1Zm A(k) = 1im A (k) = 1, we set A(1) =1 and
k>1 k> +o

A(+ ) =1,

2.8. THEOREM. The Fourier-Borel transformation is a topological iso-

morphism between:

(a) [Exp; A(E)]é and Expk' _;(E')  for k € [1,+=]
s 0, (X(k)A)
and A € (0,+ =] .
(b) [Exp; 0 A(E)]é and Expk' _;(E')  for k € [1,+=]
2T (A(k)a)

and A € [0,+ =),

Here the index B means that the dual carries the strong topo-

logy defined by the space.

3. CONVOLUTION OPERATORS

Before we give the concept of convolution operator we prove a
few preliminary results which will be helpful for the development of
the theory.
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k

3.1. PROPOSITION. (1) If a € E and f € Expy ,(E) (with KkE€[L+%]

and 4 in (0,+=1), then d"f(+)a € Eapk ,(E) and

Ffiera = 2 (50718 00y 9 10y
§=0

in the sense of the topology of E’xp; A(E’).

(2) If a€E and f€ Eapy L(B) (with k€ [1,+ =]

A€[0,+=)), then gnf(')a € Expi’o’A(E) and

- - -7 4//f\\\\ﬂ
d"flera = £ (51)71a7 00y (a)
d=0
in the sense of the topology of Exp{i:? 0 A(E).

PROOF. First we consider &k € [I1,+ ), In any case

Frz) = = n1)71d"p0)5"
n=0

for every x in E, with the series being convergent in P(iE)
[11]). Hence

ajf(x)a = 2 (n1)71 d"+jf(0)aj(x)

n=0

for every « in E. We also have dn+jf(0)aj € PN(nE) and
(8) 1&** g0 i, < 1@ g0, Nald

for every »n € W. If

(9 L = 1im @l%ﬁ;ijl/k“((n ‘ j)!)—13n+jf(0)”;/(n+j)

n-+

then for every € > 0 there is e(e) > 0 such that

(10)  (BEL (I K TN E o < ete)n o+ et
ke N -

for »n € IN. We may write

and

(see
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/\
an (2 o hid ec0)all,

n n/k ((n+g)! ke (n+jl/k , n+g  (m+i)/k Ly J
< (MR I () (=L ((n+3) N F0N lall

< (n—fg—.)”/k(n T PN e )J/kc(e)(L + )™ al? .
Since
. 7 l/k .1 1/n ke l/n J/k _
nl_‘z;mm (-—n-!-j [(n+ 1)...(n + )l [(n+g ] = 1,

there is d(e) > 0 such that

7 )n/k . k

e ,J/k %
(12) (n+j (n+1)...(n+J)(—n—77) < dle)(1 + €)

for every »n € IN. From (11) and (12) we get

() Ky~ dm
e nl) foo) “N

< eledie)lald + )7 L + €)1 + €)™

for every »n € . It follows that

/\
)R )M p0)a? 11 < o+ €)1 4 e

l'z,m(k

n >
for every ¢ > 0. Therefore, if (9) holds, we have

/\
1im (ki)l/ku n!) 1 d I f0)a Jlll/” <
n > e
Thus if we have [ € Expzkv A(E)’ then EJ'f(ﬁa is in E‘xp; A(E) (for
3 3
A€ (0,+=]), and if f € E’xp; 0 A(E) then JJf‘(-)a is in the same
space (for 4 € [0,+ «=)).

Now we consider the case %k = + «. This theorem was proved by
Gupta [5] and Matos [9] for the spaces ¥,,(E) and ¥, , (B (0)) re-
Nb Nb 11

spectively. Hence this is already proved for the spaces Eacp; 0 A(E)
3 3
with 4 € [0,+ ). On the other hand
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0 0
Exp (E) = ind limit Exp (E).
NJA o [ (OJA) N,O,Q

It follows that the result is true for Exp; A(E) with A4 € (0,+=].
El

We still have to prove the convergence of the series in the to-
pology of the spaces in the case k € [1,+ ). In order to show this
result we consider first f € Bg(E) for some ¢ > 0. Then

. v ;
1d7¢ce)a - = ) M rc0)a,
—_— El Jp
n=0 o]
=z oM Mm@ e
n=v+l ¢
- - k ~157+n J
< 2 oMMt T FE o el
T n=v+l © ke ¥
<efeydte) T o " Mp + e)(1 + €)1 lall?(p + €)Y
n=v+1
= credte) lal? (o + e)? T 1o (o + )1+ e,
n=v+]
This tends to zero when v =+ « for P, > p and e > 0 such that
(p + €)(1 + €) < e, - (we used here (11) and (12) with L = p). Now

convergence follows from this fact and the way the topologies arede-
fined.

3.2. REMARK. As we wrote above 3.1l.(2) was proved by Gupta when k
=+ ® and A4 = 0; by Matos when k = + ® and 4 € (0,+«). Colambeau
and Matos proved 3.1.(1) in [3] when k = 1 and 4 = + o,

3.3. DEFINITION. A convolution operator in Exp; A(E)(for k €[ 1,+=]
and 4 in (0,+«]) [respectively, Exps 0 A(E) (for k€ [1,+ «] and

A € [0,+»)] is a continuous linear mapping ( from this space into
itself such that

(13) d(0f)(<)a = 01 df(+)al

for every a in E and f in the space. We denote the set of all con-

. R k . k k
volution operators in ExpN,A(E) (respectively, ExpN,O,A(E)) by AA
k

(respectively, AO A)° We also use the notations Ai::Ak and AS OZAS'

E]
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3.4. REMARK. The above definition states that the convolution opera-
tor commutes with all directional derivatives, thus it commutes with
the directional derivatives of all orders. For the spaces in which
the translation operators 1_, are well defined (i.e., T_af belongs
to the space, where T_af(x) = flx + a) for all x in F) it is pos-

sible to show that we may replace condition (13) by condition
(14) T_a(Of) = O(T_af)

for every a in FE. This means that in these cases commutativity with
the directional derivatives is equivalent to commutativity with trans-

lations.
3.5. PROPOSITION. (1) For k€ [1,+%), if f € Ezp(E) and a € E
then T_af is in Expﬁ(E) and
T_f = Z (n!)_lgnf(-)a
a
n=0
in the sense of the topology of this space.

(2) For k € [1,+w], <f f € Expz O(E) and a € E  then T_af

€ Emp; p(E) and

1 f= 2 (nt) i ()a
a n=0

in the sense of the topology of Empg O(E).

PROOF. The case 3.5.(2), with k = + «, was proved by Gupta in [5].

For some k € [1,+ =) we suppose that

(14) tin (<L) 7% (G dpeonlT 2o < 4 .
j—) =

We know that

(15) d"x_,f)(0) = T*f(a)
and
(16) Wt real, < = G o .

J=0
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We have

(kie)”/k(n!)‘l ha™cx_ feollly,

oo n/k, ke (ntjl/k (n+d)! m+g  (ntg)/k 1Ly mtd J
< BV Y (o [n+ 321103 pe0)l ), all

< 2oL Ty (BEL I e i@ o, = e,

=0
Since we assumed (14), for every € > 0 there is eo¢(e) > 0 such
that

an  EEL) I s i TNE o0, < ete)(no+ )T

for every n and j in IV. Since
ke)l/k

im (
j‘*‘”

=0
for each € > ¢, there is d(e) > 0 such that

(18) (£2)I/K < ate)e?

for all j € W. If we consider € > 0 such that 2cllall(L + ) < 1,
then, by (17) and (18), we get

< ele)d(e)2™i@ + )" I el2d jandir + e)?
J=0

®
A

ele)dle) (2(L + )11 - 2elialicr + €))7 2.

Hence

- 1/k -1% 1
Lim (=) KN (nt) dn(r_af)(O)IlN/n

n > ©

< 2(L + g) < + =,

Since this holds for € > 0 arbitrarily small we get

(19)  Tim (LRI )T _pr oI < e < 4w

n > o

Hence if f € Exp;(E) we have (14) for some L > 0 and, by (19), we

get T_af € Expz(E). On the other hand, if [ € Expg O(E) we have
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(14) with I = 0 and, by (19), T__f € Exp® (E).
-a N, 0

Now in order to prove the convergence results we consider f €
Exp;(E) with f € B; L(E) for some L > 0. If p = 2(L + 1) we con-

sider

g -1sn
) ! .
ht_ 5 2 (nl) “d"f( )a“N,p

= = oL 2 T (T a0,
=0 é n=m+1

p‘j(—%ﬂ/k GO @ ol lall”

0 n=m+1

| A
11 ™ 8

| A

J+n J+n ke + 4!

T oz )ik ke jn/kyitn nt ] (”*J)/kld—ﬂo—n llall

| A

3

z T o Ydcere2?erern + )™ al” = ®
=0 n=m+1

where we have used (17) and (18). Hence if € > ¢ is such that
2(L + €) < 2(L + 1) and 2¢(L + ¢) llall < 1, we get

R < ele)d(e) T o0 7927(0 + e)? T &% + e)¥llall”2”
J=0 n=m+1

1711 _setn +e) lalli

1

e™L + e lall™eMereidle) (1 -2((L +¢€)p

Therefore

1
S

vim t_f - T ()70 )ally

m+ ® n=0
Thus we have 3.5.(1).

The same type of reasoning shows that if f € Exp; O(E) (hence

f is in B; L(E) for every L > ¢) then

I}
>

. -1sn
1im HT_af - 2 (n!) 4 f(')al%

m > n=0

for every r > 0. It is enough to consider in the above reasoning L
= (r-2)277 and p = 2(L + 1) = r. Thus 3.5.(2) is proved.

3.6. REMARK. If we use Proposition 3.5 it is not difficult to show
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that under the hypothesis of 3.5
. -1 =1
lim A (Tx f=Ff) =d fl(+)a
A0 @

in the sense of the topology of the space under consideration.

3.7. THEOREM. (a) If k € [1,+ =) and 0 is a continuous linear map-
ping from Expﬁ(E) into itself then 0 is a convolution operator If,
and only if,

O(Taf) = Ta(Of)
for all a in E and f 1in Exp;(E).

(b} If k€ [1,+»] and 0 is a continuous linear mapping from

Exp; O(E) into itself, then 0 <is a convolution operator if, and only

if,
O(Taf) = Ta(Of)
for all a in E and f € Exp;JO(E).
PROOF. 1In any case,if 0 is a convolution operator, then
0(d"f(+)a) = d"(0f)(*)a

for all n € I and a € E. On the other hand

T f= Z (n!)—zjnf(')a
a n=0

in the sense of the topology of the space. Hence

occ_r) = £ ()7 0(d (4 )a)
n=0
z -1sn
2 ()71 05 ()0 = 1_ (05).
n=0

If we suppose that 0 is such that O(Taf) = Ta(Of) it follows from
3.6

dlor)cora = 1im 2" 1ix

(0f) = 0f) =
x>0 ~Aa d
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-1
= 1im X T (0(T f) - 0fJ)
A 0 -Aa

zim 00" I(x_, £ - £)) = 0cdlfo)a).
A> 0 a

Hence 0 1is a convolution operator.

3.8. DEFINITION. If k€ [I,+ =), T € [E'xpll;(E)]' and f € E'xp;;(E’)
the convolution product of T and f is defined by

(20) (T % £) () = T(1__f)

for every x in E.
If k€ [1,+=], T € [E’xpk (E)]' and f € Expk (E) the con-
v,0 N,0
volution product of 7 and f is also defined by (20).
We are going to show that 7> defines a convolution operator
and that all the convolution operators are of the form T« when we

consider the spaces E'xp;;(E’), for k € [1,+ »), and Exp?v O(E) for
k€ [1I,+].

3.9. PROPOSITION. If k € [1,+=] and T € [Expj; O(E)] 'y, then there
are C > 0 and o > 0 such that

|75

[A

clrll (for k € [1,+ =))

Nyk,p
|7(f)] < ¢ py o(F) (for k = + =)
for every f € Exp;; o(E). Hence, for every P € PN(nE) with A€ eCNS(nE)

such that P(x) = Ax" for x € E, the polynomial

y €E > 1(a"y"") € ¢

o~

denoted by T(4+") belongs to PN(n_mE) for every m < n and
- -m, m m/k
(e )”N < Cp (-E) “P”N (Zf ke [1,+ =)),
S -m
hrea-")l, < cp "R, (if k = + «)

PROOF. First we suppose that P € Pf(nE) and A€ £, ("E). If P is
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q
of the form Z so;f with soj e E', j =1,...,9, we have

J=1
o _ q -
TATy) = Tasy ) = 2 T (e (y) )T
j=1 ity
for every y in E so that
P q - -
Tias™) = T T )e e P (Mg,
j=1 g f
We also have: (a) For k € [1,+ =)
m m -m, m_,m/k m
. o . = —-—) L.
IT(soJ)I < ”“’g”zv,k,p Co (23 JIwJII

(b) For k = + =
m -m m
iz'(soj)] < Cp llell .

Hence: (a) For k € [1,+ =)

AN
hrea-"0, < = 1)) le ™"
- J J
d
- q
<co AR T e "
g=1 7
(b) For k = + =
x> -m 4 n
hzca")l, < co™ Z el
j=1 7
This gives: (a) For k € [1,+ =)
S
m -m,_m_,m/k
NTea-"Jly < Co "1 ey,

(b) For k = + =

o -m
hzea-"n, < co "R,

for every P € Pf(nE). The result now follows from the density of
n n
Pf( E} in Py ("E).

3.10. PROPOSITION. If k € [1,+ ) and T € [Exp;;(E')]’ then for every
p > 0 there is C(p) > 0 such that
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lrer)| < ctp) Ny .o

for every f € Epo(E‘). Hence, for every P € PN(nE’) with A€ -CNS(nE’)

: R n-m
such that P = A the polynomtal T(A+") € PN( E) for every m < n

and
S
hrcam, < oo™ 2™ K yp

PROOF. It is an easy exercise once we know the proof of 3.9.
3.11. THEOREM. (a) If k € [1,+=], T € [Eap\ ,(E)]' and f € Ewpls (E),

then T*f € Ea:pN o(E) and Tx € AN 0"

{b) If k€l1,+ »), T E€E [ExpN(E)] ''and f € ExpN(E) then
Tsf dis in Bxp\(E) and Tx € A

PROOF. From 3.5 and 3.1 we have in any case

(T % £ ()

It
[N
~

]
™

(23 10@"F( )z
T 7 lread* r0) o (0.

T

(a) From 3.9 we have 7(d*"f(0)+:9) P, ("E) and

IIT(dj+nf(0)-‘7)|iN

| A

co T L) E NG r o), for k€ [1,4%),

hrea*meco) DN,

{A

cp Y I|c?‘7+”f(o)||N for k = +

where ¢ and p are as in 3.9. If k € [1,+=) and 0 < p' < p

oGO @ o) I, <o 2 g pr I LI R a0
j=0 — 7=0 ke N

-1

= p"Men! I (j.-ll-n)'.' (.j )j/k( _ke )n/k(g+n)(g+n}/k —(j+n) I dj f(O'
j=o J°m J+n J+n (f+n)! IV

=0

| A

N

< Cp'nn.' (_kni)n/k
- [

IFi iy
N,k,p 2
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Thus

o ,/’/\\\\\\

po= 2 (1) 0@ M r0)9) e p (ME),
and for n > ke

ke n/k
e, < cp'nl (=) s g .
n' v n N k,p'2 1

If follows that

G R (IR X S Ay 2 e A T R

_ ’
-7 =P
n>w n->o N,k,p'2
for every 0 < p'! < p. Thus T * f € Exp; O(E)'
Also, if 0 > 0 1is arbitrary, we have
oy -1, n n/k_-n
* !
o f”N,k,p < § (nl) (75;) Py “Pn”N
1 n=0
> m -n p! -1
S X Co (e, Tf _7 2clrfl (1=5=)
n=0 N,k,0'2 N,k,0'2 Pz

0
The case k=+* is done in the same way with simpler calculations

if 0 < p' < p and p' < p,.- Hence T* is continuous in Expz (E).
3

since we do not have to work with multiplicative factors of the form
n )n/k

( ——

= with n = 0,1,...

(b) We work as in part (a) but we use 3.10 instead of 3.9. We
get: for every p > 0 there is ((p) > 0 such that

(e (I, < clp)p™n! Iyl
n N — N,k,pZ_l

where P is as in the proof of (a). It follows that

G M NIV T IR

n-> ®

if p 1is chosen so that [ £l

_, <+ o Hence T*f € Exp;(E).We
N,k,p2

1
also get

-1
T * £l < Clp) el (1 - 2
Nskspq = N, k02! Py
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whenever p 1is chosen such that op < Py and W Fli g S e This
N,k,p2
implies the continuity of T#% in Exp;(E).

In any case it is clear that T* 1is linear and that it commutes

with translations.

3.12. DEFINITION. (l) PFor k € [1,+ =] we define

X

. 4K k '
Y ! Ao — (ExpN’O(E))

by

YS(O)(f) = (0F)(0)

for f in Exp; 0('E) and 0 € AO.
(2) For k&€ [1,+ ») we define

v o AK e paplim) )

by
k
YO0 (F) = (0F)(0)

for fF in Exp[];(E’) and 0 € Ak.

3.13. THEOREM. The mapptings YZ; , for k€ |[1,+x], and Yo, for

k€ [1,+ »), are linear bijections.

PROOF. We consider the mappings:

K k , K
(a) l"a (EprV,O(E)) — AO
given by FZ;(T) (f) = T*§f for every T € (Exp; O(E))’ and f in

Exp;(]’o(E), with &k € [1,+=].

o (Bapp(E)) b AF

(b) r
. K . K, . k
given by T (7)(f) = T*f for every TE€ (ExpN(E)) and f in ExpN(E’),
with k € [1,+ =).

We have
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ko k K _ ok
(O () (0)) (£))(x) = ((Y_(0)) *f)(x) = ¥ (0)(1__f)

O(t__f(0) = (1__(0£))(0) = (Of)(x)

for all x € E, f € Exp;}o(E) and 0 € Ai. Therefore Fs o) Yi is
the identity mapping in AS. On the other hand:
k K _ k _ -
YE(TSAT) ) (F) = (T (P))(F))(0) = (T*F)(0) = T(f)
for all f € Ex x (E) and T € (Ex x (E))'. Thus Yk 0 rk is the
Py, o Py, o : 0 o

identity mapping in (Exp; O(E))'. Therefore FE is the inverse of
3
the linear bijection Y,- It is also easy to show that Fk is the

inverse of the linear bijection Yk.

3.14. REMARK. For (a) %k € [1,+=}, TJ. € (E’xp; O(E))', J =1,2; (b

kel[l,+ =), Tj € (Exp;(E))', J = 1,2 we define:

: _ Uk k '
(a) Tl *T2 = Yo(ol o) 02) € (ExpN,O(E)) R
(b) 7,*T,_ = yk(o o 0,) € (Ex k(E))'
172 1 2 Py s
where Oj = Tj*’ J = 1,2. With these definitions we have the convolu-
tion products in (Exp§ OKE))' and in (Exp;(E))' respectively. It is

clear that Yk and Yk preserve these products since yk(O o 0,)=
o o 1 2

(ygol) *(YEOZ) and Yk(Ol o 02) = (Ykol)*(ykoz). Accordingly these

convolution products are associative and they have a unit element §
given by &(f) = f(0). Thus (Exp; O(E))' and (Expﬁ(E))' are algebras

with unit element. The Fourier-Borel transformations is an algebra

isomorphism between

(a)  (Ezpy ,(E))' and EapX (E') for k€ [1,+%]
Koo, ko,
(b) (ExpN(E)) and Exp, (E') for k€ [1,+ o)

since it is easy to show that F(T, * T,) = (Ftl)(FTZ)'

2

3.15. REMARK. It is not difficult to prove that the following inclu-

sions are continuous for k € [I,+®] and 0 < 4 < B < + ®
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Exp?(E) c Expz(E) C Expg A(E) c Expg(E) c Expk(E)

and

k k

k k k
ExpN,O(E) c ExpN,A(E) c ExpN,O,A(E) c ExpN,B(E) c ExpN(E).

Thus if T € (Fapi(E))', then T € (Ezpk ,(£))' and T € (Epy , L(E))",

for every A € (0,+>] and B € [0,+ =),

3.16. DEFINITION. The functional T € (Empe ,(E))' (with 4 € (0,+e]

and k& in [1,+~]) is said to be of type 3zero if it 1is also in
!

(Exp;(E))’ (i.e., FT € ExpS(E’)). The functional T € (Expx 0 B(E))'

(with B € [0,+~) and k € [1,+=]) is called to be of type zero if

14
it is also in (Expk(E))' (i.e., FI € Exp70< (E')).

Now we are going to show that for functionals like those con-
sidered in 3.16. it makes sense to define their convolution products
with functions of the space where they are defined obtaining functions

in the same space.

By Remark 3.15 every T € (Expg(E))’ is in (Expz O(E))' and we

k

may consider T *P € Expy o
3

3.11¢(a)).

(E) for every P in PN(nE), n € I (see

3.17. PROPOSITION. If k€ (1,+ =), P € P (E) and T€ (Exp(E)) ", then
for every o > 0, € > 0,¢ < p, there are Clp,e) > 0 and D(e) > 0
such that

n n )n/k

hrx Pl S Clpse)Dle)lp - e) " (= e, .

skyp
Clp,e) and D(e) are independent of n € IV,

PROOF. First we condier P = v with ¢ € E'. We have

n . .
rxp = % (7P )p I )0l
g=0 7
Hence for k € (1,+ «)

(21) L

n n-g -J, d ,di/k J
ko (j )T ) e Yo =) e 1.

I M

J=0

’ , .
Since F7T € Expg (E') and EJ(FT)(O)(w) = T(wJ) for every ¢ € E' we
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have
— ; 13 -7 4 .
Tim (== Ve 0788 (rrycon 19 = o,
gro ©°
But we know that (see Gupta [6])
g aa - 17007 ) |
legr) a7 croyco = (50077 sup —m4m—
w0 lell?

Thus, for every € > 0 there is afe) > 0 such that

o . . .
(22) (=07 50 e )| < arered o

[

for j € IV, ¢ € ' and k > 1. Now we observe that

r T .
1im (Koe UK ()13
g

1/%! xry)Tlog

= (uim (e/ini! )Y 1im k (e/i)f

) =0
j»oo j-»oo
Hence there is B(e}) > ¢ such that
! . r 3
(23) (k—je—)a/k il < gle)e?

for all j € . Now if we use (23), (22) in (21) we get:

il * Pl

i A

n n-4 n-g n-g3 -4 ,_4 ,i/k J
0%, 0 ale)B(e) X (j ) e € o It p Y ( ke) te 1l

j=0

| A

13 N .
llwll”a(e)B(e)(-kn—e)n/k z (% (279 574

ale)Ble) llwlln({—e)”/k(eg + 071y

A

for every n > k. Hence we can write

n )n/k(p _ e)_”

* ner
r P”N < Clp,e)D(e) el (ke

5K P

for every n in WV. From this fact it follows that the inequality of
3.17 is true for P € Pf.(”E’) and, by the density of Pf.(”E) in Pu("E),

it is also true for P € PN(nE).
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3.18. PROPOSITION. If P € P ("z) and T € (Expfku' then

n
iz *pj ¥, 0

[A

C(p,e)D(e)fp - ) " n! ey,

or ever e > 0 o >0 > & and some constants
y s 3 p

Die) > 0 <independent of n € IW.

PROOF. As in 3.17 we have for P = ¢°, ¢ € B,
n n n_. .
Trp = X (T)re"d )Y,
j=0 7

Hence

Clp,e) > 0 and

n ’ n . e
(24) o *ply, = 2 T 07T i P

5 0 (n~-gJ)!

J

Since FT € Epo(E’) and J7(Fr)(0)(¢) = T(¢?) for every ¢ € E' we

get

Tom Wit La creycon /9 = 4.

Jr ™
But, as it was remarked in the proof of 3.17, we know

g - 17097 ) |
legt)™ a7 cerycont = (50077 sup —
wZ0 e ll?

Thus for every € > 0 there is ofe) > 0 such that

(25) (07 re? )| < atered 1o nd

that

for all ¢ € F' and 4 € W. Thus using (25) in (24) we get

nto dare)e I o™ Mo l?

T * p)
,p 0

2

A
I M

J

n . .
le 1are) n! = "9 579

| A

i A

n .
el "are) n! = (? ) eI 57

1l
B
2
—_
m
N
©

X
—_
©

i
+
m
N

Hence we may write
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* ' - -n
Iz P"N,p < Clp,e)D(e) n! (p e) .
Now this implies our result for P € P ("g) and, by the density of
Pf(nE) in PN(”E), we get the result for P € PN(”E).
3.19. PROPOSITION. If P € PN(”E) and T € (Ezp,(E))', then for every
€ >0, p >0, p>¢€ there are constants C(p,e) > 0 and D(e) > 0
such that

Py p(T P) < Clp,e)D(e)(p g) HPHN .

3

Clp,e) and D(e) are independent of = € .

PROOF. As in the last two propositions it is enough to prove the re-
sult for P = ¢” with ¢ € E'. In this case we have

0 n o . o
(26) by o(T*P) = I (P eI el o7
3 j:O J

Since FT € Expé(E') we have

i - =1
1im 1 d? (FT) (017 =0

j—)oo
and

-j |T(¢j)|
Wd? (rr) 0l = sup ———s
eZ0 lell?

For every € > 0, there is afe) > 0 such that
(27) I7(07)] < ate)e? foll?

for all 4 € IN. Now from (27) and (26) we get

T (Pate)e e 1™ T e 1d
j=o 4

A

po° (T *P)
N,p

ace) el ™™t + ).

A

Thus we may write

Py (T *P) < Clpyeinie) lloll™p - e)7"

3

as we wanted to prove.
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3.20. THEOREM. For Kk € [1, +=1, T € (Bwpl(E))' and f ecither in

k . k ., .
ExpN’A(E) or in ExpN’o,B(E), with A € (0,+*] and B € [0,+=), If

we define

Txf = T Tx((n!) 1d%F(0))
n=0

k

v,0,8™

then we get T x§f € Exp; A(E) in the first case and T*f € Exp
3

in the second case. Moreover Tx defines a convolution operator 1in

Exp;’A(E) and Exp;,O,B(E) respectively.

PROOF. (a) %k € (1,+ «. From 3.17 we have

o

" yy=135n
nio fr*((n!) ~d f{O)”N,k,p

il n
< C(p,e)Dle) Z (p - e) (o n/k oy 4 f£0) 0
B = ke n. N
n=0
If re Exp;’A(E) there is p < 4 such that llf"N,k,p < + o, Now if

we take € > 0 such that p + & < 4 we get

-1sn

b} * ' '
2 lT*((n!) “d f{O))”N,k,p+e §_C(p,e)D(e)||fHN’k’p.
k .
Thus T=* f € BN,k,p+e{E) and T * f € ExpN’A(E) with
!
HT*fHMk’DH:iC(me)D@)HfHMk’p.

Hence if p 1is a continuous seminorm in Exp; A(E) we know that for
3

every r in (0,A) there is afr) > 0 such that

p(T*x f) < ale)lT *f"N,k,r'
Thus for every p < 0 we consider € > ¢ such that p + € < » and

we get

p(T*xf) < alp,e)llT *xfl < afp + €)C'p,e)Dte) I FIl

N,k,p+e N,k,p°

Therefore the mapping f +—= 7 *xf is continuous from Emp; A(E) in-
to itself. ’

If fFf € Exp§ o.p(E) we have HfHM X, p < + » for all p > B. Thus
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if € > 0 1is such that p - € > B we get

=]

Y ] o
HEO NT*((n!) "4 f(O)”N,k,p < C(D’E)D(E)Ilf“N,k,p—g < + o,

k

= i >
Mk, o EmpN,O,B(E)' If we give o B we choose

Hence T*f € N B
p>B

e > 0 such that p - € > B and we get

T *f”N,k,p < C(Q’E)D(E)llf”N,k,p—g

for all f € Emp; 0 B(E). Therefore Tx 1is a continuous operator in
El El

k
Expy 0,8

continuous for any x € E. Since dl(T *xP)(*)x = T*(dJP(')x) for
all P € PN(nE), n € W (see 3.11), we get dl(T * f)(s)x = T*hﬂf(ﬁx)

(E). In any of the above cases the mapping [ +— dlf(')m is

for every f € Emp;(] A(E) in the first case and for every f € ExpN 0 B(E)
k] k] k]

in the second case.

(b) k = 1. From 3.18 we have

o« [os]
z uT*(n!)'zénf(O)uN < Clp,einle) 2 (p ~ &)™ NE" Feo
- s P = _ N
n=0 n=0
< C(p,e)D(e) llfllm,p_g < 4+
if f is in Bl (E). Now the proof of the result for k = I fol-

N,p-€

lows the line of reasoning of the proof of part (a) above.
(c) k = + ». From 3.19 we get

oy D(T*((n!)'zinf(O))

< Clo,ernie) B (p = &) ) 1d" F 00N, .
n=0

If f€ EmpN,O,B(E) we have f € KNb(EB_Z(O)). If p>B let e > 0
be such that p - € > B. Therefore

£

i ¢ -1sn -
nfo pNJp(T*((n.) d f(o)} < C(p,e)D(E)pN,p_g(f) <4 oo,

Thus
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Txf = T Ta(n!) 1d%f(0)
n=0

converges in the topology of (E) and T%* is a continuous

Ezry 0,8
operator in this space.

If f€ E'xp;JA(E) there is p < A such that f € Exp;JOJp(E).

If € > 0 1is such that p + 2e¢ < 4 we get

e~}

o0
by
Py orze

(T*(n!)_zgnf(O)) j'CYp,e)D(e}p; p(f) < + o,
n=0 k]

Thus we can say that T f € Exp; 0 p+25(E)’ hence T *jf € EmpNA(EL
3 E 3

As we have done in part (a) it is not difficult to prove that T#* is
a convolution operator in Exp, A(E), thus completing the proof of
3.20.

k

3.21. DEFINITION. If 0 € Ao 4 for k€ [1,+=] and 4 € [0,+ ©) we

!
say that 0 is of type zero if F(Y§ AO) € Exps (E') where (YSAO)(f)

_ . k
= 0f(0) for all § in ExpN,O,A(E)'
If 0 € A; for k€ [1,+«] and- B € {0,+~) we say that 0 is

k

“'(E') where (vX0)(f) = 0f(0) for all

of type zero if F(YZO) € Fxp

foin EBapl (E).

3.22. THEOREM. If % € [1,+=] and B € (0,+=] then Y. s a
linear bijection between the space of the convolution operators of type

zero in Exp; B(E) and the space of the continuous linear functionals
of type zero in Exp;.B(E). If ke [1,+®] and 4 € [0,+ =) then
YS 2 i8 a linear bijection between the space of the convolution opera-

tors of type zero in Exp; 0 A(E) and the space of continuous linear

k

functionals of type zero in Exp
N,0,A

(E).

PROOF. (1) We define Fg(T)(f) =T*f for TE€E (Exp; B(E))' of

type zero and f € Exp; B(E). Then

k ok
YB(FB(T))(f)

(I‘Z;(T))(f)(O) = (T £)(0)

S (rant) I 000000 = 2 w00 =108,
n=0 n=0
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Hence Y; oFg = identity mapping in the subspace of (Exp; B(E))’ of

the functionals of type zero. On the other hand

Fg(yg(o))(f)(x) = (Yg(o))*f(x) = Z ((YZO)*(n!)_ljnf(O))(x)
n=0

I

:(vkorie )73 F00))

n=0

H

£ occ__((n2) 1 d"500))) (0)
n=0

h
™8

t_ (0n) 13 pc0)) 000 = 2 00nt)TId 5 0)) ()
0

n=0 n=

= 2 (n!)71dM08) 00 (z) = 0f(x).

Hence Fg 0 Y; = identity mapping in the subspace of A; of opera-

tors of type zero.
(2) We define r* (T)(f) =T7*f for T € (Ex x (E))' of
0,4 Py,o0,4
Expz,o,A(E). Then we prove that FE,A is the

by using a similar argument to that used in the

type zero and f in

. k
inverse of YO,A
proof of part (1).

3.23. REMARK. (a) Since for %k = + « the elements of th;(EH' are

all of type zero, we have that Yw is a linear bijection between
(Bxp, (E))' and A .

(b) If, for k € [1,+=], 4 € [0,+>), we have T.s T, €

(Exp;’o,A(E))' with T, of type zero, we may define T, * T, €

(Expx,O,A(E))’ in the following way: if f € Emp;,o,A(E) we set Pn

n .

= Z (j.’)_lde(o) for n = 1,2,.... Since we also have TjEExp; O(E))',
g=0 :

J = 1,2, we may consider Tl *T2 € (Expx O(E))'. Thus we set:

(Tl *T2)(f) lim (Tl *TZ)(Pn) = 1<m (T *(T2 *Pn))(U)

Y > oo n > «© 1

Lim T, (T,*P ) = T,(lim T,*P ) = T (T, *f).

n > «© Y > ©
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Thus T, *T2 is well defined and it is easy to show that F(T, *T,)

= F(Tl) 'F(TZ). Hence if S € (E'xp; 0 A(E))’ is such that F(s) =

. = = *
F(Tl) F(TZ) we have F(S) = F(Tl *T2) and, by 2.8, S Tl TZ'
(c) As in part (b) if, for k € [1,+=], B € (0,+>] we have

T and T in (E';L‘pk (E))'" with T of type zero, we define
1 2 v,B 2

k
c *
T, *Tz(f) by TJ(TZ*f) for every f ExpN,B(E)’ and we get 7,* T

k
v, B

is such that FS = (FTJ)(FTZ), then S =T

2

k
€ (Exp {£))' such that F(Tl *T2) :(FTj)(FTZ). If § € (ExpNJB(E))'

*
1 T2'

4. THE DIVISION THEOREMS

Before we study the division results we need the following charac-
terization of the entire functions of order %k and type less than or
equal to 4.

4.1. PROPOSITION. If k € [1,+%), A € [0,+=) and f € H(E) then f

i8 in E’xp]O< A(E) if, and only if, for every B > A there is C(B)> 0
such that

|£(z)| < c(Bexp(Bllzll)X
for every x in E.
PROOF. (a) First we suppose that f € Exp](; A(E). Thus

im (2K s 00T <

n > w
For B > A we condider D € (4,B) and we get ((D) > 0 such that
(28) 1 (n2)TEdFo00N < cn) (2R, Rp = o(p) (ekD )k
for every »n € V. Now we consider
_ y =1 sm k
(29) A, (2) = [ (n) "d"f(0)a | exp(—-(Blzl)")

for every 2z in F. From (28) and {29) we get

(30) A, (2) < cm)(ek n/R gy g " eaxp (-(B 1215
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for all =» € IV and z2 € E. From Lemma 4.2 bellow we get

(31) Me ™ ewp(~ (B llzn)¥) < (2 )"/k
ekB

for all z in Z and n»n € W. It follows from (30) and (31) that

(32) A (z) < c(o)(pp )"

for every 2z in £ and »n € IN. Hence

| Flad|exp - 1z10%) < = [ nt)1d%rc0)z | expi-B 1215
n__
l -1.n ~1
< c(p) = (DB"7)" < ¢(D) - B+ (B - D)

n=0
for every z in £E. Thus
1£(2)) < C(Blexp(Bllzl)X
| 1

for every z in E with C(B) = ¢(D) + B+ (B~-D) ".

(b) Now we suppose that for every B > A there is C(B) > 0
such that

(33) I7(2)| < C(B)eap(Blall)X

for all z in E. By (33) and the Cauchy's inequalities we get

(34) Wt ) 237 f 000 < c(8)p™" sup exp(Blall)F
fzll=p
-n k
< C(BJp “exp(Bp)
for every n € I and o > 0. Therefore, from (34) and Lemma 4.2,
we get
n n/k -14n n ,n/k ekBk n/k n
(—=) Win!) ~d " fF(oIl < C(B) (=) (————) < C(B)B".
ek - ke n —
Hence
1/n

Tim (—k%)z/k I(nt) 23" F 000 < B

7 >

for all B > A. Thus the above limit is less than or equal to 4 and
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the proof is complete.

4.2. LEMMA. The minimum of the function p b— o_neacp(/lp)Z< for p>0

1,-1

-7 - _ -1
is attained for p = (%%)k A and its value is (n JekAk)nk

The proof of this lemma follows the usual tecnique for these
cases.

4.3. COROLLARY. If k € [1,+# w), A € (0,+w] and f € H(E), then f
i8 1in Expg(E) if and only if there 18 o < A such that for every
B >p <zt is possible to find C(B) > 0 satisfying

|f(xz)] < C(B)exp(B ll:cll)k

for all == <n E.

We recall the following result of Avanissian [1l] (see Martineau
[8] for a proof of this result).

4.4. THEOREM [1l]. Let F and G be entire functions in & such that
F/G <s entire in €, G(0) # 0 and

\F(z)] EACexp(Alz{)k, [G(z)] < De:cp(BIz|)z<

for every =z € &. Then for every A' > A and B' > B there is K >0
depending only on C, D, B, B', A and A' such that

(1430 /2% k

| (F/G)(2)] < |G(0)] exp([ (47(1 + A))k + ((1 + X)B'")

1+ .2

-1
((——7——) - Z)]k lzl)k

for every A >0 and =z € ¢ sgatisfying |z| > K.

4.5. COROLLARY. For k € [1,+®), f€ EacpZO< A(E) and g € Exp? g(E)

with A and B in [0,+®), If f/g is entire in E, then it is of
order k and type less than or equal to
-1

inf ((A(1+300% +(B(1 + S e R L

A>0

In partiteular, ¢{f B = 0 then f/g € Expg A(E)‘
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PROOF. We have
lrez)| < clatiexpar 1zW)%,  lg(a)| < c(B'exp(B’ Iz1)¥

for all =z € F, A4' > A4 and B' > B. We consider z, € F such that

g(zo) # 0. Now we define

FZ(A) = fl{x(z - zo)), GZ(A) = g(i(z - zo))
for all A € ¢ and =z € E such that Iz - zoll = 1. We have
1 ’ k 1 ’ k
|F(E)] < C(4')exp(4 lgl)", IGZ(E)I < C(B')exp(B'|E]|)

for all £ € ¢, A' > 4 and B’ > B. It is also true that GZHU # 0.
From Theorem 4.4 it follows that there is X > 0, depending only on
A', 4, B', B such that

(140012 x X

(r,/G,) (g)| < IGZ(0)| exp ([ (A'(1 + X))" + ((1 + X)B')

-1

(( X

for all X > 0 and £ € & such that |£] > XK. Therefore

[(1+)\)/>\]2 k

|(s/axz = 2 )| < 1g(0)]” eap( (4 (1+3))%+ (1 + A"

k—l

k
- 1)1 !lz—zoll)

1+ X ,2

T

- (!

for all z € F, liz - 2 Il > XK and \ > 0. Hence, if h(z)=(f/g)(z-2 )
for every z in FE, we get h of order k and type less than or equal
to

-1

inf (401 + 10+ B+ a2 o))k
x>0
Since
. , -1 _
1im e =z Il Izl = 1,
fzll+ e

f/g 1is of the same order and type as &.

4.6. REMARK. The method of the proof of 4.5 is essentially the same

used by Malgrange in [7] for the proof of this theorem for E = ¢"
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and = 7. When E = ¢" and k < + ©, this result was proved by
Ehrempreis [4]. The case B = 0 and E = & is due to Polya (see
[2] , page 191; [13]). Another division theorem we need is the fol-

lowing

4.6. THEOREM. Let f and g be holomorphie functions in BA(()) ce
and in BB(U) C ¢ respectively with 0 < A < B and g(0) # 0. If
f/g ie holomorphic in B,(0) and 0 < r < A then

sup | La)| < 1g0)| P14 sup 17020 )P C 04 sup |ga)])(FEE
lz|=n 9 z|=r+e zl=r+e
for every € > 0 such that r + € < A.

PROOF. If T(r;h) denotes the Nevanlinna characteristic function of

the meromorphic function #% we have the following inequalities
(i) T(r;hlhz) < T(r;hl) + T(r;hz)
(ii) TIf k(0) # 0, then T(r;h) = T(r;h 1) + Llog|h(0)]

(ii1) T(r;f) < log'M(r;f) < 42X

7o T(R; f)

if f 1is holomorphic in a neighborhood of BR(U) and M(r;f)} is the

number sup{ |f(z)]; lz| = r} and ‘log*z = max(0,loglxz)).
If in (iii) R 1is replaced by r + € we get

(iv)  log M(r;f) < 225

T(r + €;f).
Now we apply (iv) to f/g to get

logM(r; f/g) < %— (T(r + €;F/g).

Applying (i) and (ii) it follows that

log M(r;£/g) < % (T(r + €;f) + T(r + a;g_l))
LLE (r(r + €5f) + T(r + e59) - loglg(0))].

If we use the first part of (iii) we get

2+ ¢

logM(r; £/g) < =

(Zog+M(r= + €;f) + Zog+M(r= + e;9) - loglg(o)]).
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Now the result follows if we exponentiate both sides and we use

the inequality ea:p(Zog+;x:) <1+ x for zx > 0.

4.7. COROLLARY. Let f € Exp. .(E), g € Exp. ,(E) with B >4 > 0 and
0,B g Pp.a z

g(0) # 0. If f/g +is holomorphic in B _J(U) CE agnd + * >1pr > B,

then B
sup l/aizr] < 1gco)| P*E/ 80+ sup (i) ))(2t8/E
-7 _. =1
lztt=r fxll=r ~+e
e (14 sup |g(.ac)|)(2+€)/€
-1
lzll=r ~+€
for every e > 0 such that »1se < B—Z. This implies that f/g is
in Each,B(E).
PROOF. It is enough to consider Fx(Z) = fl(zxz) and Gx(z) = gl(ax)
for every x in E and z in ¢. If we apply 4.6 we get
sup [(f/gh=)| = sup L(E /60 (2) |5 Nl = 270, |z| = 1}
Nzl =r"
< lg (O)I_(2+€)/€(1 + sup |F (z)[)(2+€)/€(1 +  sup IGﬂc(z)|)(2'iL€)/E
- " -1 = _-1
Mol =2 e ll=r
[z |=1+€ 2z |=1+e
< Ngeo)| P e v e ) (B s gt v ey ) (BTEIE,

We recall the following result proved by Gupta in [51] .

4.8. PROPOSITION. Let U be an open connected subset of E and let
f and g be holomorphic in U with g not identically zero. If, for
any affine subspace S of E of dimension one and for any connected
component S' of S N U where g is not identically zero, the restric-
tion f|S' <Zs divisible by g|S' with the quotient holomorphic in
S', then f s divisible by g with the quotient holomorphic in U.

Now we will be able to prove the next three division theorems.

4.9. THEOREM. If %k € [1,+%] and T,,7, € (Exp;; ,(B)) " are such that

TZ £ 0 and TZ(Peacpso) = 0 whenever TZ*Pexpso =0 with ¢ € E'
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and P in Py ("E), n € W, then FT, is divisible by FT, with the
!
quotient being an element of E:x:pk (E').

PROOF. We consider a one-dimensional affine subspace § of E'. Hence

t b, it € ¢}. 1f k > 1, then FT and FT

S is of the form {¢ 7 5

1
are entire functions. If k = I there is an open ball of center 0

and radius p > 0 where T, and FT2 are holomorphic. In any case

if t_  is a zero of order p of gg(t) = FT2(¢1+1:‘{72):Tg(exp(&p1+t¢2))
we get Tg(‘ﬁ'; exp (kpl + tokpz)) = 0 for every J < p. This gives for

each J < p:
* od
T2 ‘Pg exp (kPJ + towz)

J J-m m _
(e exp(p, + ¢t 9, )T (0, expl(@, + to""g“ = 0.

|
Il M,

m=0

J _ . .
Hence T, (% exp(o, + to‘pg)) = 0 for each j < p. Thus t, is a
zero of order at least p of gl(t) = FT, (kpl + tkpz). Therefore, for
k > 1, we have FTJIS divisible by FT2|S with the gquotient being

holomorphic in S. For %k = 1 we have FTJIS' divisible by FT2|S'
with the quotient holomorphic in S$', where S' is a connected com-
ponent of S N Bp(O). By 4.8 there is # € H(E') such that FT,

equal to H *FT in Bp(O), when k = 1. By 4.5 and 4.7, since FT

is
2
and FT i E k'(E") HEE k'( !
g are in Exp we get Exp E').

1

4.10. THEOREM. If k€ [1,+»] and T,,T, € (Exp;(E))' are such that

1°°2
T, # 0 and T,(Pexpy) = 0 whenever TZ*Pe:x:pap = 0 with ¢ € E',
pe PN(”E), n € N, then FT, is divisible by FT, with the quotient
being an element of Expgl(E'). We remark that in the case k = + o,
we may write T2 *Pexpy because T, belongs also to (exp;’O(E))'.
PROOF. For k > I we have r,,T, also in (Exp;JO(E))'. Hence by
4.9 we have FT, = h+*FT, with & € Expk'(E'). Since FT, and FT,

k'

are of type zero we get that &4 € Exp, (E'), by 4.5. For k = 1, we

0
have FT, and FT, in Eacp;(E’) and, exactly as in the proof of 4.9
there is & € H(E') such that FT, = h+FT By 4.7 it follows that

o0 2.
h € E:x:pO(E").
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4.11. THEOREM. (1) For k € [1,+ =] and A € (0,+ =) 1f TJ,T2 €

(E:x:p; A(E))’ are such that T, # 0 is of type zero and T, (P expe)

= 0 whenever T,*Pewpyp =0 with ¢ € B!, P € PN(”E), n € IV, then
FT is divisible by FT, with the quotient being an element of
'
E':A':p7< _J(E').
0, (X(k)4)

(2) For k € [1,+x] and B € (0,+ ©) <if Tl and TZ are

elements of (Exp; 0 B(E))' such that T, £ 0 s of type 3zero and

TJ(P expy) = 0 whenever TZ*Pexpw =0 with ¢ € E', PE PN(nE),

n € W, then FT 18 divisible by FT with the quotient being an

1 2
'
element of Expk _J(E’).
(X(k)B)
We remark that we may write TZ * Pexp ¢ because in any case T2
is an element of (Expzkv O(E))'.
PROOF. (1) For k > 1 we also have that T,,T, € (Empz O(E'))’ and
!
by 4.9 there is % € Ewp" (E') such that FT, = h+FT,. Since FT,
is of type 0 and FT; is of type less than or equal to ()\(k)A)_J,

kl
0, (A(k)A)”
If k = 1, we have FTZ,FT

we get % € Exp (E') by 4.5.

1
€ Exp() A_J(E’) = ¥, (B,(0)). By rea-
soning as we have done in the proof of 4.9 we use 4.8 to prove that

there is & € JC(BA(O)) such that FTJ = FT, * h. Since FT, € JCb(E')

we use 4.7 to prove that i € JCb(BA(O)) = Expc(; A(E').

2

(2) For k > 1 we also have that r7,,T, € (Explkv o(EI)T. By
k 3

!
(E') such that FT, = h FT, . Since FT, is
of type 0 and FT; is of type strictly less than (x(k)B)”L we have

7 of type strictly less that (A(k)B)—z by 4.5.

4.9 there is & € Exp

If k = 1 we have FT,,FT, € EmpB_J(E') =JCb(BBEO)). Hence there
is ¢ > B such that FTE’FTZ € xb(B(‘(O)) (in fact we have FTZ €
JCb(E") since T, is of type zero). Hence, as in the proof of the

first part we get # € JCb(BC(O)) such that FT, = & -FTZ .
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5. EXISTENCE AND APPROXIMATION THEOREMS FOR CONVOLUTION EQUATIONS

Now we are ready to use the previous results in order to prove
theorems about the approximation and existence of solutions of con-

volution eguations.

5.1. THEOREM. (1) If k € [1, +=] and 0O € AZ then the vector sub-

space of E’xp;{] O(E') generated by the exponential polynomial solutions

of the homogeneous equation O = 0 (Z.e., generated by
£ = {Pexpv; PGPN(”E), ¢ € E', nE€ N, (Pexpy) = 0}

is dense in the closed subspace of all solutions of the homogeneous

equation (Z.e., dense in
- k -
K = {re Expy ,(E); Of = 0}.

(2) If k€[21,+w] and 0 € Ak then the vector subspace
of E'xp;\(](E) generated by

L = {Pexpw; P € PN(”E), w € E', n € W, 0(Pexpy) = 0}
18 dense in

K ={r¢e E'xp;(E'); 0f = 0}.

PROOF. (1) If 0 = 0 the result follows from 2.3. Now we assume
0 # 0. By 3.13 there is T € (Exp;; O(E))' such that ¢ = 7%, Now,if

X e (Exp; O(E'))' is such that X|L = 0, then by 4.9 there is h €

Expk,(E’) such that FX = %+ FT. But % = FS§ for some S € (Eacplkv’o(E))’
by 2.8. Since FX = FS*FT = F(S§*T) by 3.14, we have X = §*T. It
follows that X *f = 5*(T*f) = 0 for f € K. Hence X(f) = (x*f)(0)
= 0 for f € K. Thus by the Hahn-Banach Theorem £ is dense in K.

H

(2) If © 0 the result follows from 2.3. Now we assume 0 # 0.
If k # =, by 3.13 we get T € (Expi(E))' such that 0 = T*. If k= +w,

since every element of (E'xp;vo(E')) ' is of type zero, it follows from
3.22 that there is an element T € (Ea:p;(E))’ such that 0 = T*.Now

if x e (E‘xp;{](E'))' is such that Xx|£ = 0, then by 4.10 there is & €
Epo;E’) such that FXx = % « FT. By 2.8 there is S in (EpoZE(E))' such
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that % = FS. For k # + « from 3.14 we get X = S *7T. Thus as above
in part (1) we get X|K = 0 and, by the Hahn-Banach Theorem, we have
L dense in K. For k = + », from 3.23 we have X = S *T7. Thus as
above in part (1) we get X|K = 0. Thus, as usual, we get that £ is

dense in K by the Hahn-Banach Theorem.

5.2. THEOREM. (1) If k € [1,+#»], A € (0,+ ®) and 0 € Az L teof
type zero, then the vector subspace of Expz 0 A(E) generated by

L = {Pexpy; P € PN(nE), ¢ € E', n € I, O0(Pexpyw) = 0}
18 dense in
K = {f € BapX , ,(E); 0f =0}
Pp,0,4'%73 :

(2) If k€ [1,+=], BE (0,+ ©) and 0 € A; 18 of type szero,
then the vector subspace of Exp§ B(E) generated by

L = {Pexpy; P € PN(nE), v €EE', n € W, 0(Pexpy) = 0}
is dense in

K = {re Exp; g(E); 0f = 0}.

PROOF. (1) If O = 0 the result follows from 2.3. We assume 0 # 0.
By 3.22 there is T € (Exp; 0 A(E))’, T of type zero, such that 0 =
3 3

T*. Now if X in (Explkv o.4(E))' 1is such that X|£ = 0 it follows
3 3
!
from 4.11 that there is 4 1in Expk (E') such that FX=h = FT.
(n(k)a)"?

Thus, by 2.8, 2 = FS for some S in (Empx 0 A(E))'. Now from 3.23

we get ¥ = S*7T and, for f in K, we get X(f) = S(T *§f) = S(0f)
= 5(0) = 0. Hence Xx|K = 0 and £ is dense in K by the Hahn-Banach

Theoremn.

(2) If 0 = 0 the result follows from 2.3. We assume 0 # 0.
By 3.22 there is T in (Exp; B(E))’ of type zero such that 0 =T*.If
3

X e (Exp; g(E))' is such that ¥x|L = 0, we get from 4.11 that there
3

!
is 4 in Expk _J(E’) such that FX = h +« FT. Now, from 2.8,
0, (A(k)B)
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there is S in (Exp;; B(E)) ' such that FS = 2. As in the first part

we prove that if f € K then X(f) = 0. Hence £ is dense in K.

5.3. THEOREM. (1) For k € [1,+=], if 0 € Ag then its transposed
mapping

0 ¢ (Bapl ,(E))' b— (Ezpk (E))'

18 such that

(@)  P0(Bapk [(E))' s the orthogonal of kerO in (Bl (E))'.

(b) tO(EprZ; p(E))' is closed for the weak topology in (E:CpIZ; o(E))!

defined by Expl ,(E).

(2) For k €[1,+=]1, 4f 0 € Ak, 0 # 0, then its transposed
mapping

0 : (Eaphy(E))" +—> (Ezph(E))"
18 such that

(a) tO(ExpE(E))’ is the orthogonal of kerO in (Expz(E))'.

(b) tO(Exp;(E))' is closed for the weak topology defined by

Exp;(E) in {Exp;(E))'.

(3)  For k€ [1,+ %) and A€ (0,+ =), if 0 €AY , ic of type

zero and 0 # 0, then its transposed mapping Y0 {s such that

(a) o (Exp;,o,A(E))’ 18 the orthogonal of ker( in (EWE,O,A(E))"

(b) tO(Expg 0 A(E))' is closed for the weak topology define

by E'xp;;,o,A(E) in (Bepk ) (B0

(4)  For k€ [1,+%] and BE (0,+ =), if 0 € A is of type
zero and 0 # 0, then its transposed mapping 0 is such that

(a) tO(Exp§ g(E))" is the orthogonal of ker( in th§ g(E))".

(b) tO(Exp;,B(E))' is closed for the weak topology defined by
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k R k
ExpN’B(E) in (ExpN,B(E))"

PROOF. In any case there is T in the domain of tO such that 0 =
T*, (It follows from 3.13 and 3.22). Now for each ¥ in the image of

o we have X = Y05 for some S 1in the domain of 750. Hence X(f)
= (tOS)(f) = 5(0f) = 0 for every f in ker (0. Thus the image of

Y0 is contained in (kerO)l. Conversely for X € (ker 0)1 it fol-

lows that X = §*T for some S5 in the domain of ¢

0 (this is proved
as in the proofs of 5.1 and 5.2). Now, for f in the domain of 0 we

get X(f) = S(T*§f) = S(0f) = (tOS)(f), so that ¥ = Y0S. Thus we

have (kerO)L C image of ‘. Further, since

(ker 0)1 = {T € domain of tO; T(f) = 0 VY f € ker 0}
= N {T € domain of T0; T(f) = 0}.
fE€ker0

we also have that (ker(0) is closed in the weak topology.

5.4. THEOREM. (1) For k € [1I,+>=], 2Ff 0 # 0 and 0 € A
k _ k
O(ExpN’O(E)) = ExpN’o(E).

0> then

(2) For k€ [1,4w], if 0 #0 and 0 € AX, then 0 is a

surjection.

(3) For k€ [1,+=] and A€ (0,4 =), if 0 #0, 0 € AF s
x

ExpN,O,A(E)‘

of type zero, then O(Exp; 0 A(E)) =
k
(4)  For k€ [1,+=] and B & (0,+=), if 0 #0, 0€ A, s

of type zero then O(Exp; B(E)) = Exp§ B(E).

PROOF. We just recall the Dieudonné-Schwartz Theorem: If £ and F
are either Fréchet spaces or DF-spaces and u : E =+ F is a linear
continuous mapping, then the following are equivalent:

(a) u(E) = F

(b) tu s P! > E? is injective and tu(F') is closed for the

weak topology of E' defined by E.
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Since our spaces are either Fréchet spaces or DF-spaces (by 2.2)
and since 5.3 holds true we just need to show that tO is injective
in each case. Since 0 = T* for some T in the domain of tO (by 3.13

and 3.22), we have tOS =S *T for everv S 1in the domain of
“oc (tos) (f) = S(O0f) = S(T *§f) = (S*T)f). Now, if t0s = 0 for some

S in the domain of tO we have 0 = F(5*T) = FS +«FT (by 3.14 and
3.22). Since T # 0, FT # 0 and FS = (0. Hence S5 = ¢ and tO is an

injection.
5.5. EXAMPLES. In order to complete this exposition we give examples
of convolution operators of type zero.

(1) We consider Hn € (PN(nE))’ for n in V.

(a) If k€ [21,+ ») and A4 € [0,+ «») we define

m -~
(*) 0.(f)(x) = T H(d"f(z))
k=0

for f in E'xpll\; 0 A(E) and x in E. Then Om € Ak is of type zero.

0,4
) (b) If k€([1,+ ») and A € (0,+=] we use (*) for f in

EprV,A(E) and x in E. We get Om € Aﬁ of type zero.
(c) For k =+ and 4 € [0,+ =) we use (*) for f in

ExpN,o,,q(E) and z in E, llzl < 4”1, We get 0, € AZ:A of type zero.
(d) For %k = + » and A € (0,+«], if f is in E’xp; 4(E) we
know that there is 0 < pf < A such that f € Exp; 0,p (E). Then we
use (*) to define 0 _(f) for =z in E, lzll < (p.)" . We get 0 € A"
m r m 4

of type zero.

(2) We consider # in (PN(nE))' for » in W and we sup-
pose that

Tom e 117" < + o
n > w n
{a) for k€ (1,+ ») and 4 € [0,+ =) we define

0(f)(z) = = (51) 8. (37 f(x))
=0 I
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where f is in Expz 0 4(E) and x is in E. We have 0 € Ag 2 of
3 >

3

type zero.

where f is in Exp; 0 A(E) and z is E, =zl < 471 we get 0 € AOA
3 3

(b) For k =+ = and A4 € [0,+ «)

8

0(f)(x) = £ (510720 (37 f(x))
=0 J

3

of type zero.

N

(1]

2]

[31]

(41

(5]

Other examples may be given by stating convenient conditions over

as n varies in V.
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0. INTRODUCTION

Hormander [ 3], [ 4] proved that linear partial differential op-
erators (LPDOs) P = P(D) with constant coefficients are surjective in
D*'(Q) if and only if the open set § C IR" is strongly P - convex.
This property means that for each compact set £ €  there is acom-

pact set K' € @ such that the formal adjoint differential operator

P! = P(- D) fulfills the following properties:
(0.1) Yu € D(Q) (supp P'u € K = supp u C K'J,
(0.2) VvYuc€ e’ (sing supp P'u C K = sing suppu C K').

The condition (0.1) is a preserving property for the support and
states the P-convexity on . The singularity condition (0.2) is a
preserving property for the singular support. This property naturally
cannot be formulated within the smooth space 0(Q2). In the proof of
his surjectivity theorem, HOrmander makes essential use of the fact

that D(Q) is a strict inductive limit of Fréchet-~Schwartz spaces.

Siowikowski [16] established an abstract analog of HOrmander's
surjectivity theorem. He considered continuous linear operators T : X
-+ Y in LF-spaces and stated a characterization of the surjectivity
of the adjoint T'. A disadvantage of his theorem is that his singu-
larity condition, i.e. the abstract analog of the preserving property
(0.2), is rather complicated since it has to be fulfilled fér (un-

countable) bases of continuous seminorms on the LF-spaces under study.

In a more general context, Palamodov [9] initiated a homologi-
cal characterization of the surjectivity of linear operators. As an
application of his theory, he redemonstrated Hérmander's surjectivity
theorem, but only by a rather comprehensive additional argumenta-
tion.
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Based on Palamodov's homological results in [9] , Retah [14]
proved a functional analytic characterization of subspaces of LF-spaces
to be well-located. In [12] Ptak and Retah used this characterization
to improve Siowikowski's surjectivity theorem concerning the adjoints
of continuous linear operators in LF-spaces. Indeed, their singu—
larity condition is, to some extent, easier than that of Stowikowski
because it consists of a requirement for only one continuous seminorm
on X and Y, respectively. However, it seems to us to be less ap-
propriate for applications to LPDOs since it is an inclusion rela-
tionship of some artificial auxiliary operators. The results of [12]

are partially demonstrated in [13].

In this paper we are concerned with continuous linear operators
in LF-spaces and we state sufficient conditions which assure that the
adjoints are normally solvable. When in particular the operators in
the LF-spaces are injective, our conditions guarantee the surjectivity
of the adjoints. Thus our statements on normal solvability are gen-
eralizations and improvements of the above guoted surjectivity theo-
rems of S}owikowski, Ptak and Retah. Our singularity condition is
similar to that of Stowikowski, therefore more appropriate for ap-
plications than that of Ptik and Retah, but in addition it is easier
than that of Siowikowski, because it is a requirement for only one
continuous seminorm on X and Y respectively. The proofs of our re-
sults are purely functional analytic and do not make use of any ho-

mological methods; cf. also [8].

We apply our abstract results on operators in LF-spaces to LPDOs
P having variable coefficients and acting in D'(Q). We set X = Y =
D(Q), T = P' and obtain sufficient conditions which assure that the
LPDOs under study are normally solvable or even surjective. These
conditions consist of openness properties, i.e. a priori estimates,

the D'-P-convexity condition

(0.3) Vn€ W 3§ >n R(P') N C(Q) CPI(C(R.))
° - o 'n o g

and a singularity condition of the form

Y n €W 15 > n Y1 >4
(0.4)

3 C, =5 © = =7 C = 0 =
R(Pi) N (LZ(QH) + CO(QZ)) c PJ(LZ(Qj) + CO(QJ)).
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Here (Qn): is a covering of Q by nonempty open relatively compact

subsets of { with ﬁn cQ P' is the adjoint operator of P with

n+l’
respect to the dual pair (D'(Q),C:(Q)), Pi is the restriction of P’
defined by the graph

G{Pi) = G(p') N (CO(QJ) x CO(QJ))

r : r : o) 3 el
;7 is the closure of PJ in L2(Ql) X LZ(QJ).

and P

If P is an LPDO with constant coefficients, the properties (0.3),
(0.4) are equivalent to the "convexity" conditions (0.1) and (0.2)
respectively so that in this case our results lead to HoOrmander's
surjectivity theorem. For LPDOs with variable coefficients we state
sufficient conditions of geometric type for the D'- P-convexity and
the "singular P-convexity", cf. also [6],[16], [17]). In particular
elliptic LPDOs, the Pli§ operator [10], and the very easy, but never-

theless interesting "rotation"-operator

are treated.

1. PRELIMINARIES

If (E,2) is a locally convex space, its topology is defined by

families FQ of continuous seminorms which we call bases for the to-
pology o. Fg denotes the system of all continuous seminorms on
(E,a). For p € T = we set Kp ;= {zx € F : pl(x) < 1} and call it the

closed p-unit ball in E. If M is a subspace of EF and p € Fq : we

define a continuous seminorm distp(x,M) on (E,o0) by
distp(x,M) c= inf {ple - y) : y € M} (x € E).
E provided with the set of all these seminorms, briefly
(E,distF ( ,M)),

a

is a locally convex space which is non-separated if ¥ # {0}.The set

(1.1) {er + M : p€ I‘oc e > 0}
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is a basis for the neighborhoods of 0 in (E,distr ( ,M)).
a

Let I be an arbitrary nonvoid set. The locally convex space
(E,o) is the inductive limit of the locally convex spaces (Ei’ai) for
7 € I, briefly

(E,0) = Zim(Ei,ai),
iff
(1.2) E = span U Ei
1 €T

and o is the finest locally convex topology on E such that the in-

duced topology Op = a[E is coarser than o for all < € I,cf.
7 1
e.g. [51, p. 157 ff.

If, for < € I, (Ei’ai) are locally convex spaces and the vec-
tor space E is given by {(1.2) then there is a locally convex topolo-
gy o on E such that (E,a) is the inductive 1limit of the spaces
(Ei’ai)'

(1.3) If (E,a) = Zim(Ei,ai), (F,B) is an arbitrary locally convex
space and T : E ~ F is a linear mapping on E, then T <s (o,B)-con-

tinuous L1ff TIE- is (ai,B)-continuous for each 1 € I.
z

The inductive limit (E,a) = Zim(Ei’ai) is said to be strict iff

= C = =
I=mw, E <E , and aEn a, or an+1'En a for all » € W.
The strict inductive limit is called an LF-space if the spaces (Qfan)

are Fréchet spaces.

If I = {1,2} we use the notations

A a,)

(E,0) = (El,al) A (Ez,az) = (E1 + F P

2%

and state

(1.4) The set {S(Kpl + sz) : (pl,pz) € F“z x Faz, e > 0} is a

basis of the neighborhoods of 0 for the <inductive 1limit topology

a1 A az on E1 + EZ‘

The space (El,al) A (Ez,az) is isomorphic to a quotient space of
the topological product (El’az) x (Ez,uz), cf. e.g. [5] , p.- 174,
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whence we conclude:

(1.5} If (EJ,OLJ), (E’2,0t2) are Fréchet spaces and the topology oy A a,

18 separated then (El,ocl) A (E2,0c2) 1§ a Fréchet space too.

The following formula, the proof of which is immediate, will be
applied several times: Let E be a vector space, furthermore 4, 3, C

CE, ACC(C and (¢ a vector space. Then
(1.6) (A + B) NnC =4+ (BNC).

In the following (E,a), (F,BJ) are locally convex spaces and S:E
-+ F 1is a linear relation. We denote its domain by ©2(S/, its dgraph
by G(S), its range by R(S) and its nullspace or kernel by N(s).
The adjoint linear relation S’ : F' » E' is defined by G(s') =

] '
Gg) (EXE,FIXE')

If A, BCE and B + N(S) = B +then obviously

(1.7) S(4 N B) = 5(4) N S(B).

Let T, and FB be bases on (E,a) or (F,B) respectively. § is
called open iff for each p € Foc there is a q € FB and p > 0 such
that

(1.8) R(S) N K C pS(K_J.
q p
The closed linear relation S : E + F is defined by G(5):= G(5) and

is called the closure of S§. From {6] (1.11), (1.12), {2.1) and (2.6},
using §' = §', we deduce:

(L.9) If S s open them § is open and N(S) = W(SJ.
For 4 C E the inclusion
(1.10) R(5) N S(A) C S(4 + N(S))

holds, the proof of which is immediate. Finally, we assert

(1.11) Let «a; be a locally convex topology on E with o; € o.Let

S denote the oy X B-closure of S. Assume that § <s (ocl,B)—open and
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S (a,B)-open. Then

o

S ¢ (E,o) A (W(5) T,a,) > (F,8)
Zs8 open too.
PROOF. Let I = {(p’pl) € FZ X Fg ipg < pl. For each (p,p;) € T
there is some g € Fg such that
R(S) N K_C S(K_ ), R(§) N X C 5(K_J.
q p q p

1

Using (1.9) and the formulas (1.7) and (1.10) we conclude

R(S) NX C R(S) N S(K.) N S(k_ )
(s) q ) (K, v,
____“1

C 5(kx_+ N(8) “) n 8(k_ )
p 2

____a1
Si(x + N(§) ") nk_)
p Py

—
C S(k_ + (N(5) * n 28k J).
P P

1
This proves (1.11l) because of (1.4) since I' is basis for the to-

pology a x Oy -

2. NORMAL SOLVABILITY IN DUALS OF LF-SPACES

Throughout this section we assume that (X,T) = ZEM(XW’Tn) and
(Y,o) = Zim(Yﬂ,On) are LF-spaces and that T € L(X,Y), i.e. that T
is a continuous linear operator on X to Y with D(T) = X. We define
the restrictions 7T. : (X.,,t.) > (Y ,0 ) by

dan J-d n-n
G(T. ) := G(T) N (X, x Y ).
dsn d n
Tj n is a closed linear operator from Xj to Yn with
3
(2.1) T. (A) =T(ANKXK.,)NY
dasn Jd n

for arbitrary A4 € X. For A = X this formula yields

(2.1") R(T. ) = T(X,) N Y .
dsn J n

£
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(2.2) LEMMA. R(T) is sequentially closed Iff the following proper-
ties are fulfilled:

(2.3) Y n €N ERF

| v
S
3

i.n 18 (Tj,cn)-open

(2.4) ¥ n € IV 17 >mn R(T) ﬁYnCT(Xj).

PROOF. Suppose that (2.3) and (2.4) are fulfilled. Let (yv): be a
sequence in R(T) converging to a y € Y. We have to show that y €
R(T). Since {yv : V&€ W} is bounded in (Y,0) there is an n € N
such that {yv ;v E W} C Yn, cf. [5], p. 161. By (2.4) we choose
some 4 > n such that R(T) N ¥ C T(Xj). According to (2.3) we can
find a k > j such that Tk,j

cf. [6], (3.1)(B). We conclude

is (Tk,oj)—open. R(Tk j) is closed,

s

{y, - ve m} c T(Xj) nr = R(Tj,n) c R(Tk,j)

which yields y € R(Tk j) C R(T).

Conversely, let R (T) be sequentially closed.Fix an n € IV. Since

R(T) N Y =
"

il C 8

T(X,) N Y ,
J ¥4

there is a J > » such that T(x.) 0 Yn is a non meagre subspace

of the Fréchet space (R(T) N Yn,on) from which the equality
——,__On
(2.5) R(T) NY =7(x.)NY
n J n
follows.

Now we going to show that (T(x ) N Y 50, ) is barrelled Let B be

a barrel in (T(XJ) n Yn,on) By B we denote the closure F’n, by B

the interior of B in (R(T) N Yn,dn). Since B is absorbing

T7(X.) Ny = U mB.
J me W

(o]

B is nonempty because T(Xj) N Yn is non meagre in (E(T) N Yn,on).

[ o _
With B also B 1is absolutely convex which yields 0 € B, i.e. B is

a neighborhood of 0. As B is closed in (T(Xj) al Yn,on) the equa-
tion
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B=BNT(X,) NnY
J n

holds which shows that B is a neighborhood of 0 in (T(Xj) )l Yn,cn).

Because of (2.1")

T. DXt > (T(X.)NY ,0 )
Jasn J-d J n-on

is surjective and thus open by Ptdk's open mapping theorem, cf. e.g.

[6], (3.1)(B). Applying [61], (3.1)(B) to the mapping Tj,n : (Xj,Tj)

> (Yn,cn) we conclude that R(Tj n) is on—closed. Hence, by (2.5) and

(2.1Y),

a
R(T) ny =T(x.)Jny "
n J n

=T(x.) NnY CIT(x.).
dJ n dJ

In the following we assume in addition that there are Banach spaces

(Bl’q) and (Bz,r) such that the canonical injections
(X, T) &> (Bl,q), (Y,0) (Bz,r)

are continuous. (Bg,r) is supposed to be reflexive. ?k " denotes the
3

closure of Tk,k in the product space (fi,q) x ((Y;,r) A (Yk’ok))

where YZ is the closure of X; in (Bz,q) and YZ the closure of

Y, in (By,r). We set q_ := gly and »r_ ¢ = r|y.

(2.6) THEOREM. Assume that the following properties are fulfilled:

q
A. Vo€ m 35> X F ) °Cx+Hr),
B. (1) Y n €I i > n Tj,n 8 (Tj,On)—open,
(1) ¥n€Wm 342n RT)NY CI(X),
(iii) vy n € I 34 > n Tj,n is (qo,ro)—open,
(iv) Yn€Wm 35>n vk>g D(T, ,/ c_xj'+ T+ x.
3

Then T' 4is normally solvable, Z.e. R(T') = vt

The foregoing theorem is a generalization of Stowikowski's sur-

jectivity statement published in [16]. In Stowikowski's paper T has
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to be injective; the conditions B, (iii) and B, (iv) have to be ful-
filled for systems of norms a, and r, forming bases on (X,T) or
(Y,0) respectively. These assumptions are obviously stronger than
ours, they imply the sequential closedness of R(T), i.e. the condi-

tions B, (i) and B, (ii), cf. lemma (2.2}).

In [12], Ptak and Retah also obtained a surjectivity theorem.
They require a different reflexivity property which, to some extent,
is stronger than that in the foregoing thecrem. 1In their paper B,
(iii) is fulfilled a priori since they set 9, * =7, oT; q, is a
norm because ~N(TI') = {0}. Their singularity condition seems to be a

bit artificial as we have already mentioned in the introduction.

PROOF OF THEOREM (2.6). We fix an »n € IN. According to B, (iv) and
A we choose j] > n and j2 > jz such that

(2.7) Vi > g, D(T, Jc T o+ x,
d 1

g
(2.8) X. + n(71) °cx., + N(T).
Jq Jg

Because D(7) = X we have X = T_J(Y) and therefore
_ -1
X, = UV T (y.) n x,
‘72 szZ J =72
By Baire's theorem there is a J > j2 such that
—_— T —_—T
x. =iy ynx. T2crliy .

This leads to
(2.9) X. <71 “(Y.,)

since T is (1,0)-continuous and Yj is closed in (Y,q).
We fix a k > J. According to B, (ii) and B, (iii) there are kz >

k and k2 > k] such that

(2.10) R(T) O Yk c T(sz),

(2.11) 7 (X, sqg ) > (Y, ,r ) is open.
k2’k1 k2 0 kz I?)

From (2.10), (2.1) and sz ) sz we deduce that
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(2.12) R(T) N Y, = R(T

% J.

Ko,k

According to (2.11)

with a suitable Yy > 0. Intersecting both sides by Yk we obtain

R(T ) N K C YTk

kZ’k To 2° 95

with the aid of (2.1). Hence Tk2,k : (sz,qo) > (Yk,ro) is open and

therefore also the mapping T, % : (Bz,q) > (Y;,r). According t© (1.3)
21

the injection (?Z,r) A (Yk’Ok) -> (?;,r) is continuous. We conclude

that

{2.13) Tk P {Bz,q) d (YZ,P) A (Yk,ok) is open.

Let T be the closure of T with respect to the do-
kgsksn kosk
main space (Bl,q) and the range space (Y;,r) A (Yk,ck). By (2.13) and
(1.9) the relation

. Sr .
{(2.14) Tkz,k,n : (Bl,q) - (Yn,r) A (Yk’Ok) is open
and

7 o Yook
(2.15) N(Tk k,n) = N(Tk k) .

27 2°

Since the injection (?;,r) A (Yk,ck) = (E2,r) is continuous (Yz,r) A
(Yk,ok) is separated and thus a Fréchet space by (1.5). The closed
range theorem for closed linear relations, cf. e.q. [6], (3.1) (B),
yields that the range

(2.16) R(?k k}ﬂ) is closed.

2°

The inclusion G(T ) c G(T ), the continuity of the in-
k2,k k2,k2

. . =r —
jection (Yn,r) A (Yk,gk) - (YZ’P) A (Yk2’0k2) and the g-closedness

of YZ in (B;,q) lead to
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(2.17) D(Tk ,k,n) C D(Tk ,n)'
2 2
From (2.7) we obtain
(2.18) D(T ) c (@, +mm?+x)nx, + w9,
k ,n J k
2 1 2
Using (1.6) we get
(2.19) x, + %+ x) nx, + a9
J k
1 2
=7, + % + (X, F a9 n xJ
73 ks
q 9o
=X, + N(T)T + X + N(T) ~.
J1 kg
According to A we choose some 1 > k2 such that
- 19,
(2.20) X, + N(T) < x, + N(T).

2

The relationships (2.17), (2.18), (2.19) and (2.20) lead to

(2.21) D(Tkz,k,

J T, +mmY o+ x, .
n JZ 7

The injection (ij + N(T)q,q) A(Xg,T,) 2 (Bl,q) is continuous

by (1.3). Hence, by the definition of T and (2.21),

kz,k,n

7 R dmmray e 77
(2.22) Ty oo (X W)Y, ) A (x,1y) > (TLr) A (7,00

272 1 k

is a closed linear relation.

The domain space and the range space in (2.22) are Fréchet spaces
according to (1.5). Now we apply the closed range theorem for closed
linear relations, cf. e.g. [6] , (3.1) (B), and obtain that

_ -7
(2.23) Tk Tl) - (Yn,r) A (Yk,c )

k,n k

779
(X, #W(T9,q) ~ Xy,

2° 1
is open.

Next we prove that (2.23) holds true with Tk % instead of
2_‘

Tk kon For this purpose we make use of (l1.11). We set
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= s ur7 4
(E,a) := (le + ¥(T)?,q) A (Xl,rz),
= (v 7 wrme
(E,ul) .= (le + N(T)1 + Xl,q),
- -
(F,B) = (Yn,r) A (Yk,ok)
and S := Tkz,k . From the definition of Tkz,k,n and (2.21) we get
s =T . 85 is (o,,B)-open by (2.13) and S5 is (a,B)-open by
kg,k,n 1

(2.23). Thus the assumptions of (1.11) are fulfilled and we conclude
that

(2.24) T, o ¢ (X +W(m)9,q) A (X310 > (To,2) A (T,,0

) is open.
2 J1 k

k

Here we made use of the relationship

T T I T4 o) = (T T a9
T WT%,q) A (X,1,) A (N(Tkz,k) @) = (L F W, A (Xt

1
which is immediate from (1.3).

Now we show that the canonical inclusion

(2.25) (R(T) N Yk’ro + distr ( ,Yn)) > (R(T) N Yk,distF ( ,R(T) N Yj))

o o
is continuous.

According to (l.l) we have to prove that for every Py € Fo

there is a Py € I‘O and an € > 0 such that

(2.26) €(Kr0 n (sz * Yn)) N R(T) N Yk c (sz + (R(T) N Yj)) N R(T) N Yk.

For this purpose fix a p, € FO. Since T is (t,0)-continuous there

is a Pz € I‘T and a Yy > 0 such that
(2.27) T(K ) C vk
] Py
By (2.24) there is a p, € I‘0 and an p > 0 such that

wr
(2.28) n((k, 0 Tp) + (K 0 %)) n R(I

)
2 Z’k

Yy wrri 4
c Tkz,k((Kq N le + N(T)?) + (sz N Xl)).
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Without loss of generality we assume Kp c KT . The inclusion
2 o

Kr n (K + Yn) C Z(Kr Ny )+ KX
[} p2 1] n Pg

is easily checked. Intersecting both sides by Yk we obtain

X n (K + Yn) ny

C 2(k n Y )+ (K Ny,
r r n

k k

o Po o Py
with the aid of (1.6). This inclusion, together with (2.12) and (2.28),
yields

— (X N (K + Yn) N R(T) N Y, )

2y r, Py k

c L(fk nNnY )+ (K NnY))nR(T) ny¥
Y r, ” Py k k

C T

1 774
= ((k_ n X, + W(T)) + (k. 0 X, )).
Y Tkek g J ) ( p 1

1 3

% k) C XJ implies that

T, R((K_ 0 T F W) + (k. nx.))
PE q J] pg 1

q
=7 ((K nX, F0(T) °nzx )+ (kK nXx])).
kg,k q dy 1 Pz 7

From (2.8), (2.12), (2.9) and (2.27) we follow the relationships

q
T, (K 0 X+ W) ° n X))+ (KN X))
2° 4 I1 Ps

C T(Xj + N(T) + Kp ) N R(T) n Y

2 3 k

C (R(T) n Yj) + pr ) N R(T) N Y

7 k

whence (2.26) is proved with € = 7;7.

We have proved that the property (VI) of Theorem (1) in our pa-
per [7] 1is fulfilled with respect to R := R(T) and ro- R(T) 1is
sequentially closed by Lemma (2.2). (Y;,r) is reflexive since UE,P)
is reflexive, cf. e.g. [5], p. 229 and p. 272, Hence part (ii) of
Theorem (1) in [7] yields that R(T) is well-located, i.e.
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(R(T), 00" = (R(T),d" T/ )0
where
(Rer),oeX Ty = timR(T) 0 ¥ L0 ).
e n’ n
The canonical injection
i (R(1), 0" T ) e (y,0

is continuous by (l.3). Since R(T) is well-located the adjoint op-
erator <' maps Y' into (R(T),0)' and is surjective by Hahn-Banach's
theorem.

Let TO be defined by the following diagram

(X,t) ———— (Y,0)

I\ S

(), "7

We show that T is continuous. Fix a k € IV and choose j > k ac-

cording to (2.9) such that T(Xk) C R(T) N Yj . We conclude that the

restriction

T,y (Xpoty) = (R(T) 0 1,0

k

is continuous. The canonical injection

R(T)

(R(T) N Yj,cj) ¢— (R(T),o )
is continuous whence the composition
R(T)
T0|Xk (Xk,Tk) -» (R(T),qa )

is continuous.

Since R(T) is sequentially closed (R(T) N Yn,on) is a Fréchet

space for each n € I whence (R(T),OR(T)

) 1s an LF-space. Thus To
is a surjective continuous linear operator acting between LF-spaces.

According to a theorem of Dieudonné and Schwartz [1], p. 72 T, is
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open. By Banach's closed range theorem, cf. e.g. [6]1, (3.1), the ad-

joint operator Té is normally solvable, i.e.

1
! =
(2.29) R(To) N(To) .
We have T' = Té oZ' and therefore R(T') = R(Té) since <' is sur-
jective. Furthermore N(TO) = N(T) as 1 1is injective whence

R(T') = N(T)t
holds by (2.29).

3. NORMAL SOLVABILITY OF LPDOS IN D'(Q)

Throughout this section we shall use the notations of Hormander
[4] and Horvath [51].

Let d€ W \{0} and Q0 C &% pe an open nonempty set. Choose
a sequence (Qn): of nonempty open relatively compact subsets of Q
such that
(3.1) Qn cC Qn+1 s Q = 8 Q, -
n=1

Since D(ﬁn) is a Fréchet space of each = € IV the space
D(Q) = 1imD(Q_)
- A

is an LF-space, cf. e.g. [5], p. 165.

K denotes the set of temperate weight functions on .Rd. Let

1 <p <o and %k € K. The norm of the weighted Sobolev space B

p,k
is denoted by | 'p x+ cf£. [41, p. 36. with p =2 and

2)3/2 d

ks(é) = (1 + |&] (¢ € IR, s € IN)

we have the usual Sobolev spaces

(Hs’! ‘s) a (BZ,k | ‘2 k /-
s -

For an arbitrary subset 4 C lﬁd we set

Bck(A):B n&’(a).

P psk
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The following canonical injections

d
(3.2) (Bp,k:| ]p:k) > D' (IRY)
and
_ ¢ -
(3.3) v, ) > (Bp:kmn),l Jp:k)
Cc
- (Bp:km),] |p1k) > D'(Q)

are continuous where 7'(Q) is equipped with the weak topology with
respect to the dual pair (D'(Q),0(Q)), cf£. [ 4], Theorem 2.2.1.

If 1 < p < = then (Bp k’l Ip k) is a reflexive Banach space,
see [ 4], Theorem 2.2.9. ’

We fix I < Psby < and kz,k2 € K and set

(Bz,q) := (B i

s (B,,r) := (B
pz,kz 2

| ), L) ).
Pysk; Pysky Pyaky
Let P : D'(Q) » D'(Q) be an LPDO with Cw—coefficients, i.e.

Pp= X g4 p®

laf<m ©

with g € ¢®(q). P' : D(Q) > D(Q), the adjoint operator of P, has

the form
pr= T (- 1% .
Jo| <m ¢
5 ! . Il 0
We define PZ,n : D(QZ) - D(Qn) by
G(P! ) := G(P') 0 (CT(Q,) x C (R )).
I,n o 1 o n
o ’ . e — ) —_
Let PJ; be the closure of P1:1 in (sz,kz(ﬂz)’q) X (Bp21k2(91),r)
and P’ : D'(Q) - D'(Q) the closure of P' in D'(9) x D’{(Q).Analyti-
cally P’ 1is given by z (- 1)'Q,Daau and thus it is continuous.
o] <m

(3.4) 9 1is called D'-P-convex if for each n € I there isa g &€ W
such that
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R(P') n ¢T(R ) c P (Cc(R.)).
o n o g

(3.5) Q is called singularly P-convex with respect to (q,r) if for
each #n € I there is a J € I such that for all I > 4

e = © = = =, /nC
(sz,kz(gn) + CO(QJ)) n R(Pl) - Pl(Bpl’kz

(R.) + ().
J o 1
(3.6) Q 1is called strongly P-convex with respect to (q,r) if
(1) @ is D'-P-convex,
(ii1) ¥ned® 31 >n Pi n(q,r)—open,

(iii) @ is singularly P-convex with respect to (g,r)

(3.7) THEOREM. Let O be strongly P-convex with respect to {q,r). As-

sume that for each n € I there is an 1 > n such that P; :D(Q) >
— 3
D(Qn) 15 open.
Then R(P) = N(P')L.

PROOF. We apply Theorem (2.6). For this purpose we set

(X,t) := (Y,0) := D(QJ), X_ :=Y :=C (R ).

n n o' "n

T := P' is a continuous linear operator on ©D(Q) and T' = P" = P,
The inclusion mappings from ?0(Q) into the reflexive Banach spaces

(Bl,q) and (Bg,r) are continuous by (3.3). It ramains to be proved
that A and B, (i)-(iv) are fulfilled:

A. Let n € IN. Choose some j to n according to (3.4). We show that

[+ « Qupp— q [0+ BRpp—
COAQ) + N(P') % ¢ (Q.) + N(P').
o n o' g

— aq _
Let ue ¢ (Q ) + N(P') ©°, There are v € ¢ (9. ) and w € N(P')
o *n v o' 'n u

such that qo(vv tu, - u) » 0 (v > »). Since N(P') C Bpl kl(ﬂ)and
3

P! is continuous we conclude from (3.3) that H“(vv+uky)z converges
to P'u in p'(Q). f’(vv +w,) = P'(v ) and swpP'v, C supp vv;:_ﬁn
implies suppP'u C Q, . According to (3.4) there is some v € CG(Qj)

such that P'u = P'v whence u = v + (u - v) € CZ(ﬁj) + N(P').
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B, (i) is an explicit assumption, B, (ii) and B, (iii) are the con-
ditions (i) and (ii) in (3.6). We have to show that B, (iv) holds. Fix

n € IV and choose some j to »n according to (3.5). Let 1> 4+ 1.
Define ?2 , as Tl " has been defined in section 2. Obviously
o B DI . initi
G(Pl,n) C G(Pl)' Let u € D(Pl,n)’ by definition
S - = c _-__—p 0 = c — [cSRpp—
Plu Pl,nu CO(Qn) + CO(QZ) Bpgakg(nﬂ) + CO(QZ).

By (3.5) we conclude that

B B¢ gc
Plu € Pl(Bp %

(%.) + c“(ﬁl)).
1257 d ©

We choose 1' > 1 according to (3.6), (ii) such that Pir g is
(q,r)-open. By (1.9)

N(P!,) c NPT, 19 c wpT)9,

,1
¢ a ®S w59 * 5
Hence u € Bplﬁkj(gj) + CO(QZ) + N(P")". By [ 4]}, Th. 2.2.1, Co(Qj+I)
is g-dense in B X (%.) so that
pysky d

— q oo
u€ CO(Q., L) + N(P') + C _(Q).
o Tg+1 o

(3.8) REMARK. Theorem (3.7) remains valid if we weaken the condi-
tion (3.5), i.e. the strong P-converxity of §, by substituting ?5

D
by PZ,n'

3.1. LPDOS WITH CONSTANT COEFFICIENTS

Let P be a nontrivial LPDO with constant coefficients:

P=p(p) = T g D%
lof<m @
with a, € ¢. Obviously P' = P'(D) = P(- D). We define
Brez) := (¢ z |p® (. 41212,

[o]<m

cf. 4], p. 35.

(3.9) PROPOSITION. For each 1 € IN there is a Cl > 0 such that
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[ul 20 1PTu| ~
psk 1 p,k/P!
for all u € CO(QJ).
PROOF. Let F € BZOS be a fundamental solution of P', cf. (41,
ca,P’

Theorem 3.1.1. Then E *P'u = u for u € 02(51). If y € cz then

YE € B and
ca,P’

(3.10) supp((1 - Y)E *P'y) C supp(1 - ¢) + ﬁ]’

see [ 4], Theorem 1.6.5. We choose a function Y which is identically
! on a neighborhood of the algebraic difference §1+] - 0, . We fix

1
a ¢ € Co(§1+1) which is identically 1 on a neighborhood of QJ.
(3.10) yields

supp¢® N supp((l — Y)E *P'u) = ¢
which implies ¢((1 - Y)JE*P'u) = 0. Hence
u = Ywu = @(YE *Ply).
We apply [ 4], Theorem 2.2.5 and Theorem 2.2.6 and obtain
[l s S 101y 08 <Pl
Y

(3.11) THEOREM (HOrmander). Let s € IN. Assume that for each n € W
there 18 a J € IN such that

(1) u € CZ(Q) and supp P'u C ﬁn implies supp u C Qj,

(ii) u € H:(Q) and sing supp P'u C ﬁﬁ implies sing suppu C Qj.

Then P : D'(Q) = D'(Q) <s surjective.
PROOF. We apply Theorem (3.7) and define

(B,,q) := (H_,| | ), (B,,r) := (B ~ > .
! st e 2 2,k /P! 2,k /P
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Q@ is D'-P-convex by assumption (i). Pé " is (g, r)-open by Proposi-

tion (3.9) (p = 2, k = ks). Thus § 1is strongly P-convex if we show
that (3.5) is fulfilled: Fix =#n € I and choose j according to the

assumption. Let 1 > j + 1 and

v € (8° L (Q.) +c¢(a.)) n R(P!).
2,k /pr " o 1 1
51

It follows that there is a u € HZ(ﬁz) such that ?z’u = v. The defi-

nition of the singular support yields sing supp v C ﬁn and thus
sing supp u C 53. by assumption (ii). We choose a ¢ € CZ(§j+1) which
is identically 1 in a neighborhood of ﬁj' If follows that
[6 o0 —
= - €
u ou + (1 w)u HS(Qj+1) + CO(Ql).
By (3.9) the operator
P, ) s TR, ] )
n,n o 'n m o n 2,k /D"
m
is open for m € IV. Thus the operator
P’ s D) > D(Q )
n,7 n n
is open because of (3.3) and since { | |m :m€ W} is a basis of
seminorms on D(ﬁn), cf. e.g. [4], p. 45.
P' is injective by (3.9). Therefore the theorem is proved.

3.2. LPDOS WITH VARIABLE COEFFICIENTS

Let P : D'(Q) - D'(9) be an LPDO with C -coefficients and as-

sume that ' is an open subset of Q.

P' is said to fulfil the uniqueness of the Cauchy problem (UCP)
in Q' if for each x € Q' and each closed p=-ball fo(y) CQ' with
x € BKQ (y) and for each open neighborhood U C Q' of =z there is an
open neighborhood V C U of =z such that for all u € COOO(Q’) the
following is true:

if  P'ul, =0 and suppul, C U\Kp(y) then = 0.

ul

P' is said to fulfil the uniqueness of the Cauchy problem for the
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singularities (UCPS) in ' if for each x € Q' and for each Zp(y)c Qr
with =« € BKQ (y) and for each open neighborhood U € Q' of x there
is an open neighborhood V € U of x such that for all u € &8'(Q")

the following is true:

if P'ul, €C7() and  sing supp uly € UNK (y) then ul, € v

(3.12) PROPOSITION. Assume that ' <s connected and that P' ful-
fils the property UCP in Q'.

Then u]Q, =0 or suppud Q' for all u € C (9) with ?'uln,

PROOF. Fix some u € C () with ?'ulg, = 0. Assume suppun Q' =: 4
& {g,Q'}. Since @' 1is connected 4 has a boundary point ' in Q'.

Choose Xgp,(x') C Q' and y € (Q'V4) N Kp,(oc'). Since dist(y,A) =

dist(y,A N X, ,(x')) there is an =z € 4 N K, ,(x') such that |y - x|

ap! 20!
= dist(y,A) =: p > 0. Let U := Kgp,(:c'). Choose ¢ € C:(Q’) such
that ¢ is identically I on U. Then P'(Wu}[U = f’ufU =9 and

supp WulU c U\ Kp (y). By the property UCP there is a neighborhood

VU of x such that uIV = spull, = 0, This contradicts x € 4 C supp u.

(3.13) PROPOSITION. Assume that ' is connected and that P' Fful-
fils the property UCPS <n Q'. Then ulg, e ¢ (') or sing supp u > Q'
for all u € D'(Q) with P'uly, € ccnry.

The proof is similar to the foregoing one and thus omitted.

Let B3 be a subset of £ which is closed with respect to the
induced topology on . Let ¢ be the set of all components of Q\B.
We set

¢, :={R' € ¢ : Q' is unbounded or Q' ¢ Q},
0y, 1= 2N e,
and
59 :=BU U Q'
Q' €e,

where Q' denotes the closure of ' in TR°.
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§Q is a subset of Q which is closed with respect to the induced to-
pology on f. Furthermore, if B is a compact subset of { so is §Q.

We observe that

(3.14) ¢, 1is the set of the components of (R \B)& .

(3.15) LEMMA. Assume that P' fulfills the property UCP in Q \ B and
that EQ 18 the union of a locally finite family of disjoint com—
pact subsets of Q.

Then Q 4is D'-P-convex and N(P') C C’:(EQ).

PROOF. Fix some #n € IN. At first we prove: There is a compact sub-
set K of & such that

(3.16) (Q U B)
n

Let B be a locally finite family of disjoint compact subsets of Q
such that

B.= U B'.
& pregp
Since B is locally finite the set B, := {B' € B : B' 0 9, # 9} 1is
finite for each k € . Thus
B := U B!
n B'e B
n

is compact. Choose a J € W such that Bn C Qj. Then

B \B =

Q n B’:(§Q\Q.) uU v B!

U
B'E B\ B J B'e B.\B
n J n

which proves that EQ \Bn is closed with respect to f. The set K :=

Q. U B is compact and X_n (5, \B ) = @#. Hence there is an € > 0
n » 0 Q n
such that
. C Q\N(B. N ]
(3.17) K o+ K2€(0) Q (BQ Bn)
We define Ug := K + K (0). Let ¢~ denote the set of all components

of o \ (ﬁn U B). We set
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® = {Q'e o :Q'c@Q@ and Q' is bounded},
0,2 o
.= ' e - or'n o
oy ;= dar €9, 00 o # o),
= 1 e . '
@0,4 {0 @0,3 par g UE}

and assert that the set

(3.18) @0,4 is finite.

To prove this let Q' € & . Thus Q' N UE Z Q'., From Q € @0

0,4 ,3

we infer

Q'rnag cQran carn .
g £ Q Qn Qr o KO Q UE

Hence Q' N U #@. Since ' 1is_ connected there is an x € BUE n Q.
The definition of UE and (3.17) yield.

KE(;c) c (KO + K E(0)) \KO

2

cQV(B,uQ)ca\(Buga).
Q n n
This and =z € Q' € @O implies that

K (x) C Q"0 (K + K _(0))
3 o 3

2

whence (3.18) is proved since € does not depend on Q' and K +
K2€(0) is bounded.

By (3.18) there is a k > »n such that

2l

(3.19) U Q! c UE O] V] Q! c
Ie '
Bee, Ree, 4

We assert that
(3.20) o} A c 9

i Qe \ .
For this let @0’2 @0’3

the set Q' 1is closed with respect to Q\(ﬁn U B), i.e.

Since Q' 1is a component of 2\ (ﬁnU B)
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Qr = Q' n (Q \(ﬁn N BJJ.

We infer ' = Q' N (2 \B) because of Qr # <I>0 3 and Q'€ ¢ is

proved. Q' € ¢, follows from Q'€ We set

0,2°
K = (QnUB)Qan'

kK 1is a compact set and

by (3.1%8) and (3.20). Hence (3.16) is proved.

Let B' = {B' € B : B'" N K # ¢J}. As above we conclude:

L = U BT
R'eB'

is compact, EQ \L is closed with respect to £ and there is a
bounded neighborhood U of X U L such that U C @ \(§Q \L). Fix
some gJ € W such that U C ﬁj' We assert that

(3.21) R(P') N C (R ) c P (cT(Q.)).
o 'n o Vg

Let v € R(P') N C:(ﬁn) and fix some u € C:(Q) such that P'u-=
i ' \(Q U - i = \
v. We fix a component of & (Qn B)Q , i.e. Q <I>0 00’2 by

(3.14). We infer suppu 7 Q' since suppu isa compact subset of Q.
By assumption P’ fulfillsthe property UCP in Q \'B and “hence

also in the set Q' Cc o\ (ﬁn U B). Thus we obtain MIQ, =0 from
P'u[Q, = 0 with the aid of Proposition (3.12). This proves
(3.22) supp u C (QnUB)QCKUBQ.

Let ¢ € C:(U) such that ¢ 1is identically I in a neighborhood
V of KUYUL. In V we have u = ¢u and thus P'u = P'(pu). From
(3.22) and the definition of U we infer

supp vu C supp ¢ N supp u
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cQ \(EQ \L) N (kU EQ) CXUTL

which yields ¢u = ¢ and thus P'(pu) = 0 in Q\(KVU L). This proves
P'y = P'(ou) since suppP'u C ﬁn C K. Finally ¢ € C:(U) C C:(ﬁj)

implies
_ [ — [ ' Ay
v = P'u = P'(pu) € P (CO(Qj)).

For u € N(P') the assertion (3.22) holds with K = ¢g. Hence
' [¢e] -
N(P!") C CO(BQ).

(3.23) LEMMA. Let X be a compact subset of Q. Assume that P' ful-
fils the property UCPS in Q\NX. Then § is singularly P-convex with
respect to (g,r).

PROOF. Fix some n € IN. Since (ﬁn U K)é is compact there is a J€
N such that (ﬁn v K)é C ﬁj—l' We prove that

f— o0 —-, _, c — o o Jup—
(Bpg,kz(ﬂn) + CO(Q)) N R(Pl) - Pl(Bpl,kl(Qj) + CO(QI))

holds for all 1 > j. Let v € (85 , (@) + ¢ (9)) N R(P}). Hence
— Poskg m o 1

- P! - Dt c el : D a
v = Plu = P'u for some u € Bp],kl(nl) and sing supp P'u C Qn' As
in (3.22) we obtain by using (3.13) that sing suppu C (ﬁn U K)é C
Q . Choose ¢ € C:(ﬁj) such that ¢ 1is identically 1 in a neigh-

g1 _
borhoecd of Qj_ Then

7°

w=¢u+ (1 -9u€ B o (§.)+C (Q).
pls 1 J o 1
(3.24) PROPOSITION. Let B be a compact subset of $. Assume that P'

fulfils the property UCP in Q \B and that P' Ffulfils the property
UCPS in Q. Then dimN(P') < o,

PROOF. Fix some 1 € IV such that EQ C8,. Let € &'(R) and P'u=
0. Proposition (3.13) implies that sing suppu = @#. Hence, by (3.15),
N(p') C CZ(ﬁl) and N(P') = N(?i) is a closed subspace of D(ﬁr’and

of (B .0, |
plskj 1 P;:kz

and the open mapping theorem, cf. e.g. [6]1, (3.1)(B). D(ﬁl) is a
Schwartz space, cf. e.g. [5], p. 282. This shows that N(P') is a

normed Schwartz space. By the definition of Schwartz spaces its unit

J. Both topologies coincide on ¥(P') by (3.3)
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ball is precompact. Hence W~N(P') is finite dimensional by a theorem

of F. Riesz, cf. e.g. [5]1, p. 147.

(3.25) PROPOSITION. Let #n, s, s’',t € IN, s > s'. Assume
(3.26) N(P') N ES(R,) < (R,

and that there is a € > 0 such that

(3.27) lul, < clluly, + (P'ul,) (wec (@)

Then Pé,n : (CO(Qn),( [S) - (CO(Qn),[ lt) is open.

PROOF. Let EV'L be the closure of P/

3

fé is a restriction of the mapping P2' : D'(R) » D'(Q) and thus an

. C = ‘o
in (HZ@),| | xE @), 1,0

operator. Since | ls’ < | Is the estimation (3.27) implies

(3.27") lul, < ctlul gy + |Plul,) (w € D(P})).

With the aid of [2], Th. VII.2.l.ii we prove that

oo ¢ .5 (<2 .
(3.28) P! (Hs(Qn),l ls) - (Ht(Qn)’l | is open.
We set
_ e e
X := (H ,(Qn),l ls,), Y oi= (H (), | \t),
T :=P', D := D(T) = D(P')
n n
Nl o= Jul, + l?éu|t (w € D(P!)).
D, :=(D(T), I II;) is complete as fé is closed. The identity map
from D, onto ¥ with the T-norm is bounded because of I Is’ < | Is'
From (3.27') we conclude that
Null, < 2c(lul ., + ]?éu|t) (u € D(fé)).
The canonical injection (D(fé),ll ”1) - (H:(ﬁn),l IS) is continuous,

; = e = ;
the embedding (Hz(Qn),l ]s) -~ (E_,(9,),] | ) is compact, cf. e.g.

8
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[4]1, Th. 2.2.3, whence the identity map from DZ into X 1is com-
pact. Therefore R(?V’l) is closed in (Hi(ﬁn),l | ,) according to the
above cited theorem. Banach's closed range theorem, cf. e.g. [ 61,
(3.1) (B), yields (3.28).

Let X, denote the unit ball in (Hi(ﬁn)’i lt)' (3.28) means that

there is a Yy > 0 such that
I} Dr) c vp!
Kt R(Pn) YPn(Ks).
Intersecting both sides by R(Py’; n) we obtain
3
N ' c y(p! n '
Kt R(Pn,n) Y(Pn(Ks) R(Pn,n))
because G(P; ) C G(P!). (3.26) implies that
3

o i i
Pn(Ks) n R(Pn’n) C Pn,?’l(Ks)

which proves the assertion of (3.25).

(3.29) THEOREM. Let P be agn elliptic LPDO on Q. Let B be a closed
subset of Q such that EQ 18 the union of a locally finite family
of disjoint compact subsets of Q. Assume that the coefficients of P
are analytic functions in §Q \B. We assert: The operator P : D'(Q)
-+ D' (Q) is normally solvable. If B is compact then codim R(P) < .

P is surjective if B 1s empty.

PROOF. Let m be the order of P. P' is an elliptic LPDO of the
same order. We know from [17], p. 352 that for each n € W and each
t € I there is a ¢ > 0 such that
© —
14
ful < C(|ul +|Prul,) (wec (a)).

m+t m+t—1

Since WN(P') C ¢ (Q), cf. e.q. [4], Th. 7.4.1,

(3.30) P oy i (Co(ﬁn),| |m+t) - (Co(ﬁn),l |,/ is open

by Proposition (3.25). It follows that Pr'z
as (3.30) holds for arbitrary t € W.

" D(ﬁn) - D(ﬁn) is open

Next we shall prove that @ is strongly P-convex with respect to

(] |m,| |O). P' fulfils the property UCP in Q \ B as its coefficients
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are analytic there, cf. [41,Th. 5.3.1. Thus 9 is D'-P-convex by

(3.15) . The (l |m,| lo)—openness of Pé n is clear by (3.30). P’
3

fulfils the property UCPS in Q, cf. [4], Th. 7.4.1. Therefore Q

is singularly P-convex, see Lemma (3.23).

It follows from (3.7) that P 1is normally solvable. The statement
codim R(P) < e is clear from (3.24). If B = ¢ then By = ¢ which
implies w(p') = {0} by (3.15).

3.3. EXAMPLES

In the following we state some LPDOs in D' (Q) which are nor-

mally solvable but not surjective.

EXAMPLE 1. In [10], p. 610 Pli§ constructed an elliptic LPDO @ with
Cm—coefficients in 1R3 which are constant outside a compact subset.
He showed that @ : C:ng) d C:(Bg) is not injective. We set P=g'
and conclude from (3.29) that P : pr(m:) - D'ﬂmg) is normally

solvable with 0 # codim R(P) < oo,
EXAMPLE 2. By modifying the Pli§ operator P we can construct an
elliptic LPDO B : D'(R°) » D' (IR®) with ¢"-coefficients in R° which

is normally solvable with eodim R(P) = o cf. [8]1, p. 61.

EXAMPLE 3. Let us consider the LPDO

P ==z 3 - x i
2 axl 1 sz
on the set
Q=K = {ze B :p < lx| < r,}
PJ’PZ ° ) 1 2

where 0 < ry < ry < o,

We assert: the operator P : D'(Q) - D'(Q) is normally solvable
and codimR(P) = o,

(n) o

PROOF. Choose strictly monotone sequences (rl(n))Oo and (rz )O such
(n) (n) (o) (0) ) L
that r, X rys Ty rory and r, <rgl. Define  :=K ) (n)°
T1 T2
In polar coordinates (r,y) the operator P' becomes 7%; . It 1is

easy to show that
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N(P') = {f€c () : 3K € CZ(rl,rZ) Vo € Q flx) = h(l|z|)}

and
27
R(P') = {g € C:(Q) : ¥r € (rl,rz) ( glrcosv,rsiny) = 0},
‘o
The latter relationship implies that RA(P'’) is closed. It follows from

Lenma (2.2) that the openness conditions in Theorem (3.7) are ful-
filled and that Q is D'-P-convex.

Next we prove

e} ! r
(3.31) K| I R(Pn,ﬂ) C Zﬂpn,n(}{| l )
2 o

which means that Pé) is (] [, | ,/-open. Let g € R(Pé’n). De-
fine

(4

flrcosy,rsineg)l ::J g(r cos 8,r stn 8)d6.
0

Then §f € CZ(ﬁn) and P'f = g. We easily obtain |f|0 < 2ﬂ|g|0 which
proves (3.31).

Finally we show that
— o — =, =, _ o —
(Ho(Qn) + CO(QJ)) n R(Pl) C PJ(HO(QH+1) + CO(QJ))

holds for all n € W and 1 > n + 2 which means that © is singu-

larly P-convex with respect to (| lo’l Io). Let
_ o -,
g € (Ho(Qn) + CO(QJ)) n R(PJ)'

Choose some 1y € C:(ﬁ ) which is identically 1 in a neighborhood

n+1

of Qn and is independent of Y. It is easy to see that
- “a B
(1 Vg € ¢_(Q,) N R(P})
and
) oI
bg € HO(Qn+]) N R(P;).

A straightforward calculation yields g € Ef(Ho(ﬁn 1)) which proves

+
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g € PI(A_(R,, ;) + ¢ @)

The assertion is clear by Theorem (3.7); dimN(P')
codim R(P) = =,

® implies

2
REMARK. Assume that { is an open connected subset of R" \ {¢}.

d 0
P == - x
2 oxy I 2z,
is normally solvable iff the set @, := {x € @ : |z] = r} is con-

nected for all » > 0.

For proof see [8], p. 61.
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INTRODUCTION

We consider the following problem: "Given locally convex spaces
E and F and a closed subspace G of E, under which conditions a ho-
lomorphic function f : G > F can be extended to a holomorphic func-
tion F: E - F?". This is the holomorphic analogue of the Hahn-Banach
theorem. It was proposed and studied first by Dineen (see [5]), but
there are papers on this topic as well by Aron, Berner, Boland, Colombeau
and Mujica, Hollstein, Meise and Vogt. Our results are obtained by
proving first appropriate theorems for homogeneous polynomials and
use of Taylor-expansions. In this note we will extend some types of
holomorphic functions f:E = ¢ to holomorphic functions f : E" - ¢.
Moreover, we will characterize the space of the extended holomorphic

functions on E” and will study the extension mapping.

This research was partially supported by a Research Scholarship

from CNPg. I want to express may thanks for this financial support.

NOTATION

Let E be a locally convex space. We denote by P(nE)B the
space P(nE) with the topology B8 of the uniform convergence on the
bounded subsets of E.

The space spanned in P"E) by
{wn P x € E - (w(x))n; ¢ € E'}

is the space of continuous n-homogeneous polynomials of finite type,

denoted by Pf(nE). The closure of Pf(nE) in P(nE)B is denoted

by Pc(nE). For details, we refer to Gupta [8].

We define in [13] the following spaces:
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Pf*(nE”) := span (9" : 2 € BE" » (p(x))"; 0 € E'}

rn .= Npwy - Non i Non
Pc*( E") := Pf*( E'") = closure of Pf*( E") in P("E )B’
where B denotes the topology of uniform convergence on all bounded

subsets of E"” := (Eé)é

n _ n . n
Pc( E,F) := Pf( E) ® F, closure in P( E’F)B’

n n . n .
Pc*( EM",F) := Pf*( E") ® F, closure in P( E”,FJB,

Pwu(nE) :={p € P"5) : P/B is 6(E,Z')-uniformly continuous

for every B C E bounded};

Pw*u(nE") :={pe p"gr) : P/B°° is o(E" E')-uniformly continuous

for every B C E bounded}.
If U is an open subset of &, we define
Ho(v) := {f € H(v) : Epw) € Py*E) for all k€W and « € U)

where 0 = ¢, wu.

If ¥ is an open subset of E", we define
= . ak k n
Ho(W) := {f€HW) : d flx) € Py("E") for all k€ I and =z € W}

where 0 = ¢*, w*u.
Finally we set Heb(E) = Hg(E) N Hb(E) (6 = e, wu) and Heb(E")

= n " - 3 s "
= HS(E ) N Hb(E ) (0 = e*, w*y). We consider in Heb(E) and Heb(E )
the topologies of the uniform convergence on the bounded subsets of

E and E", respectively.

For further notation and basic results we refer to [6]and [13].

§ 1. Let E and F be Banach spaces. Given f € H(U;F), where U |is

an open subset of E, and « € U, then the radius of convergence of
f at x is

r (a,f) = (Lim supll (1 /n2) @) ?/)7]
n
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and the radius of boundedness of f at =, rb(x,f), is the

207

supremum

of all r > 0 such that the ball of radius r centered at x is con-

tained in U and f is bounded on <{t. We have (see [14] §7, propo-

sition 2):

rb(x,f) = min {rc(x,f), dist(x,E\NU)}.

LEMMA 1. If E and F are Banach spaces and n € I, then there erists

for every P E P ("E;F) a unique extension P € Pc*(nE";F)

e
tor defined by TnP := P has the following properties:

(1) HTnH = 1 for all n € IV;

. The opera-

(2) T, 18 an isomorphism from Pc(nE;F) onto Pc*(nE”;F);

(3) for every k, m€ Iy, kK <m and P € Pc(mE;F),

dr pry) = 1,8P(y) for atl  y € &

PROOF. It is enough to remember that, by definition,

("E) ® F, closure in P(nE,F)

n —
Pc( E;F) := Pf

B:
P ("E",F) := Pf*(”E") ® ¥, closure in P(”E",F)B,

and use [13], Lemma 1 and Remark 2,
LEMMA 2. If E is a normed space then there is an unique

. n n
T, Pwu( E) ~ Pm*u( E")
such that
o — n .
(1) T P /E =P for gqll P E Pwu( E);

(2) T, I <"/t

(3) for every k, m € W, k <m and P € Pwu(mE)’

ar piy) = 1,3Py)  for al1  y e &

PROOF, For (1) and (2), see [13], Corcllary 5.

Zsomorphism
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(3) For each m € W and P € Pwu(mE) we have by the first
part of this lemma that TmP € Pw*u(mE") C H(g"). So, for each y € ¥
there exists a neighbourhood U, C E" where the Taylor series ex-

¥
pansion of TmP at y converges uniformly to T P and so we have

m
T P(z") = Z (1 /k.’)dk(T P)(y)(z" - y) for every zxz" € U C E",
m k=0 m Y

By (1) we have TmP(ac) = P(x) for every «x € Uy N EF, where Uy N E is

a neighbourhood of y .in FE. So, there exists a neighbourhood V = of

¥
y in E such that
- ~k
P(x) = 2 (1/k1)A"P(y)(x - yJ
k=0
- <k
= Z (1/%k!)d (TmP)(y)(x -yl
k=0
for every x € Vy' and we have for every k < m:
Ia]‘ - L
(*) (1/k!) (TmP)(y)(ac -y) = (1/k1)d Ply)(x - y) for every «x € Vy .

As (1 /k.’):ik(’_]’mP) (y) and (1 /k.’)akP(y) are holomorphic functions on
E, (*) implies

(1 /%0035 P)(y) = (1/%1)3dP(y) on B,

dFerp)iy)
Now, if we prove that ———zi'—,—— is o(E,E')-uniformly continuous on

the bounded subsets of E, we have

=k
.y dkP(y)) d (TmP) (y)
% =
k! k!
Let B be a bounded subset of E" . Without loss of generality, we can

suppose B a balanced set (take the balanced hull, if necessary). We
known that (TmP)/(y +B) is o(E",E')-uniformly continuous and so,

given € > 0 there exists & > 0 and wl,...,wp € k' such that
]TmP(y +u) - I Ply + v)] < e for all u, v € B
such that I&pi(x -z)| <8 for Z =1,...,p. Now, if we take z, z

€ B such that |&p7:(ac - 3)] <6 we have y + Mz, y + Az € y+B for
all A such that X[ =1 (as B is balanced) and |¢ (Az~Xz)|=lp (z-2)|<$
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(as |>\| = 1); and by Cauchy we have for all x, 2z € B such that
lo (x - 2)| <8

| 3 pryier - - 3% Pioyica)

TmP(y + Ax) - TmP(y + Az)
Ak+1

= = | x|

Ixl=1

| A

1 9 . -
- v am liTilemP(y + Ax) TPy + rz)| < €.

PROPOSITION 3. Let E and F be Banach spaces. If U & E £s open
and non-empty and f € HG(U;F) then there exists an open set W CE"

and a umique F € Hc*(W;F) such that U CW and Ff/U = f. We may
take W to be the set

W= A{x€Eg" : lz- gyl < ry(y;f) for some y € Ul.
Furthermore, there 1s an isomorphism
T o ch(E;F) nd Hc*b(E”,'F)
such that (Tf)|E = f for all f € H_,(E;F).
PROOF. Let fF € HG(U;F). We have by definition that gkf(y) € Pc(kE;F)

for all y € U and k € . So, by Lemma 1, there exists a unique
extension Tkakf‘(y) € Pc*(kE'”J:F).

For each y € ¥, let

Uy = e € B" s llw = yll < rply; )3,
It is clear that ¥ = VY U and we can define T f : U - F by
yEU Y Y

Tyf(ac) T (T, TZ,- akf‘(y))(x -y) for x €U

k=0 : y©

If llz - yll < »r < ry (y;f) and ZSA = TZ,— c?kf(y), then

R N L BT 0 N N L I - P

k=0 k=0 k=0

since »r_(y;f) > rb(y;f‘) > r. Therefore Tyf is well defined and
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holomorphic on Uy and we have Tyf € Hc*(Uy;F).

Now suppose:
= N <
(A) Tyf’/Uy al Uz lzf,/Ug Uz for all Y, 2 U

is satisfied. Then Tf : W > F may be defined by Tf,/Uy ::Tyf and
Tf € Hc*(W;F). Furthermore the mapping T is clearly linear.

Now we are going to show that (A) is satisfied. We define:

3

r, (y;f)
U b 7
Y

;= {x € E" : llz -yl < 3

} for all y € U

and suppose that

3 3

3 _ 3
= N e
(B) va’/Uv n Uw wa’/Uv Uw for all v, w U

is satisfied. Then (A) is also satisfied for the following reasons:

For all x € Uy N Uz Z¢ and w = Ay + (1 - X))z, 0 <A <1 we

have:
lw =yl +llw - 20l = lly - =
<lle =yl + We = 20l < rplysf) + ryplz;f).

So either |[lw - yll < rb(y;f) or llw - zll < rb(z;f) and in either
case w € U N (Uy u Uz). Now if (B) holds then 7f is well defined

on the connected open set V = u U
0<A<1

and v N (Uy nu,l # ¢, (A) holds by unigueness of analytic continua-

iy+(1—%)z’ and since 3,y € V

tion.

So we will proceed to show (B):

Let y, 2 € U and take any =z € U; n Uz # ¢. We must show that
Tyf(x) = Tzf(x). Without loss of generality wemay assume that rb(mjv
< rb(y;f), and (by translation) that =z = 0.

Let ﬁn = (1 /n!)anf(y) and én = (1/nl)df(0), n € W. For all
v € E,

X

Tk,fly(v) = nfo P (v - y)
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is the k-th partial sum of the Taylor series of f at y and we can
show that

x

3m(Tk,f‘,y)(0) =d™ § ﬁn)(— Y/, for m = 0,1,...,K.

On the other hand we use Lemma 1 (3) to obtain:

k R k n 1 am
ZA(T P )(v-y) = Z (2 —d (TP J)(-y)l(v))
wop "N n=0 m=0 m! non
k o ko
= Z (1/m!)T7.d( Z P_J)(~y)(v)
_ m n
m=0 n=m

for all v € E". So, we have

k k
(<) T (rBiv-y)= Z (1/m)Pd™t
n=0 non m=0 m

k,f,y(O)(U) for all v € E".

Since e - yll < (1/3) vy f), lwl < (Z/S)zﬂb(o;") and ry(y;f) <
rb(O;f) (by assumption) we can find real numbers X, p, and o such
that

fell < X < (J/S)zﬂb('O;f), A < p,
le - yll < p < (1/8)r,(y;f) and 1 <0< (1/3p)ry(y;f).
Now llvil= A and |[p| < o implies
lu(v = gl <oflloll + el + le - yll) < 8op < ry (Y5 £)
and consequently
M= (c- 1)_lsup{”f‘(y +ulv -y)ll; vE€E, vl =, |yl =0} <=,
Applying (14) Lemma 1, §6, we have

m -k

- m -
ha, - (1 /mi)d rk,f,y(a)ll <A "o "M for all m, kK € I.

Therefore, by linearity of each T, and from Lemma 1(1), we obtain:

= ~m -m -k
(D) 17,9, - (1/m)r d't y(O)II <A oM

k)f)

so for all %k € I, using (C) and (D) we obtain:
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”Tof(x) - Tyf(x)" = Hmfo r.a, (z) - mEO TP (x = y)l
o = k R k m
<z T ()l +Il 2 7.8 (x) - Z (1/m!)T T (0) (x)ll
- m=k+1 m-m m=0 m-m m=0 m k.’f:y
k N © R
+ ”mfo TP (e - y) - mfo Tum(x -y
: M K am m
< 73l ™+ 207 4§ - (1 T T (o)l » i
- m=k+1 QO |x m=0 QO /m m k.’f:y z
+ Z Nz Bl - lle - yl”
m=k+1 mem
- m k -m _~k m z =
< OZ g - =l™ s 2 AT el 4 2 NB N - iz -yl
m=k+1 m=0 m=k+1
Since

Lim sup (18 I = Wal™)2™ < (1 /2 (05810 « Nl < 1,

it follows that the first (and similarly the third) term above tends

to 0 as k = ., The second term is dominated by (M/ck) : (e /0™
m=0

Since llzll /A < 1, the series is convergent and since o > 1 the
second term also tends to 0 as k > «. Therefore Tof(x) = Tyf(x)
and (B) is established.

The uniqueness of 7 comes from the uniqueness of Tmﬁm for all
m € Iv.

Now we will consider the case U = E. Take any integer n > 1

and let f € ch(E;F). For all x € E” such that llzll <= we have

Irfee)ll =0 2 7 (1/m)d"sC0)(x)ll < EN(1/m!)d"fC0)lA".

m=0 m=0

This inequality and the Cauchy estimates imply that
el < 2 sup{llf(z)ll : 2 € E, lzll < 2n}.
Hence

supDn ilrrll < 2 suanIIfH for all f € H , (E;F),
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where

p, = {x€E" :llzl<n} and B, = {z€F: =zl < 2n}.

Since {Dn}n ey 1S a fundamental sequence of bounded subsets of E”,
and B, 1is bounded, we see that If € Hc*b(E";F) for all F € HdﬂEQF)

and that T : ch(E;F) d Hc*b(E";F) is continuous. On the other hand,

the restriction to E is obviously the continuous left inverse of T.

PROPOSITION 4. Let E be a Banach space. If U C E is open and non
empty and f € Hmu(E) then there exists an open set W C E" and a
unique f € H x,(E") such that U C W and f/U = f. We may take W
to be the set

W :={x € E" : ¢ llz - yll < rb(y;f) for some y € Ul
Furthermore, there is an tsomorphism

T :H ub(E) - Hw (E")

w *ub

such that (Tf)/E = f for all f € Hw (E).

ub

PROOF. Similar to the proof of Proposition 3, using Lemma 2.

§ 2. Let E be a bornological space which contains a fundamental se-

quence of bounded sets (Bn): We may suppose that each Bn is

=1"
convex and balanced. Let

w m
2 AB :={Z2x_b_ :b €B m arbitraryl}.

n n n n’
Since a locally convex space is bornological if and only if every

convex balanced set which absorbs every bounded set is a neighbour-

o

hood of zero, we find that sets of the form z Xan form a basis
n=1

of neighbourhoods of zero in F as (Xn):_z ranges over all sequences
of positive real numbers. This follows since DI Bn is convex and

n=1
balanced and absorbs every bounded set and hence is a neighbourhood

of zero. On the other hand, if ¥V is a convex balanced neighbourhood

of zero then for every n € IW there exists o, > 0 such that
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@B CV and hence V> £ (u_/2")B_.
n'n _ n n
n=1
LEMMA 5. Let E be a bornological space which contains a fundamental
7 If Eé is distinguished, then the
o2
sets of the form z oA, BZO form a set of neighbourhoods of zero in
n=1

sequence of bounded sets (Bn)::

EY" as (A )m_ ranges over all sequences o ositive real numbers.
B n’'n=1 g p

PROOF. If E’é is distinguished then, being in addition a Fréchet
space, the second dual E" 1is a bornological (DF)-space whose bound-
ed sets are equicontinuous (see [7] ), whence contained in some Bo°

with B € E bounded.

So, if X 1is a bounded subset of E", there exists a bounded
set B C E such that X € B°?, But there exists Bn such that B C
Bn (as (Bn)::l is a fundamental sequence of bounded sets) and so

B%° c Bflo. Hence, (B:o)::l is a sequence of absolutely convex bound-
ed subsets of E" such that each bounded set of E” is contained 1in

some BZO and therefore the sets of the form z An Bzo are convex,
n=1

balanced and absorb every bounded subset of E". Since E" is bor-

nological we find that the sets of the form z }‘n BZO are neigh-
n=1
bourhoods of zero in E".

LEMMA 6. GZven f € Hb(E), for each ¢ > 0 and for each n, € N there

exists a sequence of positive real numbers ”‘n)nzl

such that A, = c¢
n

o
and I fl < », where (B ) _, s a fundamental sequence of
ngl A” B”
convex balanced bounded sets.
PROOF. As X A B = 2 Ao(n)Bs(n) for every permutation o of
n=1 n=1
IV, we may suppose without loss of generality that n, = 1.

Since B, is bounded we have Rt ¢p. - M <= for a given f €
1
Hb (E).

Now suppose xl = c,>\2,.. .,Ap have been chosen so that

P n
[ <M+ Z (1/2) =M.
n=1

M3
>
to
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p .
Let L := niz Xan . If &8 > 0 we let L(8) =L + GBp+1' It is

clear that ZL(8) is bounded for all ¢ > 0. We first choose any 60 >
0. Then

[ee] --k
T (1 /xt)d%scol
rmo L(s,)

< I (1 /Z)k
k=0

< oo

Il =210rl
2L(s ) 2L(Go)

(this inequality is derived by using the Cauchy inequalities and the
fact that 2L(60) is bounded). So, given any € > 0 we can find a

positive integer V such that

©

T N1k F0
k=N+1

p(s ) S E/4
2]

For each k € W, let (I /k!)akf(O) be the symmetric k-linear form
associated with (1 /k!)3%f0). T€ & > 0 then

N -k N ~k
W Z (1/kd)d"Fcoll <N Z (1/7kM)dro
Pt res) =12, L
il k ) .
+ 6 = sup Iz (?. )17kt d% o)) T sy )7 eyl
k=0 xEL,yEBp+1 J=1
Since
i k . .
) sup s (X srndrcore)’® sy < =,
k=0 x €L,y €8, §=1 J

we can choose 61 > @, 61 < 60, so that

N k

6, T sup =K1 /kndp0) ) T s Ty < e /e
k=0 x€L,y€B =17
p+1
on the other hand
N ok @ ~k
I = (1/kl)d fo)l, =lf - = (1/kDd o)l
k=0 k=N+1

oa

sy + X W0 /xDd¥ g0l
=N+

| A

-5

- 5K
e, + £ (1 /kH)d7Fio)l <
L k=N+1 Les,) =

I~
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S UfFl, +e/4 <M+ e/4.

Hence
u sk - -k
“f”L(Gz) = ”kio(l /kI)dTf0) + k:§+1(1 /kl)d f(O)”L(Sz)
RN /3o RS /x1Id%F0)
T k=0 LO81)  j=per Lesy)

o

M s e a4+ e/2+ I N(1/kDEF0
k=N+1

VA

L(SO)

A

M' +e/4+€e/2+e/4 =M + €.

Hence, by induction, we can choose a sequence of positive real num-
oo
bers (A ) _, such that A, = ¢ and |lfil <M+ 1< o,
n=g "7

LEMMA 7. Let E be a locally convex space such that Eé is distin-—
guished and metrizable. Then for every =n € IN there is a unique iso—
morphism

"

v . n ->
r: P ("E) > P, ("EY)

n w

such that

(1) (T P)/E = P for all P € Pwu("E)

(2) sup | (T _P)(x)| < (" /n!) sup |P(x)| for all bounded and
x€pgoo 7 - x€B

absolutely convex subsets B C E.
PROOF. See [13], Proposition 7 (a).

PROPOSITION 8. Let E be a bornological space which contains a fun—

[

damental sequence of bounded sets (Bn)n:l

and such that Eé 18 dis—

tinguished. Then there <s a strict morphism
. "t
T : kub(E) - Hb(E )

such that (Tf)/E = f for all f € ku (E).

b
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PROOF. We may suppose that each Bn is convex and balanced. Define
Tf : E" » & for each f € kub(E) by

9]

(7f)(2) := I (T, (1/k13IF0))(x) for all « € E,
k=0

where T, is the isomorphism from Pwu(kE) onto Pw*u(kE”) defined

in Lemma 7.

(i) T7f € H(E") for each £ € kub(E) C H(E). Indeed, let

Pp = (1 /k!)akf(O) and ?k ;= T;P, . For all m € {1,...,p} we have

0o
) El

p
A B C (X X B
n n n n

p
AB C X%
=1 n=1

m m
n

which is absolutely convex, and so

p p
T (x /2™)B%° c (2 A B )
n=1 " n n=1 "%
00 14 00
as A B~ C (X X B_) for all m € {1,...,p}. We remark also that
m’m g M
p
z Aan is a bounded absolutely convex subset of F. Now, for every
n=1

p
£ € X (1/’2")AnBzo we have £ € X2 (1 /Zn)AnBzo for some p € W
n=1 n=1

and so, using Lemma 7(2) we obtain, for every k € IV:

|Pk(£)| < WP I i < el p .
% (x /2")B%° (T B )%
n=1 " n=1 * "
k ' K ’
< (RS /KD < (KSR NP
z Aan Z A B
n=1 n=1 * 7"
Thus
(*) B0 < (xF/xD) Pl
z (x /2")B%° T AB
n=1 n " n=1 nn
Take any y € E". as E" = U BZO, y € BZO for some n, € m. By
n=1 o

Lemma 6 there exists a sequence (An)::l of positive real numbers such
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n
that Xn =292 and lifl o = M < o,
© 2(e+1) T )\ B
nn
n=1
z (An /Zn)BZO (as y € BZO) and we have that
n=1 0

a neighbourhood of y. Using [6], Lemma 1.13,

inequalities, we get that

o0

irAl <z OB,
y+ I (1 _s2"ygoo k0 y+ T (A
n=1 " n=1

<z g,
k=0 T (A
n=1 "

-]

| A

k=0

o]

= (kX srrikias e + DRngn
k=0

oo

n=1

o]

A ELN T

It is clear that

y + Z (x_/2")B
_ n
n=1

{*) and the
n oo
/27)B,

/27’1)800
n

(=]
Z A B
n=1 non

2(e+1) T A _B
non

<z kXt + D7FY < o,

k=0

y €

00 is
n

Cauchy

So, Tf is a G-holomorphic function which is locally bounded and, by

[6] Lemma 2.8, Tf is holomorphic.

(ii) We know already that all bounded sets X in E" are

. . . oo
continuous whence contained in some &

particular, X C Bzo for some #n). Hence

o]

with B C F bounded

n

=k
Izeh, < 02Fl < oW(1/kI)T,d5pc0)l
X — 590 k=0 k 590
n n
z k ~k
< X (kT /RIN(1/%E)d f(O)”B
» k:O
(=] k _
< X (kT /kI)(e + 1)
k=0

k
Ilfll(e +1)B
n

equi-

(in
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Since X is an arbitrary bounded set in E”, and each (e + J)Bn is
bounded in E, we see that Tjf € Hb(E”) for all jf € kub(E’) and that
T kub(E’f i Hb(E’”) is continuous (kub(E) and Hb(E‘") with the to-
pology of uniform convergence on the bounded subsets of E and E").
On the other hand, the restriction to EF is clearly a continuous left
inverse of TI. Since T 1is obviously linear and injective, I is a

strict morphism.

REMARKS. (1) If E 1is the strict inductive limit of Banach spaces
Ek then (by [7], pp. 86) E” 1is also a strict inductive limit of
Banach spaces, in particular barrelled, whence E’ is distinguished.

So, this is a special case of Proposition 8.

(2) It is clear that if we can extend a holomorphic function f
on E to a holomorphic function 7 on £", then we can extend this f
to every locally convex space (G such that E € ¢ and there exists
5 :G > E” linear, continuous such that SIE’:idE . In case of Banach
spaces we know that F is an -fw—space in the sense of Lindenstrauss
and Pelczynski if and only if for every locally convex space G which
contains £ as a subspace there exists S : 6 = E” linear, con-
tinuous such that S|E = idE. The spaces ¢, ) L,(uw) and C(K)

oo ?

are examples of such spaces.
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0. INTRODUCTION

In the present mostly expositdOry text, we propose to develop a
fairly readable introduction to the closely related subjects of ho-
lomorphic factorization and uniform holomorphy. It appears that these
two akin concepts were firstly studied as such by Nachbin [3 ] (see
also [4]), and next by Ligocka[2] as well as by Dineen (see [1] and
the references given there). However, an embryonal approach to such
a viewpoint goes back to Rickart [5], with the statement that "a
holomorphic mapping in infinitely many variables actually depends only
on finitely many of them", an appealing assertion to be understood in
a proper way, to be correct (see Example 17). In our exposition, the
main concepts are in Definitions 5, 10, 19, 23, 37; the key results
are Propositions 14, 16, 18, 22, 27, 29. Attention is called to Ex-
amples 9, 17, 21, 30, 31, 33, 35, 36, 39, 40, in which such concepts
and results are used. We do not have the goal of being exhaustive;
thus we do not treat further work on holomorphic factorization and
uniform holomorphy due to L. Abrahamson, V. Aurich, P. Berner, J. F.
Colombeau, S. Dineen, E. Grusell, A. Hirschowitz, R. Hollstein, B.
Josefson, N. V.Khue, E. Ligocka, M. L. Lourengo, M.C. Matos, R. Meise,
L. A. Moraes, J. Mujica, L. Nachbin, P. Noverraz, O. T.W. Paques, C.
E. Rickart, M. Schottenloher, R. Soraggi, D. Vogt and M. C. F. Zaine,
to quote names that are present to our mind at this time even risking
unintentional omissions. A monograph would be the case for that
goal. Thus the Bibliography at the end is reduced to an absolute
minimum. Our text is enhanced by two final sections on some histori-

cal notes and open problems.

1. NOTATION AND TERMINOLOGY

CONVENTION 0. We set the following:
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(a) S$(r) denotes the set of all seminorms on a complex vector
space E. We say that 4 € S(E) is directed when, given miE 4, there
are o € 4, X € IR+, such that a, < o (7 = 1,2). Let Em = (E,u)
be E seminormed by o € S(E), and E/a =B, / «2(0) be the as-

sociated normed space. Ba P(x) and Ea P(x) are the open and closed

balls in Ea of center « € £ and radius »r > 0, respectivelly.

(b) CS(E) denotes the set of all continuous seminorms on a
complex locally convex space E. Then (0S(E) represents the set of
all o € ¢S(E) such that the natural mapping E = EF /a is open. More-
over, CCS(E) is the set of all o € (CS(E) for which the normed space

E /a is complete.

(c) Let X C FU be a set of mappings of a topological space
U to a complex locally convex space F. We say that X is: (B)
bounded on U when X(U) = {f(z);f € X, « € U} is bounded in F;
(LB) locally bounded on U if U is covered by its open subsets V
such that every restriction X|V = {f | V;f € X} is bounded on V; (ELB)
equilocally bounded on U if U is covered by its open subsets 14
such that every restriction f |V is bounded on V for f € X. We
also say that X is: (AB) amply bounded on U if X is locally bounded
on U as a subset of (FB)U for every B € (¢S(F); (EAB) equiamply
bounded on U if X is equilocally bounded on U as a subset of(FB)U
for every B € CS(F).

(d) Let E be a complex vector space. Then U C E is said to
be finitely (or algebraically) open when U NS is open in every fi-
nite dimensional vector subspace S C E for the natural topology of
S. Moreover, U € E being nonvoid and finitely open, if F is a com-
plex locally convex space, then f : U > F 1is said to be finitely
(or algebraically) holomorphic if the restriction f£|(UNS) : UNS~>F
is holomorphic for every finite dimensional vector subspace s C E
meeting U for the natural topology of S; we denote by ﬂ?(U;F) (or
Ma(U;F)) the vector space of all such f : U = F. When both F and F
are complex locally convex spaces, U € E being nonvoid and open, then
f: U=>F is said to be holomorphic if it is both finitely holomor-
phic and continuous; we denote by H(U;F) the vector space of all
such f : U = F.

CONVENTION 1. Let “i ; E ~» Ei be a continuous linear mapping, called

a projection, between the complex locally convex spaces £ and Ei

(i € I), where I is a nonvoid set, such that we have the projective
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(or inverse) limit representation (PLR) £ = ZimieIEi , that is, the
<«

topology given on E is the smallest topology on E for which every
" (7 € I) is continuous; or, equivalently, the topology TE given

on E is the supremum of the inverse image TT;J(TEi) by L of the

topology TEi given on Ei' for all < € I, this supremum being in-

differently in the complete lattices of all topologies, or of all

locally convex topologies, on E; or, again equivalently, the carte-

sian product mapping Il LT E > II E. 1is a homeomorphism between
1€T €T

E and its image. For certain purposes, we may assume surjectivity

Wi(E) =B, (7 € 1), as it suffices to use the projective limit repre-

sentation E = Ilim ., T.(E) in place of the given one.
LT1ET

EXAMPLE 2. Let us list succintly some examples of projective limit

representations:
(a) We have the standard projective limit representations E
Zzimu e Eoc and FE = Zi’"a ey E/o. of a complex locally convex space

E, where 4 C CS(E) defines the topology of E, and often is assumed
to be directed.

(b) Let 7 and Ti (7 € I) be locally convex topologies on a
it for all

7 € I, this supremum being indifferently in the complete lattices of

complex vector space, such that T is the supremum of T

all topologies, or of all locally convex topologies, on E. Then
(E,T) = lim (E’Ti)' In a natural sense, every projective 1limit
< z€7T

representation of E leads to the present one.

(c) The cartesian product £ = II E. of complex locally con-
1€T
vex spaces E. (2 € I) has the projective limit representation E =

Z;z;m ier Ei with respect to the natural projections L E - Ei (1 € I1J.

Sometimes we need to use the projective limit representation E =
: i = II i
Zf;mJe(p(I) EJ by taking EJ e Ej with respect to the natural

projections L E - EJ for J € ¢(I), where ¢{I) is the set of all

finite subsets of I.

(d) Let o, ¢ Ei -+ E be a continuous linear mapping, called

an inclusion, between the complex locally convex spaces Ei (7 € I)

and E, such that we have the inductive (or direct) limit representation
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(ILR) E = Zj;mieI

est locally convex topology on E for which every 0, (£ € 1) 1is

Ei’ that is, the topology given on E is the larg-

continuous. If F is another complex locally convex space, by using
vector spaces of continuous linear mappings, we may consider the pro-
jective limit representation £L(E;F) = iim iEIL (Ei;F) with respect to
the transposed linear mapping " :t(ci) Pu € L(E;F) uo, EL(E’i,-F),
by using on every »C(Ei;F) (7 € 7) the limit, or strong, or compact-
open, etc., topology, and on £L(E;F) the projective limit topology,
which hopefully is its limit, or strong, or compact-open, etc. to-
pology. Likewise, by using vector spaces of holomorphic mappings, we
may consider the projective limit representation K(U3F):Z£"2i61 JC(Ui,'F)
with respect to the transposed linear mapping T, = 75(07;) : f € H(U;F)
— fcri € JC(Ui,-F), where ¢ C E is nonvoid and open, and Ui: 021([1),
by using on every JC(Ui_;F) (¢ € I) the topology TG’ or Tw’ or To’
etc., and on ¥(U;F) the projective limit topology, which hopefully is
the topology Td, or Tw’ or To’ etc.

2. HOLOMORPHIC FACTORIZATION

DEFINITION 3. Following Convention 1, if U is an open nonvoid sub-

set of E, and F is a complex locally convex space, then we say that

FW=gln (1
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holomorphic factorization holds for X C H(U;F) in the given projec-
tive limit representation when there are < € I and a cover C of U
by opennonvoid subsets of ¥, such that, to every V € C there cor-
responds an open nonvoid subset W of Ei with ﬂi(V) C W, and to
every V € C and every f € X there corresponds g € H(W;F) satis-~
fying f = gm, on V. We may assume that such V and W are all
connected; it suffices to replace ( by the collection of all connec-
ted components 7V, of all V€ C, and with every such V, associate
the connected component ¥, containing v, of the corresponding ¥.
Note that w.(V) is finitely open in Wi(E); and that g 1is unique

7
if ﬂi(E) = Ei,and W 1is connected, F being a Hausdorff space.

REMARK 4. Note that a nonvoid subset X C H(U;F) corresponds natu-
rally to a mapping fy € M(U;FX) defined by fx(x) = (f(x))fex for
x € U. Then holomorphic factorization holds for X C ¥(U;F) if and
only if it holds for fX € M(UjFX), both in the given projective
limit representation.

DEFINITION- 5. Following Convention 1, we say that holomorphic factoriza—
tion holds for the given projective limit representation, when holo-
morphic factorization holds for every equilocally bounded subset X
of ¥(U;F) in the given projective limit representation, for every
connected open nonvoid subset U of E and every complex locally con-

vex space F.

REMARK 6. Note that, by Remark 4, it is equivalent to require in Defi-
nition 5 that the indicated conditions hold when X is reduced to a

single locally bounded mapping f € H(y;F), for every such U and F.

3. UNIFORM HOLOMORPHY

DEFINITION 7. Following Convention 1, if U is an open nonvoid sub-
set of £, and F is a complex locally convex space, then we say that
uniform holomorphy holds for X C H(U;F) in the given projective limit
representation when holomorphic factorization holds for X C MHUFB)

in the given projective limit representation, for every B € (CS(F).

REMARK 8. It is plain that, if holomorphic factorization holds for
X, then uniform holomorphy holds for X too, both in the given pro-

jective limit representation. The converse is true if F is seminormable.
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However, if F is not seminormable, assume E = F, U = E, X = {14d},
where Id : F =+ F is the identity mapping, consider the standard pro-

jective limit representation £ = szde CS(E) Eu’

form holomorphy holds, but holomorphic factorization fails, for X,

and note that uni-

both in this projective limit representation.

EXAMPLE 9. E and F being complex locally convex spaces, we say
that f € X(E;F) is an entire mapping of dominatable growth when, for
every B € CS(F), there is o € (S(E) such that

ulr) = sup {Blf(z)); = € E, afx) < r} < + o for all r € R

Then u : K, = lR+ is increasing, and B[ f(x)] < ula(x)] for all

x € E. Moreover, u 1is the smallest increasing function v : JR+ - JR+
for which BI[f(x)] < via(z)] for all x € E. It follows from the maxi-
mum seminorm theorem that f is of dominatable growth if and only
if, for every B € CS(F), there are a € (CS(E) and [P E+ - ﬂ?+
such that B[ f(x)] < wla(x)] for all x € E, because then we can
replace w by the largest increasing function v 1R+ g 1R+ under
w. If f is of dominatable growth, then uniform holomorphy holds for

it in the standard projective limit representation F Z’zimOtECS(E) o

but not necessarily holomorphic factorization (see the counterexample
in Remark 8). An example of an entire mapping of dominatable growth
is given by a continuous polynomial f € P(E;F); or by f € H(E;F)
of exponential type, meaning that, for every B € (CS(E), there are
o € ¢5(E) and ¢ € R, such that BI[f(x)] < ¢ +exp lalx)] for all «
€ E; or by f € H(E;F) of finite order, meaning that for every 8 €
CS(F), there are o € CS(E), e € R, , r € R,, r>0 such that BEflx)]

< c'emp[a(ac)]r for all x € FE; etc.

DEFINITION 10. Following Convention 1, we say that uniform holomor-
phy holds for the given projective limit representation, when uniform
holomorphy holds for every eguiamply bounded subset X of X(U;F) in
the given projective limit representation, for every connected open

nonvoid subset U of E and every complex locally convex space F.

REMARK 11. It is plain that, if holomorphic factorization holds for
a given projective limit representation, then uniform holomorphy holds

for it too. See Problem 42.
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4. HOLOMORPHIC FACTORIZATION AND UNIFORM HOLOMORPHY OVER OPEN BASIC
PROJECTIVE LIMITS

DEFINITION 12. Following Convention 1, we say that V C E is uni-
formly open in the given projective limit representation when there
are 1 € I and an open subset Wi C Ei such that V = nzl(wi). If
ﬂi : E ~» Ei is surjective, it follows that Wi = ﬂi(V). By assuming
that all L E > Ei (7 € I) are surjective, V C F 1is uniformly open
in the projective limit representation if and only if there is ¢ €7
such that 7.(V) 1is open in E, and V = “Zl [ﬂi(V)]' The defini-
tion of a projective limit representation of E means that the uni-
formly open subsets of EF in that projective limit representation
form a subbase of all open subsets of FE. We say that the projective
limit representation is baszc when all uniformly open subsets of E
in that projective limit representation form a base of all open sub-
sets of E; equivalently, when the 'set of all o, T, € C(S(E)
(7 € I, o € CS(Ei)) is directed and defines the topology of E.

LEMMA 13. Following Convention 1, assume that ﬂi(E) = E, (¢ € I).
Let F be a complex locally convex space, and §f € L(E;F) be given.
Then:

(1) Holomorphie factorization holds for f <in the given pro-
Jective limit representation 1f and only if there are < € I, fi €
L : = ..

(Ei’F)’ such that f fiﬂt

(2) Uniform holomorphy holds for f <in the given projective
limit representation Zf and only <if, for every B € CS(F), there are
1 € I, fi € £(Ei;FB)’ such that f = fiwi'

PROOF. Let us prove (l). Sufficiency is clear, with C = {E}, v = &,
W = Ei’ g = fi' As to necessity, by assumption there are <7 € I, a
connected open subset V of E containing 0, a connected open subset

W of Ei containing Wi(V), and g € H(W;F), so that f = gn; on V.

We have f(0) = g7[ﬂi(0)J, hence g(0) = 0. Thus =x €7V ﬂﬂzl(a) im-
plies that f(x) = 0. Since V 1is absorbing, we see that f vanishes
on nZJ(O), and we may consider the quotient linear mapping fi : Ei

-+ F so that [ = fiﬂi on FE. Then fi = g on the finitely open sub-
set ﬂi(V) of ﬁi(E) = E. Since W is connected, uniqueness of ho-
lomorphic continuation gives ﬁfi =mg on W, where 1w : F - F, is

H
the natural open continuous linear mapping of F onto the Hausdorff



228 NACHBIN

locally convex space FH = F/0 associated with F. Hence ﬂfi is
continuous on W, in particular at ¢, and so ﬂfi € £(Ei;FH)' There-

fore fi € £(Ei;F)' Let us prove (2). Sufficiency is clear with C =

{E}, Vv = E (independent of B8), Z € I, W = Ei’ g = fi (depending on
B). As to necessity, it follows from necessity in (1), with F re-
placed by FB' QED

PROPOSITION 14. In order that uniform holomorphy (in particular, ho-
lomorphic factorization) should hold for a projective limit repre-

sentation, 1t is necessary that it be basic.

PROOF. Following Convention 1, let us assume that uniform holomor-

phy holds for E = Z:b_m L€ IEi . Then it holds also for F :kaiEIﬂi{Ei)'
If either of these two projective limit representation is basic, so
is the other. Thus we may assume that ﬂi(E) = E, (i € I). Fix ih

€I, 0. €CS(E, ) (h=1,2). Set F=E, XE. , f = m, x . &
n h v ] 1 2

L(E;F). Since uniform holomorphy holds for the given projective limit

representation, define B € CS(F) by B(yl,yg) = sup {ai(yh);h = 1,2}
h

for € E. (h=1,2), and apply 2) of Lemma 13 to find < € I, f.
Y pply p

“h
€ £(Ei5FB) such that f = f 7. . Write f. = gil x giZ, where gih
€ L(E.;(E. ) ), so that 7w. = g. m. (h = 1,2). Then Q. T. =
A ih C«’-ih ih ih 7 ih ih
(6. g. )mn. (h = 1,2). Since o. g. € CS(E.) (h = 1,2), we have that
A A A 7 A A
hTh h Ch
a, = sup taihgih; h o= 1,2} € CS(Ei) and aihwih <o m. (h=1,2). QED

DEFINITION 15. Following Convention 1, we say that the projective
limit representation is open when all . B> E, (i € I) are open

surjective mappings.

PROPOSITION 16. Holomorphic factorization, hence uniform holomorphy,

hold for every open basic projective limit representation.

PROOF. Following Convention 1, consider a connected open nonvoid
subset U of FE, a complex locally convex space F, and an eguilocally
bounded subset X of ¥(U;F). Fix an open nonvoid subset T of U
such that every f € X is bounded on T, that is,
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cgp = SUP {Blf(z)l; x € T} <+ » for every f € X, B € CS(F). Since

the projective limit representation is basic, there are < € I and

an open subset W of Ei such that n;Z(Wi) is nonvoid and con-

tained in T. For any «x € “;Z(Wi)’ that is 7 (x) € ¥, , there is a,

-1
; Z[Wi(x)] C W, and then Ban(x) c om (Wi)

C T if we set a = oL € (CS(E), so that (by assuming that F is a

€ (CS(E.) for which B
7 o

3

Hausdorff space, as we may) Cauchy's inequality gives Bl df(x)(y)]
— -1 ; \ —
< cha(y) = chai [“i(y)}' Thus y € ms (0) implies Bldf(z}(y)]l = 0

for every f € X, x € nzz(wi), y € n;1(0), B € (Cs5(F). Therefore

df(z)(y) = 0 for every f € X, x € H;Z(Wi). By uniqueness of holo-
morphic continuation, we get df(z)(y) = 0 for every f € X, =z € U,

y € nzz(O). Hence, every f € X 1is constant on every connected com-

ponent of U N [x + W;Z(O)] for all x € U. Next, if V is any open
convex nonvoid subset so that every f € X is bounded on V, then

W = ﬂi(V) is open in Ei' For every f € X, define g ¢: W - F by
gﬂi = f. It exists, that is, it is single valued because, if Ty, X

-1
(S = - S5 . i S5
v, “i(xz) “i(xZ)’ we have that « x m.O(0), that is =

1 2

x, * ﬂ;Z(O), so that the segment [xz,xZ] joining =«

2

7 and x, is con-

tained in Vv N [xz + ﬂ;Z(O)] cygn [xz + n;z(O)], and the connected
set [xz,le must be contained in a connected component of v n

[z, + nZZ(O)], implying f(z;) = f(x,), as needed. Since f € X is
holomorphic on U, hence finitely holomorphic there, g is finitely
holomorphic on V too; but then g € ¥(W;F) because it is bounded on
W, once f 1is bounded on V. QED

EXAMPLE 17. Let FE = n E, be a cartesian product of complex lo-
1€7T

cally convex spaces E. (Z € I). Then E = lim . E . with respect
7 < 1ET 2

to the projections mLod E - Ei (7 € I). This projective limit repre-
sentation is open, but not basic (except in trivial cases), so that
Proposition 16 does not apply to it (and actually uniform holomor-

phy, hence holomorphic factorization, do not hold for it, except in

trivial cases). If we pass to the associated basic projective limit
repr i = 14 = c
presentation FE ka JE $(I) E’J , where E’J jEHJE’. for 7€ I, and

$(I) is the set of all finite subsets of I, which is open too, now

Proposition 16 does apply to it, so that holomorphic factorization,
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hence uniform holomorphy, hold for it. This conclusion 'is loosely
stated by saying that, it X C ¥X(U;F), with U a connected nonvoid
subset of F, and F a complex locally convex space, then X depends
only on a finite number of variables, if X is sufficiently "small",
which is to be understood in the technical sense that holomorphic
factorization, hence uniform holomorphy, hold for this projective
limit representation (to avoid dealing with multivalued mappings) .
However, in this case, we can also express this finite dependence as
follows: if X is equilocally bounded, and F is a Hausdorff space,
there is a finite set J € I such that dif =0 for every f € X
and ¢ € T - J; or, if X is equiamply bounded, for every B € CS(F),
there is a finite set J C I such that di(ﬂﬂf) = 0 for every §f €
X and < € I - J, where w, : F > F/B 1is the guotient mapping (di

8
denoting the differential along < € I).

5. HOLOMORPHIC FACTORIZATION AND UNIFORM HOLOMORPHY OVER LOCALLY
CONVEX SPACES

PROPOSITION 18. Let the complex locally convex space E be given, and

consider the following situations of its projective limit ©represen-—

tations:

(1) E=lim e oorp) Bo-

2 = 3 .

(2) E lim ¢ CS(E)E/OL

(3) Some FE = Zzl_miEIEi s with complex seminormed spaces Ei
(7 € 1).

(4) All basiec E = Zz,'_m

E., and w.(E) = E. (71 € I).
i 7 7

i€ IEi » With complex seminormed spaces

(5) All E = Zzim(i,ai) er XCS(Ei)(Ei)Oti s for all basie E =
Zzl_mieIEi, with complex locally convex spaces E, and Tri(E) = EB;
(2 € I).

(6} All basie E = ZZ’:miEIEi s With complex locally convex

spaces Ei’ and Tri(E) = Ei (7 € I).

We can then assert that:

{a) Denoting by U an open nonvoid subset of E, by F acomplex
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locally convex space, and by X a subset of ¥(U;F), then holomorphic
factorization, respectively uniform holomorphy, holds for X in one
of these six situations if and only <f <t holds for X in each of the

remaining five ones.

(b) Holomorphic factorization, respectively uniform holomorphy,
holds for one of these six situations i1f and only if it holds  for

each of the remaining five ones.

PROOF. We note that (b) follows right away from {a). To prove (aj,
note that (4) = (5) = (6) = (2) = (3) are clear; and let us prove
that (3) = (1) = (4). Assume that holomorphic factorization holds for
X as in (a) in the situation (3). There are Z € I and a cover (C of

U by open nonvoid subsets of U such that, to every V € C there

corresponds an open nonvoid subset #¥ of Ei with “i(V) C W, and
to every V € C and every f € X there corresponds ¢ € H(W;F) satis-
fying f = gm. on V. Define a € CS(E) by of(x) = Hﬂi(x)H for =x €
E. For every V € C, set W' = nzl(w), which is a-open. We have 7V C
W'. For every V € C and Ff € X, set g' = gm; € X(w';F). Thus f =
g' on W'. This proves that (3) = (1). Assume next that holomorphic

factorization holds for X as in (a) in the situation (1). There are
o € CS(E) and a cover C of U by open nonvoid subsets of U such
that, to every V € C there corresponds an a-open nonvoid subset ¥
of E with V C ¥, and to every V € C and every f € X there cor-

responds g € H(W;F) when E is seminormed by o, satisfying f =g

on V. Since (4) is basic, there are ¢ € I and o € CS(Ei) such

that o < o m. . For every V € C, we set W' = m (W), which is o=

open (hence open in Ei)' because ﬂi : Eu - (Ei)a is surjective
7

and open. Moreover ﬁi(V) C W'. For every V € C and f € X, since

g € ¥{W;F) when E is seminormed by @, hence when £ is seminormed

by Oy then g is pushed ahead by T;. that is, there is g' €
¥(W';F) characterized by g = g'ﬂi on W. Thus f = g'ni on V.
This proves that (1) = (4). That completes the proof for holomorphic
factorization. As to uniform holomorphy, the proof is identical to

the preceding one, with minor changes, such as replacing F by FB
in some places, R € (¢S(F}. QED

DEFINITION 19. We say that holomorphic factorization (respectively,
uniform holomorphy) holds for a given complex locally convexr space

F, when it holds for its standard projective 1limit representation
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E=1limy ecgm)fo ?

tions in Proposition 18, particularly (6).

or, equivalently for the remaining five situa-

REMARK 20. It is plain that, if holomorphic factorization holds for
a given complex locally convex space, then uniform holomorphy holds

for it too.

EXAMPLE 21. We shall give firstly an example of a complex 1locally
convex space FE for which uniform holomorphy, hence holomorphic fac-
torization, do not hold, before presenting interesting situations in
which both hold (beyond the obvious case of a seminormable space F).
Let E = ¥(f;¢) have the compact-open topology. Fix «a € ¢. Then il
€ K(E;¢), defined by f(u) = ulu(al)] for u € E, is not wuniformly

holomorphic in F = Zim In fact, for every r > 0, let

o« €cs(E)fa
o € CS(E) be defined by oaf(u) = sup{|u(z)|; |z-a|] < r} for u € E.

Fix ¢t > s > r. Define u, u, €F by u(z) =a+ t, un(z) - ag + t +
(z - a)n/sn, for n € W, =z € §. Then a(un - u) = rn/sn - 0, but
f(un) —a+ t + tn/sn -+ o, both as #n = «. Hence f 1is not locally
bounded on E,- Thus f & H(Eq;c) for all o of the above type, hence

for all o € CS(E).

6. THE OPENNESS CONDITION

PROPOSITION 22. The following conditions are equivalent for a given

complex locally convex space E:

(1) The set COS(E), of all o € CS(E) such that the quotient
mapping E > E/a <8 open, defines the topology of E and ig directed.

(2) E has some open basic projective limit representation E

= Zim'iG_IEi" with complex seminormed spaces B, (i € I).

PROOF. We have (1) = (2), because then E = sz s COS(E)E/G’ which
is basic and open, with normed spaces. We also have (2) = (1). In
fact, define a, € CS(E) by qi(x) = Hni(x)ﬂ for x € E (7 € I). Then

o, € COS(E), because L) is open (7 € I). Moreover, o, (7 € I) de-
fines the topology of E and is directed, because we have a basic

projective limit representation of E. QED
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DEFINITION 23. We say that the openness condition holds for a given
complex locally convex space E when it satisfies (1) of Proposition

22, or equivalently its (2).

REMARK 24. It is plain that a seminormed space F satisfies the open-
ness condition. On the other hand, if E has some continuous norm,
but it is not seminormable, then FE fails to satisfy the openness con-
dition; otherwise E would have a continuous norm o € (C0S(E), and
then E - E/o = Ea would be both continuous and open, that is o

would define the topology of E.

PROPOSITION 25. We have:

(1) If m : E > F 48 an open continuous surjective linear map-

ping between the complex locally convex spaces E and F, and <If E
satisfies the openness condition, then F satisfies it too.

- lim . . i . . , .. _

(2) If FE Zimie rE; s an open basic projective limit repre

sentation, then E satisfies the openness condition if and only if

every E, (i € I) satisfies it too.

PROOF. To prove (1), let us review some facts. If o € S(E), we de-
fine B € S(F) by B(y) = infla(x); = € TT—J(y)} for y € F. Then B

€ S(F) is characterized by Tr[Ba 1,‘(0)] = BB 1ﬂ(()) for » > 0. We
write B = ma (direct image of @ by w). Clearly «(Aa) =Ai(7ma), and
a, < Oy implies T, < MAg, where o, Qs O € S(E), » > 0. If B €

S(F), we define o € S(E) by a = 81 {(inverse image of B by m).
Clearly (AB)w =X(Bm), and B] < 52 implies Blw < BZTT, where B8, B]’
By € S(F), A > 0. We have (ma)m < o and w(Bm) = B, where a € S(E)
and B € S5(F). Hence 7 : S(E) = S(F) is surjective, and m : S(F) =
S(E) is injective. We then have the surjective restriction 7 : ¢S(E)
-+ (8(F), and the injective restriction = : CS(F) - CS(E). If a €

S(E) and B = ma € S(F), introduce the gquotient normed spaces E, =
E/a"!(a) and F_ = F/871(0), call o = a/a”'(0) and B, = 8/871(0)

their norms, also Ty ¢ E - Eo and w

pings, respectively. There is one and only one mapping T, ¢ E, > F,

so that T = ’ITB’IT_, which is necessarily linear and surjective. To

prove this, it is necessary and sufficient that w[a_l(O)] c 6_1(0),

g ¢ F > F  the quotient map-

which follows from Bm < a. It is clear that B (0) = w IB (0)]
- Qs ¥ o a,r
and EB r(O) = WB[BB 1,‘(0)], from which we get readily that
o’ 2
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na [Buo,r(O)]: BBO,P(O)’ for r» > 0, hence BO =moa . Finally, we

claim that w([COS(E)] C (¢0s(F). In fact, let o € (C0S(E), so that

Ty © B Eo is open. Set B = ma € CS(F). If ¥ is open in F, then

y = H_J(W) is open in E, hence ﬂa(V) is open in EO, that ﬂo[ﬂd(V”

is open in Fo(once BO = noao), and thus nB(W) = HB [ (V)] (once m

is surjective) shows that T, (W) = ﬂo[ ﬂu(V)] is open in Fo’ show-

]
ing that HB : F - FO is open, and therefore B € (C0S(F). At last,

given any RB' € CS(F), set o' = B'm € (¢S(E), choose o € (COS(E) so
that a' < o, define B8 = ma € (0S(F), to conclude that g' < B.
This proves (l1). As to (2), if & satisfies the openness condition,
we use (1) to conclude that every Ei(i € I) satisfies it too (we do
not need to use the condition of being basic). Conversely, if every

Ei (i € I) satisfies the openness condition, we write

E= Zzim(i,oci) €1x COS(Ei)Ei /oy
and use (2) of Proposition 22, to deduce that FE satisfies it
too. QED

COROLLARY 26. We have:

(1) If m: E > F 18 an open continuous surjective linear map—
ping, and F has some continuous norm, but it 18 not seminormable, then

E fails to satisfy the openness condition.

(2) A cartesian product FE = 1l Ei of complex locally convex
€T
spaces satisfies the openness condition if and only if every Ei(i € I)

satisfies 1t too.

PROOF. (1) follows from (1) of Proposition 25 and the second half
of Remark 24, of which it is an extension. (2) follows from (2) of
Proposition 25 and the remark that the assertion is true if I is fi-
nite, by then passing to the associated open basic projective limit
representation as in Example 17. QED

PROPOSITION 27. Holomorphic factorization, hence uniform holomorphy,

hold for every complex locally convex space E satisfying the openness

condition.
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PROOF. By assumption, we have the open basic projective limit re-

presentation E = Iim It suffices to apply Proposition
“«

ae cos(m)B/™
16, as well as the equivalence in Proposition 18 of the situations (1)

and (2), from the viewpoint of (b) there. QED

7. THE GROTHENDIECK CONDITION

DEFINITION 28. We say that the neighborhood countable intersection

Grothendieck condition holds for a given complex locally convex space

E when, for every sequence v, (n € W) of neighborhoods of 0 in E,

there are » > 0 (n € Iy) such that vV = n r v still is a
n wEem n

neighborhood of ¢ in F; equivalently, when, for every sequence otn S

CS(E) (n € W), there are ¢_ > 0 (n € IV) such that 0 = sup €_a
" nem "7
€ CS(E).

PROPOSITION 29. Holomorphic factorization, hence uniform holomorphy,
hold for every complex locally convex space E satisfying the Grothendieck
condition, and such that, from every open cover of every open subset
U of E, we can extract a countable subcover of U (Lindeldof condi-
tion for U). Moreover, ecvery open subset U of E 1e then uniformly

open in the sense that U is open for some continuous seminorm of E.

PROOF. Consider an equilocally bounded subset X of H(U;F), where
U is an open nonvoid subset of F (we do not have to assume here that
U is connected), and F is a complex locally convex space. For every
x € U, there is o, € CS(E) such that v, = Bax,l(x) C U, and every
f € X is bounded on V.- By the Lindeldf condition, we can find a
countable subset X of U such that the union of all Vx (x € X) is
U. By the Grothendieck condition, we can find o € ¢S(E) and €, > 0

such that g0, L0 (z € X). Then every Vx (x € X) is a-open, from

which it follows that U itself is also a-open. Moreover, every f €
X is finitely holomorphic and bounded on Vx’ which is a-open, for
every x € X; thus every f € X is holomorphic on V, when E is
seminormed by &, for every «x € X, which implies that every FeX

is holomorphic on U when FE 1is seminormed by a. QED
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8. EXAMPLES OF HOLOMORPHIC FACTORIZATION AND UNIFORM HOLOMORPHY

EXAMPLE 30. Proposition 27 applies to a cartesian product of complex
seminormed spaces, by Corollary 26, (2), since a seminormable space

obviously satisfies the openness condition.

EXAMPLE 31. Proposition 27 applies to a complex weak locally convex
space E, that is, whose topology is o(E;E'), either because E =
ZimSE/S, where S5 varies over all finite codimensional (or even
closed) vector subspaces of £, or else if FE is presented as a pro-
jective limit of finite dimensional seminormed spaces, by Proposition

22 (regardless of open basic, here).

PROPOSITION 32. C(onsider a complex vector space E, avector subspace
S5 of E, and a collection N of veetor subspaces of E such that,if
Nl’ 1V2 € N, there ©s N € N so that N C Nl’ N C 1V2 . Assume that E
=S8 + N for every N € N. Fix a seminorm O on S, and introduce the

seminorm O, on E by ON(x) = inflo(t); t € 80 (x + N)} for all

N
© € E, 0 €N We have that N C 0, (0), and 0y |8 <o (N € N); and
that o < if N,, N, €N, N, D N,. Consider the topology on E defined
IV2 — N2 1 2 1 2
by all ON(IV € N). Then oy € COS(E) (N € N); thus E satisfies the

openness condition.

PROOF. We note that E = S + ¥ 1is equivalent to S 0 (x + N) # ¢
for every N € N; hence 01\7 is a seminorm on FE. Clearly ¥ COI;J(O),
because «x € N implies =~ x € ¥, hence 0 € SN (x + §), for ¥ € N,

It is clear that GIV | 8 < g, because « € 5 implies x€ 50 (x+ N),

for & € N. Plainly GNJ < 0N2 if V,, Ny € N, Nl >, . Let now
1v1, IVZGN, r > 0, x € E, 9y (x) < r. There is tGSﬁ(x+1V1)such
1
that o(t) < r. Then OIV (t) < o(t) < r. Moreover, t = x + n, where
2
1(0), and x = t - n. This proves that B (0) C B (0)
O, 57 Oy 57
1 IVl’ 1\/2’
+ 01;1(0). Thus, the gquotient mapping E d E/ON is open. We con-
1 1V2 1

clude that the guotient mapping £ - E'/ON is open, hence Iy € COS(E)
(¥ € N). QED

nGNJCoN

EXAMPLE 33. Let X be a completely regular space, L be a complex

normed space, E = C(X;L) be the vector space of all continuous mappings
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of X to L, endowed with the compact-open topology. We claim that,
if X € X is compact, and oy € ¢S(E) 1is defined for f € FE by
a (f) = sup Lif(xill; = € Kk}, then o, € COS(E); hence E satisfies

the openness condition, and Propositiin 27 applies to it. In fact,
let § = Cb (X;L) be the vector subspace of F of all bounded con-
tinuous mappings of X to L, endowed with the norm o0 defined by
o(f) = sup {If(z)ll; « € X} for f € S. Let K be the set of all com-
pact subsets of X. With X € K, we associate the vector subspace ¥
of E of all f € E vanishing on X. Let N Dbe the set of all such
N. Then K and N are naturally bijective (by excluding the trivial
case L = 0). We have E = 5+ N and 0, = o, (ON
of Proposition 32}, if N € N and X € K correspond to each other.
In fact, if f € &, OLK(f) > 0, define v € C(x;IR) by plx) =
inf{l,oaK(f) /N f(x)ll} for =« € X. Thus 0 < ¢ < I, ¢ =1 on K,
$f €S, f-vfEWN, olef) = OLK(f), f=ef+ (f~-¢f) €5 + N, hence
E =85 + N (if OLK(f) = 0, then f € ¥ C S + N). Moreover otK(f') <
ON(f'); e =7+ (¢f - f) € S0 (f + N) gives oy(f) < alef) = aK(f).
Thus o0, = o, (if o,(f) = 0, then fE€ & C o;vi(o;, so  oy(f) = 0).
Apply Proposition 32. QED

in the notation

PROPOSITION 34. Comnsider a complex vector space E, a vector subspace
S of E, and a colleection P of projections of E such that, if Py
py, € P, there is p € P for which P; £Ps Py 5P (where, for two
progections Py Py of E, we write Py < Py to mean Py = PPy =
Psp, » that is, p-l-l(O) 2 p;1{0), p,(E) C py(E)). Assume that p(E) CS§
for every p € P. Fix q seminorm o on S such that (op)|s < o for

every p € P. Consider the topology on E defined by all op (p € PJ.
Then oOp € COS(E) (p € P); thus E satisfies the openness condition.

PROOF. We are going to apply Proposition 32. Consider the collec-
tion N of the vector subspaces Np = p_1(0) (p € P) of FE. Then N
is such that, if sz, sz €N (pl 5Py € P), there is p € P for
which p, < < so that then ¥ € N and ~N_C W N cnN_ .

1=Ps Py 2P p p P’ p P2
We also have that E = § + va (p € P), because, in fact, note that

-1
E =p(E) +p “(0) C 8 + Np C E. We next claim that op = Oy o+ where
p

ch(:c) = inflo(t); t € 50 (x + Np)} for all z € E, p € P, in the
notation of Proposition 32. In fact, if t € § N (x + Np), that is,

t €85, t=x + n, where n € va, then (op)(x) = (op)(t) < oft), hence
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(opl)(x) < Iy (x); moreover, p(x) = x + [p(x) - 21 € 5§ N (x + Np) gives
- 14
Sy () < o [p(x)] = (op){x). There remains to apply Proposition 32. QED

p
EXAMPLE 35. Consider a set X, a complex vector space L, a vector
subspace FE of LX, a vector subspace S of F, and a collection K
of subsets of X such that, if KJ, KZ € K, there is K € K for which
K, €K, K, C K. Assume that p,f € S for every f € E, K € K, where

goK is the characteristic function of K. Fix a seminorm ¢ on S such

that G(kaf) < a(f) for fe€ 3, K€ K. Consider the topology on E
defined by all f € E +— 0(‘PKf) € R, (K € K). Then each such semi-

norm belongs to C(0OS(E); thus E satisfies the openness condition, and
Proposition 27 applies to it. This results from Proposition 34, by
using the collection P of projections Py ¢ f €EF b— @KfEE (K €K)

of FE. A noteworthy instance of this example is given by a topo-

logical space X, a complex normed space L, a Radon measure U >0

on X, the vector space § = fp(u;L) with its p-seminorm, where 1
< p £ =, the collection K of all compact subsets of X, and the vec-
tor space = £€Oc(u;L) of all y-measurable f : X = L such that

f |k € £P(u | k;L) for every K € K, the topology on E being defined
by all fe€E +—If]| x I, € R (X € K), each of which belongs to COS(E),
so that E satisfies the openness condition, and Proposition 27 ap-
plies to it.

EXAMPLE 36. Let X and L be real normed spaces; we shall restrict
ourselves to the case when X is of finite dimension n > 0. Let

fs(kX;L) be the normed space of all continuous symmetric k-linear

mappings of Ek to F (k € W). Fix m € {0,1,...,°} = I U {=}. Set
m, = {k € W, % < m}. Note that I_ = Il. We represent by ;L)
the vector space of all continuously m-differentiable mappings f : U

> L of an open nonvoid subset U of X, to L. We have the k-dif-
ferential dkf S Cm_k(U;fo(kX;L)) (k € I, ). With every compact sub-

Um
set K C U and k € JZVm, we associate the seminorm o on Cm(U;F),

Kk

defined by oe?ﬁ(f) = sup {Hdlf(x)ﬂ; x €k, i€ mW,} for fe€CNU;L).

k
The compact=-open topology Tm on C"(U;F) is defined by the directed

Um)
Kk’ Kk ©

nonvoid subset ¢ of X, such that, for every point a in its boundary

family (a An m-smooth closed subset of X is a closed proper
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3¢, there are an open neighborhood V of a in X, anda Cm—diffeomor—
phism ¢ of R" onto V, such that &(¢) = a, <I>(x1 > 0) = (C - 23cC)
n v, <1>(x1 = 0) = (3C) NV, @(xz < 0) = (X - C) NV, where (acz > 0),

(xz =0), (acz < 0), denote the sets of all (xz,...,xn) e ®B" satis-

fying the respective condition on zg. For any compact subset K of
every open subset U of X, there is an m-smooth compact subset J
of U containing K. If K is an m-smooth compact subset of X, we
denote by Cm(K;L) the vector space of all continuously m-differen-
tiable mappings §f : XK - L, that is, for each such f, there are an
open subset V of X containing X, and g € Cm(V,'L), so that the

restriction g | K coincides with f; thenwe define dkf'E Cm_k(K;-CS(kX;L))
to be the restriction (dkg) | x (k € mw ), which is independent of the

choice of such V and g, once X is m-smooth. With every kele, we

. . m
associate the seminorm OLKk

sup {Vd*F(z)l; « € k, © € lNk} for f e C"(k;L). The compact - open

on C"(kx;L), defined by otr;k(f) =

topology Tm on Cm(K;L) is defined by the directed family (ar}n{k)k'

We are going to appeal to Whitney's extension theorem, without using

its full force, as we shall extend starting from compact m-smooth

subsets of X. If K C U are, respectively, m-smooth compact, and

open nonvoid, subsets of X, we have the continuous linear restric-

tion mapping WanJK : f € Cm(U,'L) s r | K € Cm(K,'L), called a pro-
Um

jection mapping; note that o (k € lZVm). If kK, C K, are

oAt = a
Kk "UK ~ TKk 1 2
m—-smooth compact subsets of X, we have the continuous linear restric-

tion mapping T\’r; P f € Cm(Kg;L) —  F | £, € Cm(KZ,'L), called a
172

connecting mapping; note that ot = o (k € W_). Then, each
K_ kK K K k m
1 172 2
m . . . . . .
such m is surjective, because each such 'le is surjective,
KZKZ UK
and each such 77 is open, because each such ‘ITm is open (both
UK KZKZ

assertions resulting from Whitney's extension theorem). We then have,
for every open nonvoid subset U of X, the open basic projective
limit representation

¢"(u;L) = 1gm ¢"(x;1)

xe KM(y)

with respect to the projection mapping ﬂanJK (K € Km(U)), where K'(U)

is the set of all m—-smooth compact subsets of U. Therefore, if m is
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finite, every Cm(K;L) is normed by a?m (X € Km(U)), and Proposi-

tion 22, (2) shows that Cm(U;L) satisfies the openness condition,
hence Proposition 27 applies to it. However, if m = =, L # 0, and

K € Km(X), note that Cw(K;L) has a continuous norm am but it is

s
not seminormable, hence it fails to satisfy the opennegg condition,
by the second half of Remark 24. Moreover, if U DK is an open
nonvoid subset of X, the open continuous surjective linear mapping
w;V : Cm(U;L) e Cw(K;L) implies that Cw(U;L) fails to satisfy the
openness condition, by Corollary 26, (1l). Hence, Proposition 27 does
not apply to Cw(K;L) and Cw(U;L) under the indicated assumptions
on L, XK and U.

DEFINITION 37. We say that the complete quotient condition holds for
a given complex locally convex space E when the set CCS(E), of all
o € CS(E) such that the quotient normed space E /o is complete, de-
fines the topology of £ and is directed.

PROPOSITION 38. If a complex locally convex space E satisfies the
complete quotient condition, then CCS(E) C COS(E), and thus E satis-

fies also the openness condition.

PROOF. In fact, let o, € CCS(E) and o € (CS(E) be given. We shall

1
prove that the surjective linear quotient mapping P Ea d E/al is
open. To this end, choose oy € CCS(E) so that o, < Oy s O < P We
then have that the surjective linear quotient mapping T, .-E'(1 d E/a2

is open. On the other hand, we have the continuous surjective linear

mapping Tyg ¢ E/az,* E/al characterized by w, = Since both

17 1972
E/al and E/a2 are Banach spaces, then Tio is open, hence LS is
open too. This proves that a, € COS(E). The rest of the Proposition

is the clear. QED

1

EXAMPLE 39. We shall simply comment on some of the previous examples,
from the viewpoint of Definition 37 and Proposition 38. A cartesian
product of complex normed spaces satisfies the complete gquotient con-
dition if and only if every factor space is complete (Example 30). A
weak complex locally convex space satisfies the complete quotient
condition (Example 31). C(X;L) satisfies the complete quotient con-

dition if and only if I is complete (Example 33). Igoc(u;L) satis-

fies the complete quotient condition if and only if [ is complete,
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or U = 0 (Example 35). Cm(U;L) satisfies the complete quotient con-
dition if and only if L is complete and =~ is finite, or L =0 (Ex-

ample 36).

EXAMPLE 40. Consider a complex metrizable locally convex space X,
its dual space E = Xc' endowed with the compact open topology de-
fined by all seminorms on E each of which ocL is given by OLL(%’) =
sup{|e(z)|; = € L}, for every compact subset L of X and every ¢ €
E. Note that, if Ln (n € IN) are compact subsets of X, we can
choose € > 0 (n € W) so that the union L of {0} and all e, L,

€
L, <a (n m),
showing that £ satisfies the Grothendieck condition. We claim that

(n € I) 1is compact in X. It then follows that £,

every open subset U of FE satisfies the Lindelof condition (see Propo—
sition 29) if and only if X is separable. In fact, note firstly that
the polar set in £ of every neighborhood of 0 in X is compact in
E, by the Arzela-Ascoli's theorem. Therefore, if we fix a countable
base of neighborhoods of 0 in X, their compact polar sets Km (m €W)
in E have a union equal to F. Let now X be separable. If x, € X
(n € I) are dense in X, we can find En >0 (n € W) so that the
set L[ formed by ¢ and all £.%, (n € IN) is compact in X. Since L
generates a dense vector subspace of X, then a = op is a con-
tinuous norm on X. If then U is any fixed open subset of E, we
let X,  be the compact intersection of X, and the closed comple-
ment of the union of all a-open balls with centers belonging to Km N
(E - U) and radius I/n (n € V). Once £ is the union of all K0
and every K, N (E - U) (m € W) is compact, hence c-compact, we see
that U is the union of all Kmn (mynm € W), thus U satisfies the
Lindelof condition. (We have adapted here a proof of the following
general topology remark: if a topological space E 1s a countable
union of compact subsets, and E has a continuous metric, then every
open subset U of F is a countable union of compact subsets, hence U
satisfies the LindelSf condition.) Conversely, let the complement
U = E - {0}, which is open, satisfy the LindelSf condition. Thus,there
are compact subsets Ln (n € W) of X such that, if ¢ € E vanishes
on every of them, then ¢ = ¢, that is, their union generates a dense
vector subspace of X. Since a metrizable compact space is separa-
ble, then X is separable. Therefore, Proposition 29 applies to E if
and only if X 1is separable. In particular, if X is a Fréchet-Montel
space (FM space), it is separable, and we have equality of the strong

(bounded-open) and compact ~open topologies on its dual space
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E = X! = Xé = Xé (a DFM space). Accordingly, Proposition 29 applies
to every complex DFM space. The preceding considerations bearing on
X and F = Xé may be equivalently reformulated in an isomorphic and
homeomorphic setting, to show that Proposition 29 applies to a com-
plex DFC space E if and only if separability holds for its Fréchet
dual space E' = Eé = Eé, on which the bounded-open (strong) and
compact-open topologies coincide. Specifically, such considerations
applies to holomorphic germs as follows. Consider a complex metriza-
ble locally convex space Y. For every open nonvoid subset V of 7,
endow the vector space H(V) = H(V;¢) with the compact~open topology.
Fix a compact nonvoid subset X of Y. Endow the vector space (k)
= #(K;¢) with the compact-open topology obtained by looking at ¥(X)
as the inductive limit of ¥(V) with respect to the natural linear
mapping ¥H(U) -~ ¥(k), for all V D K. By a theorem due to Mujica, we
have the Fréchet dual space X = [M(K)]é = [H(K)]é, on which the
bounded-open (strong) and compact-open topologies coincide. For the

dual space X, of X, the natural linear mapping (k) - Xé =

{[H(K)]é}é is bijective and a homeomorphism. Accordingly, the pre-
ceding considerations allows us to assert that Proposition 29 applies
to #(x) if and only if its Fréchet dual space X is separable, which

is equivalent to separability of Y, as it can be seen.

REMARK 41. It is relevant to point out that Propositions 27 and 29
may each apply to a concrete situation not subsumed by the other.
Proposition 29 cannot be, but Proposition 27 was, applied to the fol-
lowing cases: Example 30, if the cartesian product is infinite, and
each factor is a normed space not reduced to its origin; Example 31,
if F is an infinite dimensional space; Example 33, if X contains a
sequence of compact subsets whose union is not relatively compact,
and L # 0; Example 35, if X contains a sequence of compact subsets
whose union is not u-compact, and I # ¢; and Example 36, if m is
finite, and [ # 0. Proposition 27 cannot be, in a case in which
Proposition 29 was, used, say of Example 40, when X is separable and
infinite dimensional, as then E has a continuous norm but is not

seminormable.

9. SOME HISTORICAL NOTES

Proposition 27 was stated in Nachbin [3] without proof; but our

original proof of it applies "ipsis litteris" to establish the more
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general Proposition 16.

Examples 21, 30, 31, 33, 35, 36, 39 were given also in Nachbin

[3], without the details provided here.
What we call "basic projective limit representation" (Defini-
tion 12) is, with the additional surjective condition ﬂi(E) = Ei

({ € I), given the name of "surjective limit representation” in Dineen
[1]. on the other hand, a "basic system" according to Ligocka [2],
is what we call "basic projective limit representation”, with that
surjection condition, and the following further condition: ingz(TEi)
denotes the inverse image by L of the topology TEi given on Ei
(£ € 1), then the family of topologies ﬂzz(TEi) (z € IT) on E |is

directed, that is, given <, € I, there is ¢ € I such that ﬂzlﬂfi )
h

h
C H;J(TEi) (h = 1,2). However, there are examples of "open basic
projective limit representations” (Definitions 12 and 15), with that
surjection condition, such that we do have H;J(TEi ) ¢ ﬂzzﬂFi)
7 1 2 2

for every <., i2 €I, i, # i,, thus the family ﬂ;I(TEi) (¢ € I)

1
fails to be directed (I being not reduced to a single element); it
follows that I cannot be semiordered so as to become directed, and

also to lead to a "basic system".

Concerning Definition 23 of the openness condition, we might ask
if (CO0S(E) is necessarily directed when it defines the topology of
E. A negative answer to this question has been recently given by
Valdivia [6] .

10. SOME OPEN PROBLEMS

PROBLEM 42. By Remark 11, if holomorphic factorization holds for a
given projective limit representation, then uniform holomorphy holds

for it too. Is the converse valid ?

PROBLEM 43. Find necessary and/or sufficient conditions for holo-
morphic factorization, respectively uniform holomorphy, to hold for

a given projective limit representation.

PROBLEM 44. By Remark 6, it is equivalent to require in Definition
5, of holomorphic factorization for a given projective limit repre-
sentation, that the indicated conditions holds when X is reduced to

a single locally bounded mapping f € H(U;F), for every U and F.
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Is it also equivalent to require in Definition 10, of uniform holo-
morphy for a given projective limit representation, that the indicated
conditions hold when X is reduced to a single amply bounded mapping
f € ®¥(u;F), for every U and F?

PROBLEM 45. Definition 10, of uniform holomorphy for a given projec-
tive limit representation, amounts to Definition 5, of holomorphic
factorization for a given projective limit representation, when F is
restricted to being seminormed, instead of being allowed to be locally
convex. If we take F = ¢ in Definition 10, will the concept of uni-
form holomorphy for the given projective limit representation remain
unaltered ? More strongly, if we take F = ¢ in Definition 5, will
the concept of holomorphic factorization for the given projective
limit representation remain unaltered ? A positive answer to the
second question implies a positive answer to the first, and also a

positive answer to Problem 42.

PROBLEM 46. Holomorphic factorization, hence uniform holomorphy,
(Definition 19), hold for a complex seminormed space E, to which
Proposition 27 applies, trivially. However, when it comes to Propo-
sition 29, E satisfies trivially the Grothendieck condition, but does
not always satisfy the Lindelof condition (which is then eguivalent
to separability of £). Which improvement of Proposition 29 will apply

trivially to complex seminormed spaces (as Proposition 27 does) ?

PROBLEM 47. Proposition 27, applying to holomorphic factorization
and uniform holomorphy over complex locally convex spaces, is a na-
tural consequence of Proposition 16, which applies to holomorphic
factorization and uniform holomorphy over projective limits. Can we
obtain Proposition 29 (and its prospective extension hinted at problem
46), applying to holomorphic factorization and wuniform holomorphy
over complex locally convex spaces, as a similarly natural conse-
quence of a proposition, which applies to holomorphic factorization

and uniform holomorphy over project limits ?
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ABSTRACT.

The intimate interaction between three seemingly disjoint topics,
namely, the theory of (LF)-spaces, Baire-like covering properties and
the classical Separable Quotient Problem is brought forth in this
paper. We first relate the study of (LF)-spaces {(an inductive limit
of a sequence of Fréchet spaces) with several covering properties of
locally convex spaces arising from the classical Baire Category Theo-
rem. We classify all (LF)-spaces into three mutually disjoint, non-
empty and sufficiently rich classes called (LF)J, (LF)2,(LF)3—spaces
respectively. These classes are then shown to be precisely the class
of (LF)-spaces which distinguish between the several Baire-like cover-
ing properties. The space ¢, an ®,-dimensional linear space withthe
strongest locally convex topology plays an important role in this
classification. The classical Separable Quotient Problem for Banach
and Fréchet spaces is intimately related to our discussions. While we
give several equivalent formulations of this famous "unsolved prob-

lem"

we give an affirmative solution to the Separable Quotient Prob-
lem for the class of all (LF)-spaces. Even through a strict (LF)-space
and an (LB)-space are never metrizable, metrizable as well as norm-

able (LF)-spaces exist in abundance.

1. BASIC DEFINITIONS

A space is a locally convex Hausdorff topological vector space
over the field =R of real numbers or the field ¢ of complex num-
bers. A complete metrizable space is a Fréchet space. Let (En,rn),
n =1,2,... be a countable family of Fréchet spaces such that for

= U
each =, En % En+l’ E o En’ and T

n+l!En is coarser than the

topology T,- If 1t is the finest locally convex Hausdorff topology



248 NARAYANASWAM |

on £ such that TlEn is coarser than 1, for each =, then (E,T)
is said to be an (LF)-space [inductive limit of Fréchet spaces]. We

express this situation by writing
(E,T) = Zim {(En’Tn)}n:J'

The family {(En,Tn)}::l is called a defining sequence for the in-
ductive limit space. If each (En’Tn) is a Banach space, then (E,1)

is an (LBJ)-space. If =T for each 7, it follows that TIEn

Tn+1|En n

= 1, for each n, and then the (LF)-space is called a strict (LF)-space.
In such a case, the defining sequence {(En,Tn)} is called a striet
inductive sequence for the (LF) space (E,T). Similarly a striet(LB)-space

is defined.

The space ¢ is the inductive limit of the sequence {R"} of
n—dimensional spaces with the usual topology. The space ¢ can be
characterized as an No-dimensional space endowed with the strongest
locally convex topology. One readily sees that ¢ is an example of a
barrelled, bornological, reflexive, (LF)-, (LB)-, nuclear, Schwartz,
Montel and Ptak space. We observe that ¢ is not metrizable, and its
dual space is the Fréchet space w, a countable product of reals with
the product topology. Also, ¢ appears in "large products" (see Saxon
[18]). It is the only "strictly" strict (LF)-space, in the sense that
every defining sequence for ¢ is strict. Only spaces of the form
F x ¢, where F is a Frechet space have every defining sequence aqlmost
striet (i.e., Tn+1|En =T, for almost all »n ). For a strict (LF)-space,
not every defining sequence need be strict. Evenif (E,T) is a strict
(LB)-space, a defining sequence need not consist of Banach spaces

only. Here is a quick Example.

EXAMPLE 1. Let 4 denote the non~normable nuclear Frechet space of
all rapidly decreasing sequences (i.e. {(z,) {nkxn} is bounded for
each & € W}, equipped with the Fréchet topology defined by the semi-
norms py, (k = 1,2,...), where pe( (/) :Szp {nkxn}. Clearly, 4 is
continuously included in 21 . Define

n factors

A
( 1

E = R, x £, X ... % 21 x {0} x {0} x

and
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n factors
_A

r )
F o= 2, x 2 x ... x £, x {8} x {0} x {0} x ...
n 1 1 1
We equip En’ Fn with the respective product topologies T, Ny Then
En is continuously included in " and F, is continuously in-
cluded in En+1, and they both generate the same (LF)-space. We thus
have two "eguivalent" inductive sequences for a strict (LB) -space
(E,t) = 1im(E_,t_) = 1im(F_,n_J), one of which is a strict inductive
= n’ n = n’ 'n

sequence of Banach spaces, while the other is a non-strict inductive

sequence of non-Banach spaces.

EXAMPLE 2. Replacing ZZ by 52 and 4% by EJ in Example 1, we

obtain a strict (LB) space with a non-strict inductive sequence of

Banach spaces.
We observe that
i) No (LF)-space is both metrizable and complete;
ii) No strict (LF)-space is metrizable;
iii) No (LB)-space is metrizable;

iv) But there exist non-strict (LF), non-(LB)-spaces which are

not metrizable.

EXAMPLE 3. Let p > I, and choose ¥ such that p - I /(N+n) >1 for

each »n. Let Z.p_ denote the (LB) space Ilimf Then the
-

(p-1 /(N+n))

(LF) space w X Zp_ = 1im [w % Z(p—] /(Niﬂﬁ)] is a non-strict (LF)-,
non (LB)=-, non-metrizable (LF)-space.
EXAMPLE 4. ¢ x Zp— is an (LB) space which is a non-strict (IB) space.

2. BAIRE-LIKE COVERING PROPERTIES

The question arises: When is an (LF) space metrizable? The defi-
nition of an (LF) space obviously reminds us of some "covering" proper-
ties of spaces. In 1968 Amemiya-Komura {1 ] observed that if E is a
metrizable barrelled space, then F cannot be expressed as the union
of an increasing sequence of nowhere dense absolutely convex sets. The
modern terminology for this property is Baire-likeness and adetailed
account of Baire-like spaces can be found in {18]. While all Baire-

like spaces are barrelled, it is true that a barrelled space that
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does not contain an isomorphic copy of ¢ is Baire-like [18].

THEOREM 1 [22]). 4w (LF) space is metrizable <if avd only if it fis

Baire-1like.

We now consider several covering properties of a locally convex

space, similar to the classical Baire Category results:
A locally convex space (F,T1/) is
Baire if E 1is not the union of a sequence of nowhere dense sets;

unordered Baire-1like [25] if E 1is not the union of a sequence

of nowhere dense, absolutely convex sets;

if and only if it has property (R-R) [Robertson and Robertson]
[14]1, [25]: if E is covered by a sequence of subspaces, at least

one of the subspaces is both dense and barrelled;

a (db)~space if it has property (R-T-Y) [ Robertson, Tweddle and
Yeomans] {15]: if E is covered by an increasing sequence of subspaces,
at least one of the subspaces is (and hence almost all of them are) both

dense and barrelled;

(Note. unordered Baire-like property is the same as "unordered"

(db) -property.)

Baire-1ike [18] if £ 1is not the union of an <ncreasing sequence

of nowhere dense absolutely convex sets;

guasi-Baire (18], [22] if F 1is barrelled and is not the union

of an increasing sequence of nowhere dense subspaces.

All these classes of spaces, except Baire spaces, are well-behaved
for reasonable constructions; i.e., they are stable for arbitrary
products, quotients and countable-codimensional subspaces ([13],[18],
[22]).

THE WILANSKY-KLEE CONJECTURE. (see [17]1, [25]1). Every dense one - co~

dimensional subspace of a Banach space is Batire.

This conjecture was resolved in the negative by Arias de Reyna
[ 2], who showed (using Martin's Axiom) that every separable Banach

space contains a dense, one-codimensional subspace that is not Baire.
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He also showed [3] (using the continuum hypothesis) that there exist

two pre-Hilbertion spaces, whose product is not Baire.

Clearly
Baire = unordered Baire-like = (db)®Baire-like = quasi-Baire =barrelled.

We want to show that none of these arrows is reversable. In fact
there exist rich classes of spaces which distinguish between these
covering properties. First, we state some instances where some of these
classes coincide. The Amemiya-Komura result [11], together with a re-
sult of De Wilde and Houet [ 6] and/or Saxon [18] asserts that in the
class of metrizable spaces, all the properties from Baire-like through
barrelled are equivalent. Valdivia [26]generalized.theAmemiya—KSmura
result by showing that a Hausdorff barrelled space whose completion
is a Baire space must itself be Baire-like. It then turns out that
in the "smallest variety" of locally convex spaces, namely the variety
of real Hausdorff locally convex spaces with their weak topology
(Diestel, Morris, Saxon [8] ), the completion of any member is apro-
duct of reals, and hence a Baire space, so in the "smallest variety",
all the concepts between Baire-like and barrelled inclusive are
equivalent. It is shown in [18] that barrelled spaces are Baire-like
in the wider class of spaces not (isomorphically) containing a copy
of ¢. Also, in a still wider class of locally convex spaces which do
not contain a complemented copy of ¢, the notions of being barrelled
and. quasi-Baire coincide [22]. In fact, a barrelled space is quasi-
Baire if and only if it does not contain a complemented copy of ¢.
(see [22]).

There exist plenty of examples of spaces which are unordered
Baire-like but not Baire. (see [7],[17], [18]). The existence of

(db) -spaces which are not unordered Baire-like is demonstrated by the
following

THEOREM 2 [20]. Every infinite-dimensional Fréchet space F has a
dense subspace which is a |metrizable]l (db)-space but not wunordered

Baire-1like.
We observe that
i) All (LF)-spaces are barrelled;

ii) No (LF)-space is a (db)-space (by Ptak's Open Mapping
Theorem) ;
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iii) No (LB)-space 1is Baire-like;

iv) No strict (LF)-space is quasi-Baire.

These observations enable us to make a "nice" classification of

all (LF) spaces into three disjoint classes.

3. CLASSIFICATION OF (LF)-SPACES

We now classify all (LF)-spaces into three mutually disjoint,

non-empty classes (LF)i’ 2 = 1,2,3 as follows:
An (LF) space (E,T) is an

(LF)I—space if (#,7) has a defining sequence none of whose mem-

bers is dense in (E,T);

(LF)Z-space if (E,T) is non-metrizable and has adefining sequence
each of whose members is dense in (E,1) [equivalently, at least one

member is dense (#,T)];

(LF)g—space if (E,T) is metrizable.

The following theorem yields "nice" characterizations of these
three types of (LF)-spaces in terms of the presence of the space ¢

as a subspace.

THEOREM 3 [22]. 4n (LF)-space (£,1) is an
(LF)I—space “ 1t contains a complemented copy of ¢;
(LF)Z—space <= it contains ¢, but not ¢ complemented;

(LF)3—space = 1t does not contain ¢ at all.

Next, we characterize these three classes of (LF)spaces in terms
of the distinguishiny properties of the several Baire-like covering

properties we considered earlier.

THEOREM 4 [22]. An (LF) space (E,T) is an
(LF}l—space < it Is not quasi-Baire (but is always barrelled);

(LF)Z—space = 1t 78 quasi-Baire, but not Baire-like;
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(LF)S—space < 1t 18 Baire-like but not (db).

Bach of these classes is sufficiently rich:
Every strict (LF)-space is of type (1);

Every (LB)-spacewith a defining sequence of dense subspaces, for

example the space ﬂp— = Zim,ﬁ is of type (2):

p=1/{N+n)

Every metrizable and normable (LF)-space is of type (3). It is
demonstrated in [21] that there exist plenty of metrizable and nor-
mable (LF)-spaces, and this has far reaching consequences in the study
and possible solution of the classical Separable Quotient Problem for

the class of Fréchet and Banach spaces.
Thus,

(LF)i—spaces are precisely those (LF)-spaces which distinguish

between barrelled and quasi-Baire spaces;

(LF)E—spaces are precisely those (L¥)-spaces which distinguish

between quasi-Baire and Baire-like spaces;

(LF)S—spaces are precisely those (LF)-spaces which distinguish

between Baire-like and (db)-spaces.

REMARKS .

1. We have not only distinguished between unordered Baire-like,
(db) and Baire-like spaces in the class of metrizable spaces, but
also in the smallest non-trivial "variety", namely the variety

generated by all locally convex spaces with their weak topology.

2. hApart from providing a class of Baire~like, non-{db) - spaces,
metrizable (LF) spaces also constitute incomplete quotients of com-—
plete spaces. (See Kbéthe [11l] page 225).

In [21] and [22], we study the various permanance properties of
these three classes of (LF) spaces. For <, j, k € {1,2,3}, it is shown
that a finite-codimensional subspace of an (LF) ; space is an (LF)j
space if and only if < = j; a countable~codimensional subspace of an
(LF) space is an (LF) space if and only if it is closed and is not

contained in any member of the defining sequence; the cartesian product
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of an (LF)i space with an (LF)j space is an (LF)k space, where k =
minimum of {Z, j}; an infinite product of an (LF) space is never an
(LF) space; a Hausdorff inductive limit of an increasing sequence of
(LF) spaces is again an (LF) space; if M 1is a closed subspaces of an
(LF)i space, the quotient E /M 1is either a Fréchet space (if E =
E + M for some n) or an (LF)j space for some J > Z. This result
on quotients is fascinating, since it is possible for a Fréchet space
to be the quotient of an (LF) space of types (1), (2) or (3). Hence,
by relaxing the requirement that the inductive sequences are strictly
increasing in the definition of an (LF) space, we can regard the class
of Fréchet spaces as the remaining class of (LF) spaces of type (4/,

in respect of the above result on quotients.

4. THE SEPARABLE QUOTIENT PROBLEM AND THE SPLITTING PROBLEM

The existence of metrizable and normable (LF)-spaces is inti-

mately related to the Classical:

SEPARABLE QUOTIENT PROBLEM. Does every Fréchet [ Banachl space (al-
ways assumed infinite-dimensional) admit a quotient (by a closed sub-

space) which is separable and infinite-dimensional ?

The problem has been around since 1932, but not explicitly men-
tioned earlier than 1962. The answer is "yes", if the space is sepa-
ps (P21, CL0,11),

the nuclear Fréchet spaces 4 and w admit a separable quotient. If

rable. Thus all the standard Banach spaces (co,K

X 1is compact and Hausdorff, then the Banach space ((X) admits a
separable quotient. The Banach space £_ 1is known to have a separable
quotient. In [20], we proved the first significant positive result
in this direction for the class of all (LF)-spaces, namely the fol-

lowing:

THEOREM 5 [20]. Every (LF)-space has a separable quotient.

While the problem remains wide open for the class of Banach and
Fréchet spaces, we give several equivalent formulations of this prob-
lem for these classes of spaces in the following theorem. (A Banach

space version of the following theorem appeared in [24]).

THEOREM 6 [21]. For a given Fréchet | Banachl space F, the following

statements are eqguivalent:
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(a) F  has a separable (infinite-dimensional) quotient (by a

closed subspace);

(b) F  has a dense, non-barrelled subspace;
(c) F  has a dense, non-(db)-subspace;
(d) F  has a dense subspace, which, with a topology stronger

than the relative topology is a metrizable [normable] (LF)-space;

(e) F has a dense proper subspace which with a topology stronger
than the relative topology is a Fréchet [ Banach]l space (Bennett-Kalton

[41).

THEOREM 6 [20]. 4 Fréchet space F contains a dense subspace, which
i8 Baire-like (equivalently barrelled) but not (db) if and only <f F
containe a dense barrelled subspace, which with a topology stronger

than the relative topology is a (metrizable) (LF)-space.

QUESTION. Can we replace the phrase "with a topology stronger than
the relative topology" with "with the relative topology” <In the above

theorems 7?

We cannot apriori omit the phrase "stronger than the relative
topology”. It may be (??) true that every infinite dimensional Fréchet
space has a dense (LF)-subspace. If this is the case, then every in-
finite dimensional Fréchet space would contain a dense subspace which
is Baire-like but not (db), yielding via the above Theorem, an af-
firmative solution to the Separable Quotient Problem for the class

of Fréchet spaces. So we raise the following

OPEN QUESTIONS.

1. For each Fréchet space F, is 7Tt true that F has a dense
Baire-1like (equivalently barrelled), non-(db) - subspace <f and only
if F has a dense (LF) subspace ?

2. Which classes of spaces admit a Separable Quotient ?

We have already proved that the class of all (L¥)-spaces admit
Separable Quotients. (Theorem 4 above). Our proof [20] actually con-
structs the separable quotient.
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The following are some interesting results in this direcrion [20]:

(a) Every (LF)s—space admits a quotient which is a separable,

infinite-dimensional Fréchet space.

{b) Every (LF), and (LF)g—Space (more generally non-strict
(LF)-spaces) have a defining sequence each of whose members admit a

Separable Quotient.

(c) There exists a defining sequence for an (LF)-space E each
of whose members has a Separable Quotient if and only if E % F x ¢,

where F is a Fréchet space not having a Separable Quotient.

THE SPLITTING PROBLEM. Does every Fréchet [ Banachl space split into

infinitely many parts ?

A Fréchet space F splits if there exist closed subspaces ¥ and
N such that M + ¥ = F and M N 4 = {0}. We write ¥ = ¥ ® N. The
space F splits into infinitely many parts if there exist sequences
{Mn}, {Nn} of subspaces of F such that

P :MZ 3] IVJ, IVZ = M2 3] NZ’ [\/2 :M3 o NZ""’
This happens if and only if there exist a sequence {Pn} of orthogo-

nal projections with infinite-dimensional ranges.

THEOREM 7 [21). A Fréchet space F has a dense subspuce which, with
the relative topology is a [metrizable]l (LFj-space if

either F splits into infinitely many parts, and each part has

a separable quotient;

or F has a separable quotient, which splits into infinitely many

parts.

Thus, if the Splitting and Separable Quotient Problems have af-
firmative solutions in Fréchet [ Banach ] spaces, then every infinite
dimensional Fréchet [Banach! space is the completion of some metri-
zable [ normable]l (L¥)-space. Independently of the solution to the
separable quotient and splitting problems, it is shown in [21] that
we can obtain a rich class of metrizable and normable (LF) -spaces.

The familiar Banach spaces Zp, 1<p<= e, Clo,11, Lp la,bl, p>1
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and the familiar (nuclear) Fréchet spaces 4 and w all have dense
subspaces which, with their relative topologies are [metrizable/nor-
mable] (LF)-spaces. Indeed so do all Fréchet spaces with an uncondi-
tional basis. Thus, there are lots of non-isomorphic metrizable and

normable (LF)-spaces.

CONJECTURE. Every Fréchet | Banachl space has dense subspaces which

are metrizable [normable]l (LF)-spaces.

SUMMARY
Baire

examples are plenty E— U

unordered
every Fréchet space Baire-like
contains a dense
subspace which is I
(db)} but not U.B.L. v

(db) -space

(LF) z: metrizable (LF) ¢
not containing ¢;
far reaching consequences —

to Separable Quotient

Problem |

Baire-like
(LF)2: containing ¢ ‘
but not ¢ complemented;
non-metrizable and has -
a defining sequence each

of whose members is dense

in E; some (LB)-space y

quasi-Baire
(LF)Z: contains a
complemented copy of
¢; has a defining
sequence none of whose —_—

members is dense in E:

every strict (LF)-space

barrelled
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SUMMARY

This is a study of an extension of the notion of gDF-space to
the nonarchimedean case. We deal with the localized topologies (§1),
present the extended definition and its principal properties (§2) and
finally we apply these studies to the space of continuous functions,

extending results of Warner, Noureddine and Hollstein.

§ 1. LOCALIZATION

Let (F, | | ) denote a nonarchimedean-valued field, E a locally
F-convex topological vector space, that is a t.v.s over F which has
a basis of F-convex O-neighborhoods. A set § is called F-convexr when
it verifies AS + us C 5§ for every A, u in F with |A| < I and
lul < 1.

1.1. NOTATION. We denote by A the family of all bounded F-convex and
closed subsets of F.

1.2. DEFINITION. (a) We say that a subset T of Z is an F-bagrrel in

EF if T is F-convex, closed and absorbing.

(b) We say that E is b-F-barrelled if it verifies: every

F-barrel T in E 1is a 0-neighborhood in & whenever 7T N B is a

*Partially supported by COSTED
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0-neighborhood in B for every B € A,

1.3. REMARK. It is clear that every F-barrelled space is b-F-bar-
relled.

1.4. DEFINITION. A locally F-convex space FE is a b'-F-space if every
linear form on E 1is continuous wherever its restriction to every

B € A is continuous on B.
1.5. REMARK. It is clear that every F-bornological space is a b'-F-space.

1.6. DEFINITION. A locally F-convex space (E,T) is a b-~F-space if T

is the inductive topology relative to the family {(B,TB,'LB)}BEA

where T is the relative topology and iB is the canonical map.We

B
can say that a b-F-space is a space with a localized topology in the

family of bounded, F-convex and closed sets.

1.7. REMARK. It is easy to prove that the following properties are
equivalent:

(i) E is a b-F-space.

(ii) If ¥ is an F-convex subset of E such that W N B is a
0-neighborhood in B for every B € A, then ¥ is a (-neighborhood
in E.

With this observation, one proves easily that
(a) Every b-F-space is a b'-F-gpace.

(b) Every b-F-space is b'-F-barrelled.

1.8. PROPOSITION. If £ is a b'-F-space and a b-F-barrelled epace
then:

(*) For every locally F-convex space G, every linear map f:E > G

is continuous if every f|B, B € A, is continuous on B.

PROOF. Since f|B 1is continuous whenever B € A, for each y' € G'
and B € A we obtain that

(y'of)|B =y'ofoig
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is continuous. As E is b-F-barrelled, y' of 1is continuous. This
implies that f_l({y'})o = {y'of}° and then f : E, * G, 1is con-
tinuous and f' : G'» E' 1is weakly continuous. Now consider _f:(E,tc)

- (G,Tc). If 4 € ¢' is a weakly c-compact, F-convex and bounded set
then f'(4) has the same properties. On the other hand 4% is a
0-neighborhood for Tc(G’G') and (f’(A))O is a 0O-neighborhood in

(E,Tc). Then f - (E,Tc) - (G,Tc) is continuous. If W is an F-convex

0-neighborhood in (G,T,), then f '(i) is a 0-neighborhood with the
same property in (E,Tc) and consequently in E£p. Hence there exists
a weak F-barrel ¥; in E  such that ¥,; C Fiw).

Now if B € A, f_J(W) N B is a 0O-neighborhood in B, and there-
fore f is continuous.

1.9. COROLLARY. If (E’Tc) 728 a b'-F-space then (E’RJ has property (*).

1.10. REMARK. We state some consequences of the preceding results.

(1) Every locally F-convex space that verifies property (*) is
a b-F-space.

(2) If (E’Tc) is a b'~-F-space then (E’Tc) is a b-F-space.
(3) Every b-F-barrelled b'-F-space is a b-F-space.

(4) A locally F-convex space is a b-F-space if and only if it
has property (%*).

1.11. PROPOSITION. If F <is locally F-convex and F is spherically

complete, then the following conditions are equivalent:
(1) E is b-F-barrelled.

(i1) H C E' <s equtcontinuous whenever H restricted to B <s
equicontinuous for every B € A.

PROOF. Let V Dbe an F-convex 0-neighborhood in F. Then H_J(V) =

-1 . -
N h " (V) is F-convex, closed and absorbing in E, hence # J(V)is
heEH

an F-barrel in E verifying that
1

Bnaly) = H; (v)
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is a 0-neighborhood in B, for every B in A.

Conversely, let U be an F-barrel in E such that U N B is a
0-neighborhood for every B € A. Then vl u) C D, where D isthe unit
ball in F. Since U; is equicontinuous in B for every B € A, v°
is equicontinuous in E'. Then there exists a (O-neighborhood ¥ such

that

v (W) < D.

Hence there exists o € F, |a| > I such that

v%° < au

and so U is a 0O-neighborhood in E.

1.12. PROPOSITION. Let E be a b-F-barrelled spaces. If H C Eé is

precompact then H is equicontinuous in E'.

PROOF. If B € A and & > 0, there exists X € F, 0 < |A|<e and
there exists P C E!, with card (P) < » such that

B Cc(p) + AB°,

But if z € A\P° and f € ¢(P) then

|Flx) | laf, (z) + Bfy(2)]

I A

mazx { o] lfl(x)|,|81 lf2(x)]}

where f,,f, € P and |a|,|B8] < 1.
1242 >

Hence for z' € H, there exist f € C(P), g € 8° such that =z!'
= f+ Ag and |xz'(x)| <& if x € ¥V N B, Thus we obtain Hy equi-
continuous for each B € A and then # is equicontinuous.

1.13. PROPOSITION. Let E be b-F-barrelled and H be precompact in
Eé. Then:
(1) H is relatively weakly c-compact.

(ii} If F <s a local field then H <s relatively weakly compact.
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PROOF. If H is precompact in Eé then H and TI'(HJ (the F-convex

hull of H) are equicontinuous. By Van Tiel [8], I"(H)O is weakly
c—compact, and hence (i). Furthermore, 777 is weakly compact when-

ever F is a local field, and hence (ii).

1.14. PROPOSITION. E <s a b'-F-space <if and only if Eé 8 com-—
plete.

PROOF. 1If f € E* and f|B is continuous for every B € A, there

exists an F-convex (-neighborhood U such that f€ (UN B)°. Let i€ F,

Al > 2, v =271y and D» = A"’'B, then

Feav® + a°.

Hence f is a cluster point of some Cauchy sequence in Eé. Then f € E'.

Conversely, let F be a Cauchy filter in E!. If a € F and
x € E, then there exists ¥ € F such that ¥-¥ C a{x}’. Then there

is a Cauchy sequence of the form {fn(x)} in F.

We define ff(x) = Z@nfn(x), fe E*x. If B € A then there ex-
ists g € E' such that g € 7 + B°.

Let D be the unit ball in F. Then g_J(D) N B is a O-neigh-
borhood in B and f(g_l(D) N B) € D. Hence fp is continuous for

every B € A and then §f € E', because Eé is a b’'-F- space.

1.15. COROLLARY. If E is complete then (E',Tc) 8 a b'-F-space.

1.16. COROLLARY. If F +<s a loecal field and E is complete then
(E',1) Z8 a b'-F-space.

§2 NONARCHIMEDEAN gDF-SPACES

Now we give an extension of the classical definition of K.

Nouredinne [5] and W. Ruess [6] for gDF-spaces.

2.1. DEFINITION. A locally F-convex space E is a nonarchimedean
gDF-space (n.a. gDF-space) if

(a) There exists a fundamental sequence of bounded sets, and

(b) E 1is a b-F-barrelled space.
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2.2. PROPOSITION. If E <s a n.a. gDF-space and F is spherically

complete then the strong dual of E is a n.a. Fréchet space.

PROOF. If {Bn} is a fundamental sequence of bounded sets then the

polar sets {BZ} form a countable basis of ¢-neighborhoods for Eé.

Now we will prove (a) that every Cauchy sequence in Eé is g-con-
vergent and (b) every Cauchy sequence in Eé o-convergent is B-con-
vergent.

Let {mn} be a Cauchy sequence in Eé. Then the F-convex hull
]
= 8"
1.13, H is o-c-compact and co-closed. Thus {mn} is weakly convergent.

H of {mn} is an F-convex and precompact subset of F Hence by

Now let V be the basis of 0-neighborhoods in B(E',E) consist~
ing of the o-F-barrels. If ¢ 1is the elementary filter associated
to {mn} and V € V, then there exists M € ¢ such that M-M C V.
Then, as ¢ converges to x, x belongs to A Cy + V for each y€Mm

Hence M C x + V, and thus ¢ 1s convergent to =z in Eé.

2.3. COROLLARY. A4 n.a. gDF-space ig¢ a b'-F-space.

PROOF. It is a consequence of 1.14.

2.4. COROLLARY. A n.a. gDF-space is a b-F-space.

PROOF. It is a consequence of 1.10.

2.5. COROLLARY. FE <¢s a n.a. gDF-space if and only if its topology
is localized in a fundamental sequence of bounded F-convex and closed
set.

2.6. PROPOSITION. Every n.a. DF-gpace 18 a n.a. gDF-sgpace.

PROOF. Let £ be a n.a. DF-space. We assume that {Bn} is an in-

creasing fundamental sequence of bounded F-convex and closed sets.

If W C E verifies W N Bn is a O0-neighkorhood in Bn for

each n € IV, then there exists a 0-neighborhood Vn such that

We define V = N Vn and cbtain 7V C W.
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On the other hand, for each #n € IV, there exists X€ F, |A] <1
with [X| > [a]. But

ry

such that uBn < Vn for every o €

(N Vk) nB =V OB
n

n<k n n
and since Bn is F-convex we obtain

(n Vk) N (auB ) =V N (aB ) =aB

n n n n

n<k

Therefore
uBn c N Vk
n<k

and hence V is bornivorous. Since E is a n.a. DF-space, Vv is a

0-neighborhood and then ¥ is a 0O-neighborhood. Thus we obtain that
the topology is localized in {Bn}'

Other examples of n.a. gDF-spaces are the n.a. Banach spaces.

Here the fundamental family of bounded sets has one element.

In general every n.a. gDF-space where the fundamental family has

one element is called simple.

Therefore we can announce a consequence of the above proposi-

tion.

2.7. COROLLARY. If E is a simple n.a. gDF-space then Eé is a n.a.

Banach space.

PROOF. Let B be an F-convex, bounded closed and bornivorous set in
E. If 4 is a bounded subset of £ then there exists X* € F such that
if |A| < |a|, then 4 € aB hence B° C a4°. Then B° 1is a bounded
0-neighborhood in Eé.

An extremal necessary condition for £ being a gDF-space is found
using the continuous linear mappings to metrizable spaces. We denote

by L(E;G) the continuous linear mappings from E to G.

2.8. PROPOSITION. If E <8 ¢ m.a. gDF-space and G <& a nwmetrizalble

locally F-convex space then every f € L(E,G) is bounded.

PROOF. Let {¥,} be a countable fundamental system of F-convex 0-neigh-

borhoods. Then there exists a scalar sequence {a } _ , such that
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_ -1
=N ocnf (Wn)
n
is a 0-neighborhood on E (Navarro [4] ). Hence f(V) is absorbed by

every Wn'

We recall that T. A. Springer [7 ] defined a c¢-compact set as a
subset S of a locally F-convex space where every filter having a
filterbasis of translations of F~convex sets, has a cluster point

on G&.

It is possible to show that the space e, is a n.a. Banach space
not locally c-compact, since a normed space is locally c¢-compact if

and only if it is finite dimensional (De Grande - De Kimpe [11] ).

2.9. PROPOSITION. The space (cé’Tc) 78 a n.a. gDF-space, where T,
18 the topology of uniform convergence over the O-c-compact, bounded

and F-convex sets.

PROOF. We have that (co)é is a n.a. Banach space but e, is also

semi-flexive. Then Bf{ec';e ) = 1 (¢';e J. Hence (c¢';T1 ) 1is a n.a.
o’ o ¢ To0’ o o’ e

gDF-space.

Finally an important property of n.a. gDF-spaces is the per-

manence for separated quotients.

2.10. PROPOSITION. If E s a n.a. gDF-space and M € E <s a closed
subspace them E/M <8 a n.a. gDF-space.

PROOF. A slight modification of Noureddine's results [4] allow as
to conclude that b-F-barrelled spaces are invariant under inductive

topologies.

On the other hand, following Navarro [41], 1.7, we can prove that

there exists a fundamental sequence of bounded sets in the quotient.

§3. THE SPACE OF CONTINUOUS FUNCTIONS

We suppose that X is an ultraregular space, that is a Hausdorff
topological space where every pointhas a filterbase of clopen neigh-
borhoods. We call a topological space W-compact if every countable

union of compact sets is relatively compact (Warner [101]).

In [4], 2.7, we showed that C¢(X), the space of scalar continuous
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functions with the compact-open topology, is a n.a. DF-space if and
only if X is an ultraregular W-compact topological space. It is clear
that if ((X) is a n.a. DF-space then ((X¥) is a n.a. gDF-space. If
¢(X) is a n.a. gDF-space then, following the proof for the DF-case,
it can be shown that:

3.1. PROPOSITION. C(C(X) Zs a n.a. DF-space if and only if C(X) is a
n.a. gDF-space if and only ©f X <s W-compact.

3.2. COROLLARY. If (F,]| |) Zs a local field then the following con-

ditions are equivalent:

(a) C(X) is a c¢-Montel n.a. gDF-space.

(b) C(X) Z8 a reflexive n.a. gDF-space.

(c) C(X) 18 a Montel n.a. gDF-space.

(d) C(X) 7s a semi-Montel n.a. gDF-space.
(e) C(X) Zs a semi-c-Montel n.a. gDF-space.
(£) C(x) 28 a semi-reflexive n.a. gDF-space.
(g) X Zs finite.

PROOF. That (a) implies (b) follows from Van Tiel [9] Th. 4.28, Cor.
1.

That (b) implies (c) follows from De Grande -De Kimpe [1] , p.
178.

it is clear that (c) implies (d) and (d) implies (e).

That (e) implies {f) follows from Van Tiel [9] Th. 4. 26.

Now we suppose that (¢ (X) is a semi-reflexive n.a. gDF-space. We
will show that every compact subset X of X is finite.

If X is an infinite compact set let {ki} be a sequence of dif-
ferent points in K. Let k be a cluster point of {k l}. Without
loss of generality we assume ki # k. Then there exists a sequence
{fi} of functions in (¢(X) such that

(1) fn(ki) =1 if i < n;

(ii) fn(k) = 0;
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(iii) ]fn(ac)l < 1 for every x € X.

Clearly {fn} is bounded. Since ((X) is semi-reflexive, there
exists f € C(x), a cluster point of {fn} (Van Tiel [9] Th. 4.25).
For every m € IN there exists § > 0, n € W, n > m such that

lfek, ) - fn(kn)| < &,

and hence |f(km)| = 1 for every m € IN. Similarly, we obtain f(k)
= 0, this contradiction implies that K is finite. Now as X is W-com-

pact., X must be finite, then (f) implies (g).

That (g) implies (a) follow from the invariance under products

of the property of being e¢-Montel and n.a. gDF-space.

Now we will consider the vectorial case. Let {An} be an increasing
fundamental sequence of F-convex bounded sets of F. For each sequence
{Un} of 0-neighborhood of £ we denote by F(An n Un) the F-convex

hull of {An n Un}n . If follows from Garling [2] that the family

{F(An n Un)}' where {Un} is a sequence of 0-neighborhoods is a fil-
ter basis of F-convex 0-neighborhood for the b-topology of E. Here
we call b-topology the finest locally F-convex topology which agrees
with the topology of E£ on the sets An’ for every n € I,

3.3. PROPOSITION. The family {ﬁ(Ai + Vi)}, where {Vi} is a se-
quence of F-convex O-neighborhoods of E, is a filter base of F-convex
O-neighborhoods for the b-topology.

PROOF. It is sufficient to show for each sequence {Ui} of F-convex
0-neighborhoods of E there exists a sequence {Vi} of F-convex 0-neigh-
borhoods of E such that

N (4. +V,) cla, nu.).
Z 7 = i z

We define:

It is clear that
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We claim that {Vi} verifies the inclusion required. Let 2 be an

= . € . . € ..
element of ﬂ(Ai + Vi)' Then =x a; + v where a, Az’ v, Vz
If we call bl = a;, bi Sa, - a._y if < > 1 and P I
v. - v, if < > I, we obtain that
7 -1

But b. € A. and b. € U,, since A. and U. are F-convex, hence
7 7 7 Z 7 2

n A / € M r = P ]
bi € Ai Ui for < 1,...,Jd also us A. U. for <=1, 5 J

then xz € T.(4. NnU,).
777 i

The following is an extension of Hollstein's results [ 3] for

the vectorial case.

3.4. PROPOSITION. [Let X be an ultraregular topological space. Then
C(X) and E are n.a. gDF-spaces if and only if C(X;E) 1 a n.a.
gDF-space.

PROOF. If C(X;E) is a n.a. gDF-space, then, since ((X) and E can
be considered as complemented subspaces of C(X;E) and the n.a.
gDF-spaces are invariant under separated quotients, it follows that

C{x) and E are n.a. gDF-spaces.

Conversely we assume that ((X) and E are n.a. gDF-spaces. By
Navarro [4], it is obtained that {M(X,An)} is a fundamental se-
guence of bounded sets for ((X;E) whenever {An} is a fundamental
sequence of bounded sets in E. We can assume each M(X;An) as F-con-
vex and the sequence can be assumed increasing. If A is the se-

quence {M(X;An)} then will show that T, 1is the compact-open

n€mw
topology. Let U be a TA—neighborhood of zero. By Proposition 3.3
there exists a sequence of compact sets {Kn} in X and a sequence
{Vn} of F-convex 0-neighborhood of E such that

N (MK ;V ) + M(X;4 )) C U.
n n’ ' n n =
By Navarro [4] , 2.1, it follows that
N MK ;V + A ) CU.
" n’'n n° =

As ({X) is a n.a. gDF-space then X is W-compact, then there exists
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a compact set X such that U Kn C Xk then
n

M(K; N (V. + A )) CU.
n n n -

If we denote V =N (Vn + An) then V is a 0-neighborhood of the n.a.
n

gDF-space £E.

Finally we obtain M(K,V) C U. Then U is a 0O-neighborhood in
the compact open topology for C(X;E).
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1. NOTATIONS AND PRELIMINAIRES

Throughout this paper, F will denote locally convex Hausdorff
space over ¢, cs(E) is the set of all continuous seminorms on E.
¥(U) will denote the space of all holomorphic functions from U (an
open subset of E) to (. If o € c¢s(E), will denote by (E,a/ the
space F endowed with the topology generated by a and by B, the
normed space associated to (E,a). Let <Z_ : E - E, denote the ca-

o
nonical surjection.

DEFINITION 1. Let U be a non-void open subset of Fk. U is uniformly
open if there is o € c¢s(E) such that U is open in (E,o0). Let I be
the set of such o. We remark that I is a directed subset of c¢s(E)
and generates the topology of E. We refer to Nachbin [3] for ex-

amples of uniformly open sets.

REMARKS.
(1) If U and V are uniformly open, then so is U N V.
(2) If U is uniformly open, then so is each connected com-

ponent of U.

From now on, U will denote a connected uniforly open subset
of E.
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DEFINITION 2. A function f € H(U) is wniformly holomorphic 1if there

are o € T and fa S M(Ua) such that f = fa 0 iu’

Hu(U) will denote the space of all uniformly holomorphic functions

where UOL = LOL(U) .
on U.

EXAMPLES

(1} 1f E = F/, where F if isaseparable Fréchet space, that
is, the dual of ¥ endowed with the topology of compact convergence,
then every open subset U of E is uniformly open and Hu(U) = K(U)
(see Mujica [21).

(2) If E = K(¢) with the compact-open, topology Nachbin in
[ 3] shows that the function defined by f(¢) = ¢v(v(0)), for ¢ € E,

is holomorphic, but not uniformly holomorphic.

DEFINITION 3. U 1is a domain of u-holomorphy if there are no con-
nected uniformly open sets UZ and U2 in E, with ¢ 7 U2 cun UZ
and Uy ¢ U, and such that for each f € Hu(U), there exists g €

Hu(Ul) with f =g on U,.
DEFINITION 4. U is the domain of u-existence of a function fe
Hu(U) if there are no connected uniformly open sets U; and Uz in
E, and a function g € HM(U), such that d # Ug cuvn Usys Uy U
and g = f on Uyz. U 1is a domain of u-existence if U is the do-

main of u-existence of some function f € HM(U).
Clearly every domain of u-existence is a domain of u-~holomorphy.

For definitions and properties of holomorphically convex domains,
polynomially convex domains, pseudo-convex domains, Runge domans,

domain of holomorphy and domain of existence, see Noverraz {11].

If E = Fé, as in example (1), then U is a domain of holomor-
phy if and only if U is a domain of u-holomorphy. Later on we will
see that if F is a nuclear space, then U is a domain of holomorphy

if and only if U is a domain of u-holomorphy.

PROPOSITION 5. Let f € HM(U). Then U Zs the domain of u-existence
of f <f and only if U <s the domain of existence of f.

PROOF. To prove the non-trivial implication, suppose U is not the
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domain of existence of f. Then there are connected open sets U; and
Uy in E, and g € I(Ul), such that U, U, ¢ # U, cunu, and
g = f on U2 . Without loss of generality we may assume that U, is
a connected component of U N U, . Take a point a € U, N U N SUZ
(see Mujica [2]), and choose o € T and r > 0 such that Ba(a_;r)

C U] and g is bounded on Bu(a,-r). Let b € UZ n Ba(a;r), and choose

B € I and s > 0 such that BB(b;s) C u, n Ba(a;r). Then v, =
Ba(a;r) and Vo = BB(b;s) are uniformly open and g € JCH(VJ). Since
VJ g U, ¢ # Uy cuUun Vz and g = f on Uy, U is not the domain

of u-existence of f.
PROPOSITION 6. Let f € IM(U) and

= S : = 2 ) S
Af {a I; f Fu %4 with f'u JC(UOL)}.
Then U is the domain of existence of f +i1f and only <if u, is the do-
main of existence of fa, for every o € Af'
PROOF. Firstly suppose that there is a in Af such that Uoc is not
a domain of existence of f‘a. Then there are connected open subsets

1 2 . 7 1
U, and u, in E_ and fy in JC(UQ) such that

1 2 1 1 2
C N =
Uoc Z Ua, ¢ # Uoc Uu u, and fu fu on Uu .
We remark that U = i;J(UQ) and U* = i&J(Uu), i = 1,2, are connected
open sets in (E,o). Furthermore,
vigu, ¢#vicunu, and fl=Ff on U°,

1

1 \ . . .
where f = f‘i Ty and f = fa 07, I1f follows from this, that U is
not the domain of existence of f.

Conversely, if U is not the domain of existence of . then

7 2

there are connected uniformly open subsets U~ , U in £ and fz in

qu(UJ) such that

1

vigu, ¢ #vicuvnul anda f= f; on ve.

It is possible to find a € Af such that U, UJ and U2 are open

in (E,a), f = fuoiu and 7l = fioia, with f € X(U J and f‘i €

1 . . 3 .
JC(UQ).Then UOL = 7’o¢(U) and U; = aa(Ul), z = 1,2, are connected open
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sets in Ea and

1 2 1 _al 2
Ua g U, ¢ # &a C Ua n Ua and fa = fa on U".

where f = i oiu.

Then, we can conclude that Uu is not the domain of existence
of f.

DEFINITION 7. U 1is sequentially u-holomorphically convex (sequentially
nolomorphically conmvex) if for each sequence (z,) in U, which con-
verges to a point =z € oU, there exists a function f€ K&(U} (¥#(U))
with suf | f(xn)l =+ o,

It is clear that if U is sequentially u-holomorphically convex,

then U is sequentially holomorphically convex.

PROPOSITION 8. If for some o € I, Uy 18 sequentially holomorphically

convex, then U 1s sequentially u-holomorphically convex.

PROOF. Let (xn) be a sequence in U which converges to a point z,
in 3¥. Then (iu(xn)) is a sequence in V¥, , converging to iu{xo) in
d3U,. Therefore there exists f in (U ) such that suplfuoiu(xn)|:+°°.
If we take f = fa oia, we have that U 1is sequentially wu-holomor-

phically convex.

PROPOSITION 9. If U <s sequentially u-holomorphically convex, then

U %8s a domain of u-holomorphy.

PROOF. Suppose that there are connected uniformly open sets Uyq and
Uy in E, with v, U, ¢ # Uy € UnNU;, and such that to each f
€ KM(U)'there corresponds a function f,; in KM(UJ), with i =f
on U2. Without loss of generality we may assume that U2 is a con-
nected component of U N U;. Then we can find a sequence (xn) in Ug
which converges to a point x, in 23U N Ul N 3U2 (see Mujica [2]).
By hypothesis there exists f € ¥ (U) with sup|f(xn)| = + «, Then,
on one hand the sequence {fl(xn)) converges to fl(xo) and on the

other hand (f}(xn)) = (f(x,)) is unbounded. This is impossible.

Let X be a compact subset of U. We will denote by:

Z::%%(w ={z € u; |fle)| < Hfly,, VfeK (U]
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DEFINITION 10. U is u-holomorphically convex 1if for every com-
pact subset X of U there is a 0-neighborhood V in E such that
R+ vcCcu.

PROPOSITION 11. If there is o in I, such that U, 18 holomor-—

phically convex, then U <is u-holomorphically convex.

PROOF. Let X be a compact subset of U. Then iu(K) =K, is com-
pact in Uu' By hypothesis, there is an open ball Ba(O,d) in E
such that

o’

R, + B (0,8) € U,.

Then i;z(ﬁu) + B%(0,8) € U, where B® denotes the open ball in (E,a).

Since X C i;z(iu), we have the result.

PROPOSITION 12. If U is a domain of u-holomorphy, then U is u-ho-
lomorphically convex.

The proof of this proposition is similar to the proof of Theo-

rem 3.5 in Noverraz [5].

DEFINITION 13. U is u-Runge if the space of the continuous polyno-
mials on E, P(E), is dense in MM(U) endowed with the compact-open

tipology T,

If for each o € 7T, Uu is Runge, then U 1is u-Runge.

If U is a Runge uniformly open subset of E, then Wu(U) is

obviously To—dense in ¥H(U). We don't know if this is true ingeneral.

The following result, whose proof we omit, parallels a result
of Aron and Schottenloher [11].

PROPOSITION 14. [Let E be a locally convex space with the approxi-

mation property. If U 4isg u-holomorphically convex, then the following
conditions are equivalent:

i) U <8 u-Runge;
ii) U <Zs Runge;

iii}) U Zs polynomially convex.
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2. OKA'S THEOREM

OKA'S THEOREM. Let E be a locally cconvex space which has a funda-
mental system J of continuous seminorms, such that, for each a in
J, B, has an equicontinuous Schauder basis. Then every connected
pseudo-convex uniformly open subset of E, <s sequentially u—holomor-

phically convex.

PROOF. Let U be a pseuvdo-convex, connected uniformly open subset of

E. Then there is o, in I NJ such that VU, is pseudo-convex.
0

By Levi-Oka's Theorem (see Noverraz ([51]1), U4 is sequentially
0

holomorphically convex. Then by Proposition 6, U is sequentially

u-holomorphically convex.

COROLLARY. Let E be a locally convex space which satisfies the hy-
pothesis in Oka's Theorem. Let U be a connected uniformly open subset

of E. Then the following conditions are equrvalent:
(1) U is a domain of u—hclomorphy;

(2) U zs a domain of holomorphy;

(3) U s sequentially holomorphically convex;
(4) U s sequentially u-holomorphically convex;
(%) U <s pseudo convex;

(6) U Zs holomorphically convex;

(7) U s u-holomorphically convex.

Observe that every nuclear space satisfies the hypothesis in
Oka's Theorem.
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INTRODUCTION

In a previous paper [2] we proved an inversion mapping theorem
in a Banach space using power series. This theorem cannot be extended,
ipsis litteris, in a Banach Scale. We gave a counter example in [ 3].
In [4] we enunciated that, using our generalized Frobenius theorem,
one can obtain a "right" inversion theorem [5]. We want now to give
complete proofs and prove that one can obtain an inversion theorem
("right"™ and "left").

The classical inversion theorem in a Banach Space is a particu-

lar case of such situation.
For some applications see [1].

DEFINITION. A Banach Scale is a complex vector space X = U X
0<s<1

where X_ is a Banach subspace, X_, 2 X, It ”s' < ”s (¥vs' < s).

s”

We suppose X endowed with the injective limit topology in the l.c.s.
category is equal to the injective limit topology in the topological
spaces category. We suppose also that X is sequentially complete.

Examples of such situations are the Silva spaces, i.e. Banach Scales

where the canonical mappings Xs - Xs’ (¥s’ < s) are compact, and
trivially, Banach spaces, i.e. X, =X, I lls =0 I (vs).
PROPERTIES

I. Let A C X. A is open (closed) iff A nx, 1s open (closed)
(¥ s).

COROLLARY 1. X s Hausdorff.

COROLLARY 2. Let Q € X open and f : § = Y (a topological space).

7 s continuous iff Flan X, tis continuous (¥s).
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II. Let L € X. L 41is bounded iff theve is s such that L ©

X, and L is bounded in X (Grothendick).

COROLLARY. The LF-analytic mappings in an open sub-set of X are con-

tinuous, then analytic (G-analytic + continuous).

THE INVERSE MAPPING THEOREM

Let X and Y be Banach Scales and f analyticin 4= U Bsh%,R)
*
C X,valued in Y( ). 0<s<1

We suppose
(1) (f'(m))-z exists Y € 4.

(2) The restriction of the mapping 4 x X - Y, defined by
(x,h) > f'(x)h, to Bs(anU x X, is Yo valued, G-analytic (¥s'’ < s)

and
-1
HeF () nll, < e z—f—s—, &l

where ¢ > 0 1is a constant.

Then there are neighbourhoods V(x ) and V(y ) (yo) = f(xo))
such that [ lV(xo) : V(mo) - V(yo) is an analytic homeomorphism with

analytic inverse.

PROOF. The system
' = ' -1
g'{y) = (f'(g))
(1)
gly,) 1 =,

satisfies the hypothesis of Theorem 2 (Frobenius), p. 384 [5] :

(1) Let F(glh = (f’(g))_Jh. Then

F'(g)(F(g)k)h = (Freg) ) Lepmig coer () o (e eg) ) )

is symmetric in (h,k) € X x X (¥g € 4).

(*) As always Bs(xD,R) (B(xo,R)) means the open ball z -centered and radius >0

in the normed space XS(X).
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(2) IIF(g)hlls, <ec s—ss' ”7'l||s , Yg¢€ Bs(xo,R), s' < s.

There is only one solution g of the system (1), analytic in the
open connected subset B C Y, B = u Bs(xo,KR) (k. > 0) [51.

0<s<1l

(a) We have fog = idg:

(fogl)'(y) = fliglyllg'(y)

Frigly))(f gyt = ¢4,

and

(fog)(yo) =y, -

fog and idB satisfy the same system:

o' (y) = id,

1
g

¢ly,)

so fog = de.

(b) g Ofo = idAO , where AO is the xo—connected component of

£l ana £ = fa,:

(gofl)'(x) = g'(flx))f'(z)
= (f'((gofi(x))) lf () (When x € £ 1(B))
and (gof)(xo) ==
g o (f‘|f‘_1 (B)) and <4 _, satisfy the same system:

£ “(B)

Wlz) = (F1p)) e ()

l})(mo)

SO gofo = 7,dA0

(b) implies that f, is injective. g(B) is connected, contains
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z, and from (a) g(B) C 4, that implies f(Ao) = B. Then f;lzg.

REMARK. When X = Y = X_, mn =1 ”s ,i.e. X and Y are Banach
spaces, the existence of (f’(xo))_l implies the existence of the lo-

cal inverse of f:

Let L(X), the complex Banach Space of 1linear and continuous
transformations of X, and GI(X) € L(X) the open Lie group of in-

vertible transformations, endowed with the composition law group.
x € A~ fl'(x) € L(X)

is analytic and f'(xo) € GlL(X). There is p > 0 such that f'(xz) €
Gl(X) when « € B(xo,p). Then

1

z € B(z_,p) > (f'(x))” ' € @gi(x)

is analytic and there is M > 0 and p’ with 0 < p' < p such that

1

Nepree)) ™I < M (V:cEB(xO,p'))

L S '
Nerr e hl < mIRl, <M —2— WAl NO<s'<s<1, hEX.
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The linear spaces we shall use are defined over the field X of
real or complex numbers. The word "space" will mean "Hausdorff lo-
cally convex space". If E is a space, E' is its topological dual and
O(E',E), WE',E}) and B(E',E) are the weak, Mackey and strong topo-

logies on E' respectively. If 4 is a subset of E, 4 is the closure

of 4,4° and 4 ! are the polar and orthogonal sets of 4 in E' respec-
tively. If B is a subset of E’, B° is the polar set of B in E. If
A is an absolutely convex bounded subset of E, EA is the normed
space on the linear hull of 4 whose norm is the gauge of A. IN is

b

the set of positive integers and ¥ is the topological product of

an infinite countable family of copies of E.

Given a dual pair (EZ,F), we set {(-,*) to denote the asso-

ciated bilinear form.

We say that a set 4 of continuous seminorms on a space E 1is
directed whenever, given a; and oy in 4 there are o in A and
A > 0 such that o; < ra, ¢ = 1,2, If B is a continuous seminorm
on F, we denote by Eg = (E,B) the space E endowed with the unique
seminorm B and by E/B8 = EB / 6_1(0) the normed space associated to
EB .

Following Nachbin, we denote by C(0S(E) the set of all continuous
seminorms o on a space E such that the canonical mapping E —E /o

is open; and CC 5(E) the set of all continuous seminorms a on E
such that Z /o is complete, [5].

PROPOSITION 1. Let U be a neighbourhood of the origin in a space E.
If A is a barrel in E which 28 not a neighbourhood of the origin and
F is a closed subspace of finite codimension in E'[G(E’',E)], then
U° N F does not contain A4° N F.

PROOF. F N E/;o is a finite codimensional closed subspace of the
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normed space E' 0 * and therefore we can find a finite subset J of
A

E'AO and X > ¢ such that the absolutely convex hull ¥ of V)

A(A° n F) contains 4.

Suppose that v° " F contain 4° N F. Then 2 nF s equi-
continuous hence ¥ 1is also egquicontinuous. Since #° is contained
in 4, it follows that 4 is a neighbourhood of the origin, a con-
tradiction.

THEOREM 1. Let E be a metrizable space. If E <s not barrelled, then
there is a closed subspace F of E such that F and E/F are not
barrelled.

PROOF. Let {U, : n = 1,2,...} be a fundamental system of neigh-

bourhoods of the origin in

a neighbourhood of the origin. We take

z 70 Tp A4

If M; is the subspace of E' orthogonal to {x;}, we apply the
former proposition to obtain
o o
u1¢U10M1_, u; € A 0 M.
Then
x, € U x, € A, u, & v° u, € 4°, (x ,u, ) = 0.

1 17’ 1 ? 1 1° 1 ? 1° 71
Proceeding by recurrence, we suppose that for a positive integer n
we have found

0 o _ ..
(1) x, €Uy x, & A, uj 74 Uj’ uj € A7, (xi,uj) =0, 1,3 =1,2,...,n.
If L, is the subspace of E orthogonal to {ul,u2,...,un}, it is
immediate that A N L, is not a neighbourhood of the origin in ne
Therefore there is
Enrl < Un+1 Nlys Cne1 ¢ 4.

1 ]

If ¥, ,, is the subspace of F orthogonal to {xl,x2,...,xn,xn+1},

we apply the former proposition to obtain

E. Let A be a barrel in F which is not
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gy’ Ny € 4°nn

Yyt n+1 nt1* Hp+1 n+l

Then

o 1% _ ..
xiE Ui’ xiQA, ujQUJ., uJ.EA R (xi’ uJ.> =0, 1, §=1,2,...,m+1.

Let F be the closed linear hull of {xj,xz,...,xn,...}. Suppose
that F N 4 1is a neighbourhood of the origin in F. There is posi-

tive integer p such that
U NFCANF,
p

According to (1) we obtain that

x EU NDF, x_ &4
p p p

which is a contradiction. Thus F 1is not barrelled.

Now let us suppose that F /F 1is barrelled. The topological dual

1
of E/F 1is identified in the usual way with F . Since

is a O(Fl,E/F)—bounded subset of F, it follows that B 1is equi-
continuous on E /F, and hence on E. Therefore the polar set B® of
B in E is a neighbourhood of the origin in F, whence there is a
positive integer ¢ such that Uq C BY. Consequently B C Ug. On the
other hand, according to (1} we have that

which is a contradiction. Thus E /F 1is not barrelled.

COROLLARY. Let E be a non-barrelled subspace of a Fréchet space G.

Then there is a closed subspace F of FE such that F # F and E+F
18 not barrelled.

PROOF. We apply Theorem 1 to obtain a closed subspace F of E such
that F and E/F are not barrelled. Since F is a Fréchet space it
follows that F is distinct from F. On the other hand, £ /% is iso-
morphic to E + F /F, from where it follows that £ + F is not
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barrelled. g.e.d

Let B be the closed unit ball of the Hilbert space 2,2. We

write ey, to denote the element of 22 whose coordinates vanish

except the n—th coordinate which is equal to one, n=1,2,... . We set
Eor={(a )€ 0, =0, n=1,2,..}
1 n 2n s 2Ta
£, :={(a) € 8% . na, =a n = 1,2 }
2 n T e an-1° 2y S

Clearly EJ and E, are closed subspaces of 22 and E, n E, ={0}.

iti i € €
For every positive integer =, €o,-1 EJ and €o, T o, 1 E2.

Therefore eq, € EJ + E2 . From where it follows that EJ + E'2 is

, 2 )
dense in & . We can write

1 1 1
— = - + — (=] _ (<3
— Ca €9, ; (n e E e, + e E

s = gy g 1° 7w %o -1 2"

on t Con-1

The sequence (% eZn) converges to the origin in Z and the sequence

(~ eZn—J) of £, which is the projection of (i

" QZn) on £E; along

E2 does not converge to the origin. Therefore E'J + E2 F4 22.

Proceeding by recurrence suppose that for positive integer =n >1

we have found closed subspaces EJ,E E of 22 such that

PERREY
L 2= F, + E, + + B £ JLZ
n-1 1 2 e »n ’
We have that
B = F, 0B+ E, NB+ ,.. +E NB
n 1 2 n
is an absolutely convex weakly compact subset of 22 contained in
[’n—l . As Ln—] is dense in 22 and distinct from 12, it follows
that L, ,; is not barrelled. We apply the Corollary toobtain a closed
subspace Fotq of Ln—] such that Fn+1 # Fn+1 and Ln—] + Fn+1 is
not barrelled. If we set En+1 ro= Fn+1 , we obtain that
L :=E, + E_ + + E # 22
n ' 1 2 te n+1 '
PROPOSITION 2. For every positive integer n, 52,123 is isomorphic to
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22 and B, 18 a weakly compact subset of 2;
n
. 2
PROOF. Let fn be the mapping from &, x E, x ... X & into L
defined by
fn(xl,xz,...,xn) SEy oty t ot X
The image of (B N E,) x (B N EZ) X ... x (BN En) under f, coincides
with B, , and therefore f, 1is a linear homeomorphism from E; X
9 P . .
E2 * ... X E onto an. This implies the conclusion. g.e.d.
Now we write F to denote the inductive limit of (Qg ). If we
n
set An i = an N (An) is a sequence of absolutely convex weakly com-

pact subsets of % covering it. Since F is barrelled, every bounded
subset of F is contained in some An, [ 7, Theorem 6 ]. Therefore W(E',E)

and R(E',E) coincide on E'.

THEOREM 2. There is a closed subspace F of (22)1\] such that COS(F)
define the topology of F and (O S(F) is not directed.

PROOF. We set G:= E' lu(E',E)], where E is the linear space con-

structed above. Let
(2) {xi:i61,>}
be a net in (¢ such that
Zim{ot(xi) 1 € I, i}:O
for every o in (0 S5(G). For every positive integer n, we set
otn(:r}:sup{l(u,x)[ :uGBﬁEn},xGG.

We have that ¢, 1is a continuous seminorm on ( and the strong dual
of G/ocn can be identified with E,, which is isomorphic to 22.
Therefore, G/un is isomorphic to 22, Consequently o, € C08(G).
From where it follows that (2) converges to the origin uniformly on
every subset B

ms m=1,2,..., and thus (2) converges to the origin

in G, and €0 5(G) defines the topology of G.

Since L,_q is distinct from Ln s, n = 2,3,..., it follows that
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¢ is a non-normable Fréchet space. It is immediate that E‘7 + Ey is
dense in F, and therefore if a is a continuous seminorm on G such
5 <o it follows that o %(0) = 10}. since G/a is
a normed space that canonical mapping G —— G /o is not open, from
where it follows that o does not belong to (¢ 05(G) and thus C05(G)

is not directed.

that 0; < a, o

Finally, if # is the strong dual of 12 ; G can be identified

n B,
with a closed subspace of 1 {Hn :mn=1,2,...}. We have that 22 is
isomorphic to #,. Let ¢ be a topological isomorphism from
H{Hn: n=1,2,...} onto (ZZ)JN. If we set F : = ¢v(G), then F is

the desired subspace of (!LZ)JN .
g.e.d.

FINAL REMARKS. 1). Observe that in our former theorem ¢ 0 S(F) co-
incides with ( C S(F). Therefore the system of seminorms CCS(F)
defines the topology of 7 and it is not directed. Our Theorem 2
answer negatively the guestion posed by Nachbin that if the topology
of a locally convex space E is defined by C 0 S(E) then C0S(FE)

is directed.

2) The idea that ¢ 0 S(E) is directed and defines the topology
of F was introduced in {3 ] , where some interesting examples of cur-
rent spaces satisfying such a condition are given. In [31,[4], [5]
the role of this class of spaces E in studing uniform holomorphy and

holomorphic factorization is treated.

3) For a Frechet spaces F, it is easy to chek that the property
of CO0S(F) being directed and defining the topology of F is equiva-
lent to the "relatively complete" property of W. Slowikowski and Ww.
Zawadowski [ 6 ]. It also coincides with properties "stricly regular"
and "completely regular"” of D. N. Zarnadze, [ 8] (see also [1]). This
class of Fréchet spaces was also considered by Grothendieck in {2],
11, §4, N 1 Lemma 11.
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condensing map, 112
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continuous selection, 47

contractive projection, 68

convolution operator, 138

convolution operator of type
zero, 155

convolution product, 143, 148

COs(F), 287

(db} -space, 250

defining sequence, 248
dilation, 37

domain of u-existence, 274
domain of u-holomorphy, 274
D'-P-convex open set, 188
D-space, 88

D —space, 88

egress point, 116

embedding, 12

equiamply bounded set, 222
equilocally bounded set, 222
(E) -space, 83

factorization lemma, 17
F-barrel, 261

F-convex, 261

finite dimensional analytic set,

2



296

finitely defined analytic set, 2
Fourier-Borel transform, 134
Fréchet space, 247

Fredholm map, 3

frequency cone, 96

(F)-space, 83

functional Hilbert space, 26

generalized function, 57
generic submanifold, 74
graph theorem, 21
Grothendieck condition, 235

Hardy class, 34
Helly's theorem, 90
Hermitian operator, 67
holomorphic factorization, 224,
225, 231
homotopy property, 117
hyperbolic polynomial, 97
%cb(E), xc*b(E”), 206
qub(E), Kw*ub(E”), 206
KC(U), %c*(U), 206
qu(U), xw*u(U)’ 206

immersion, 12

inductive limit, 176, 248

inductive sequence, 248

infinite dimensional distribu-
tion, 58

infinite dimensional holomor-
phy, 62

integral of a process, 115

interpolation manifold, 40
JB* triple system, 67
k-set contraction, 111

(LB) -space, 248
Leray-Schauder degree, 117, 122

(LF)-analytic mapping, 282

(LF) ~space, 176, 248
(LF)l-space, 252

(LF)Z-space, 252

(LF)3-space, 252

Lindeldf condition, 235

local condensing map, 112

local reflexivity principle, 90
local semidynamical system, 110
local strict set contraction, 112
locally F-convex space, 261
locally HAlder continuous map, 114

measure of noncompactness, 111

metric projection, 47

microhyperbolic function, 98

minimal embedding codimension, 7

multiplication of distributions,
57

multiplication operator, 32

multiplier, 32

neutral equation, 112
nonarchimedean gDF-space, 265
nonarchimedean valued field, 261
nontangential manifold, 40
normalization property, 117

normally solvable operator, 180

open linear relation, 177

openness condition, 232, 233

openness criterion, 18

open projective limit represen-
tation, 243

orbit of a process, 114

order of an entire function, 133

Pick-Nevalinna condition, 35
Pick-Nevalinna interpolation
theorem, 35

positive-definite kernel, 26
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process, 11l

proper mapping theorem, 13
proximinal subspace, 47
P.("m), P ("E), 205
Pex("BM, P ("EM), 206
PonEY, Py (PEM), 206

g-capacity, 38
g-enerqgy, 37

quasi-Baire space, 250

radius of boundedness, 207

radius of convergence, 206

relative completeness property,
292

relative projection constant, 83

reproducing kernel, 26

restriction operator, 42

R-property, 79

(R-R) property, 250

(R-T-Y) property, 250

sectorial operator, 113

semi-continuity of the fiber
dimension, 17

semi-dynamical system, 111

semi-Fredholm map, 10

semi-Fredholm operator, 2

separable quotient problem, 254

sequentially u-holomorphically
convex open set, 276

set of uniqueness, 31

SF-analytic set, 3, 11

singular set of a Fredholm map, 19

singularly P-convex open set, 189

singularity condition, 173, 174

smallest variety, 251

splitting problem, 256

strict egress point, 116

strict inductive limit, 176

strict inductive sequence, 248
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strict (LB)-space, 248

strict (LF)-space, 248

strict regularity property, 292

strictly strict inductive
limit, 248

strongly P-convex open set, 189

subordination of kernels, 28

surjective limit representa-
tion, 243

symmetric domain, 68

tangent space, 6
totally real submanifold, 74
trajectory of a process, 114

type of an entire function, 133

u-holomorphically convex open
set, 227

ultrafilter, 67

ultrapower, 68

ultraregular space, 268

unconditional basis, 257

uniform holomorphy, 225, 226,
231

uniformly holomorphic function,
274

uniformly open set, 227, 273

uniformly stable operator, 112

unordered Baire-like space, 250

u-Runge, 277

variety, 251

wave front set, 96

wedge, 126

weighted Bergman space, 34
well-located subspace, 185
W-compact, 268

Wilansky-Klee conjecture, 250

Zymund class, 39
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