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LOCAL ANALYTIC GEOMETRY IN BANACH SPACES 

Volker Aurich 

Mathematisches Institut 
der Ludwig - Maximilians -Universitat 

Theresienstrasse 39 
D - 8 0 0 0  Miinchen, West Germany 

ABSTRACT 

After motivating analytic geometry in infinite dimensional spaces 

we give a survey on the local theory of SF-analytic sets and holo- 

morphic semi-Fredholm maps. Moreover the notion of minimal embedding 

codimension is introduced. It allows to derive quantitative results 

although the dimension may be infinite. 

1. MOTIVATION 

Analytic geometry in tn deals with the geometrical properties 
of the sets of solutions of analytic equations defined in an open 

subset of tn. Since many interesting equationsinanalysis like dif- 

ferential and integral equations are defined in infinite dimensional 

spaces and are analytic or even polynomial it seems reasonable to 

develop a concept of analytic geometry in infinite dimensional topo- 

logical vector spaces. Although in applications mostly real solutions 

are considered one hopes that as in finite dimensionsthe complex 

analytic case yields a simpler and more complete theory. But without 

further restrictions this is not true: every compact metric space 

occurs as the set of solutions of a complex quadratic polynanialecpa- 

tion in a suitable Banach space [ 2  1 .  Hence in order to obtain sets 

of solutionswithnice geometric properties additional conditions have 

to be imposed on the regularity of the equation. 

We compile some sufficient conditions in the case of Banach 

spaces. 

Let E and F be complex Banach spaces and R a domain in E .  We 

call a map f : R + F hoZornorphic  if it is complex Frechet differen- 

tiable or equivalently if it is complex analytic. D f ( x l  denotes the 

differential at x. We say that a linear operator T : E + F is 

s ; > Z i t t i r i g  if its kernel and its image are complemented subspaces of 
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E and F respectively: T will be called a semi-Fredholm o p e r a t o r  if 

it is splitting and continuous and if its kernel or its cokernel (or 

both) are finite dimensional. Obviously every Fredholm operator is 

semi-Fredholm. The i n d e x  of T is i n d  T := dim Ker T - codim I m  T .  

Let X be a subset of R. Then we define: 

1.1. X is a n a l y t i c  in R iff X is closed and satisfies the follow- 

ing property : 

(A) For each x E X there exists a neighbourhood U, a com- 

plex Banach space H ,  and a holomorphic map h : U + H 

such that x n u = h - l i o ) .  

1.2. X is a complex  s u b m a n i f o l d  of R iff it is analytic and more- 

over the maps h in (A) canbechosen to have surjective and splitting 

differentials. 

Because of the implicit function theorem we obtain the usual 

notion of a complex submanifold as a closed subset which is locally 

in appropriate biholomorphic coordinates an open piece of a comple- 

mented linear subspace. 

1.3. X is f i n i t e Z y  d e f i n e d  iff it is analytic and moreover the 

Banach spaces H in (A) can be chosen finite dimensional. 

The finitely defined sets have been investigated intensively by 

Ramis [ 6 ] and later on by Mazet in locally convex spaces [ 5 1 .  Be- 
cause these sets have finite codimension induction on the codimen- 

sion can be used to show that they have nice local geometric proper- 

ties (see the next section). Anexample for afinitely defined set is 

the s e t  of non-surjective linear Fredholm operators in E ( E , F ) .  

1.4. X is f i n i t e  d i m e n s i o n a l  a n a l y t i c  iff it is analytic and more- 

over the maps h in (A) canbechosen to have splitting differentials 

with finite dimensional kernels. 

Againby the implicit function theorem it iseasy to see that an 

analytic set X is finite dimensional iff it is locally contained in 

a finite dimensional complex submanifold of some open set in R (No- 

tice that in general a finite dimensional analytic set X is not even 
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locally contained in a linear subspace). Therefore all local results 

about analytic subsets of tn hold also for finite dimensional ana- 
lytic sets in Banach spaces. 

Because an analytic subset in a finite dimensional manifold is 

always finitely defined we can state that 

1.5. X i s  f i n i t e  d i m e n s i o n a l  a n a l y t i c  iff it i s  a n a l y t i c  and more- 

o v e r  t h e  m a p s  h i n  ( A )  can  be chosen  such  t h a t  t h e i r  d i f f e r e n t i a Z s  

a r e  Fradholm o p e r a t o r s .  

If we call a holomorphic map a Fredholm map or F-map (semi-FredhoZm 

map or SF-map) iff all differentials are Fredholm (semi-Fredholm) 

operators then the finite dimensional analytic sets are preciselythe 

sets which are locally the fiber of a holomorphic Fredholm map. The 

importance of nonlinear Fredholm maps is well known, e.9. elliptic 

differential operators with Dirichlet boundary conditions or maps of 

the form identity-compact map are Fredholm, and in many cases they 

are polynomial hence analytic. 

Very often an equation @ (xl = 0 depends on a parameter y and 

one would like to know how the set of solutions changes when the pa- 

rameter varies. For example the parameter can be the right side of a 

differential equation fix) = y ;  hence it is natural that y varies 

in an infinite dimensional space. Consider g as an additional vari- 

able and put @ ( x , y l  := 0 ( z l .  Then the shape of @ - ' t o )  determines 

how the sets Z := {x : @ (xl = 0 1  depend on y. If OY is a ho- 

lomorphic Fredholm map and depends holomorphically on y then @ is 

a holomorphic semi-Fredholm map. Thus the local bifurcation theoryof 

holomorphic F-maps is related to the local theory of the so-called 

SF-analytic sets. 

Y 

Y 

Y Y 

1.6. X is S F - a n a l y t i c  iff it is analytic and moreover the maps h in 

( A )  can be chosen such that their differentials are SF-operators. 

With the aid of the implicit function theorem it can be shown 

that an analytic set is SF-analytic iff it is locally contained in a 

complex submanifold where it is finitely defined [l] . Therefore the 
SF-analytic sets have essentially the same nice local properties as 

the finitely defined sets. Some of them will be presented in thenext 

section. 

The above definitions are also meaningful when R is a complex 

manifold because all occurring notions are local and invariant under 
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hiholomorphic maps. 

2. LOCAL PROPERTIES OF SF-ANALYTIC SETS 

At first we recall some fundamental properties of arbitraryana- 

lytic sets [ 6 ] . 
Let X be an analytic set of a domain R in the Banach space E .  

The codirnension of X in x E X with respect to R is defined as 

0 - codimxX := sup { n  E B U {O,w}: there exists an affine 

complex subspace H of E with dimension n such that x 

is isolated in X n H I .  

Ramis showed that this definition is invariant under biholomor- 

phic maps 16, p. 70, 7 4 1 ,  hence it generalizes via chartsto complex 

Banach manifolds s2 .  

If no confusion can arise we write simply codimXX.  Suppose x E  

X ,  H is an affine subspace of E ,  d i m  H 5 codim X ,  and x is iso- 

lated in X n H .  Then for every n E iN with d i m  H 5 - n 5 - nodimxX 

there exists an affine subspace G such that H C G, d i m  G = n ,  and x 

is isolated in X n G [ 6 ,  11.3.1.11. The set of these G's is open 

in the Grassmannian 1 6 ,  p. 8 9 1  , therefore 

5 

codim X n Y = min c o d i m x X ,  cod imxY)  
X 

for X and Y analytic and x E X n Y. The function x codimxX is 

upper semicontinuous [ 6 ,  11. 3.3.11. 

A point x E X is r e g u l a r  iff X is near x a complex submani- 

fold, otherwise x is called s i n g u l a r .  The set X* of regular points 

is not always dense in X, but every point x where codimxX m is 

a cluster point of X* and for every cluster point x the follow- 

ing equation holds 

codim X = l i m  inf codim X 
X Y 

Y + X  
Y E  x* 

Because a finitely defined analytic set X has everywhere finite co- 

dimension x* is dense in X. The closures of the components of x* 
are again analytic and form a locally finite decomposition of X into 
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i r r e d u c i b l e  components. A l s o  t h e  germ of  a f i n i t e l y  d e f i n e d  a n a l y t i c  

s e t  can  be  decomposed i n t o  f i n i t e l y  many i r r e d u c i b l e  germs of f in i t e ly  

d e f i n e d  sets w i t h  the u s u a l  uniqueness  16, p .  60 ] . A fundamental  re- 

s u l t  i n  [ 6  I i s  

2.1.  The l o c a l  p a r a m e t r i z a t i o n  of f i n i t e l y  d e f i n e d  ana ly t i c  sets.  Let 

X be  a f i n i t e l y  d e f i n e d  a n a l y t i c  s u b s e t  of a domain R i n  E .  S u p -  

p o s e  0 E X and X i s  i r r e d u c i b l e  i n  0 .  L e t  E = El x E2 be  a t o -  

p o l o g i c a l  d e c o m p o s i t i o n  s u c h  t h a t  0 i s  i s o l a t e d  i n  X n ({O) x E2) 

and d i m E z  = codinioX < m. Thet ieach ne ighbourhood  o f  0 c o n t a i n s  t h e  

p r o d u c t  of two  b a l l s  B l  C E l  and B 2  C Ez c e n t e r e d  a t  0 s u c h  that  

t h e  c a n o n i c a l  p r o j e c t i o n  i s  an  a n a l y t i c a l l y  

r a m i f i e d  c o v e r i n g  map w i t h  f i n i t e l y  many s h e e t s  i n  thc foZZowiny sense: 

( a )  n i s  f i n i t e  i . e .  f K l  i s  compact  and  nonempty for  eve-y 

compact  nonempty K C B l  arid m := s u p  { c a r d  T I  (xl : x E B l ]  i s  

f i n i t e .  

TI : X n ( B l  X B 2 1  + B l  

-1 

-1 

(b)  The b i f u r c a t i o n  s a t  S := cx E B I  : card  a - l i x l  < m )  i s  a 

f i n i t e l y  d e f i n e d  nowhere dense  a n a l y t i c  s u b s e t  of B l  . X n((Bl  - S l  x B z l  

i s  complex  s u b m a n i f o l d  of ( B l  - S l  x B 2  and i s  d e n s e  i n  X n ( B 1  X B 2 ) .  

. i r l X  n ( ( B l  + S /  x B e )  + B l  - S i s  a l o c a l l y  b i h o l o m o r p h i c  unramified 

c o v e r i n g  map w i t h  m s h e e t s .  1 6 ,  11.2.3.7, 11.2.2.4, 11.2.2.121. 

S i n c e  SF-ana ly t i c  sets a r e  l o c a l l y  f i n i t e l y  d e f i n e d  s u b s e t s  of 

submanifolds  t h e y  e n j o y  t h e  above mentioned p r o p e r t i e s .  I n  p a r t i c u l a r  

w e  o b t a i n  t h e  f o l l o w i n g  consequences.  

2 . 2 .  COROLLARY. L e t  X be  an S F - a n a l y t i c  s u b s e t  o f  a Banach mani-  

f o l d  R. 

( a )  X i s  l o c a l l y  c o n n e c t e d  by  complex a r c s  i . e .  f o r  each  3: E 

X t h e r e  a r e  a r b i t r a r i l y  s m a l l  ne ighbourhoods  U o f  x s u c h  t h a t  f o r  

each  y E U t h e r e  e x i s t s  a holornorphic  map y f rom t h e  open un i t  disk  

D i n t o  R w i t h  x ,  y E y(DI C X. 

( b )  I f  X i s  i r r e d u c i b l e  t h e n  e v e r y  non c o n s t a n t  ho lomorph ic  

f z i n c t i o n  on X i s  open .  

( c )  If X i s  i r r e d u c i b l e  t h e n  t h e  maximum p r i n c i p l e  h o l d s  i . e .  

a ho lomorph ic  f u n c t i o n  on X i s  c o n s t a n t  i f  i t s  modulus  a t t a i n s  a lo- 

ca  1 maximum. 

( d )  If X i s  compact  and R i s  h o l o m o r p h i c a l l y  s e p a r a b l e  t h e n  
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X i s  f i n i t e .  

PROOF. (a) Choose for each irreducible component of X at x a local 

parametrization as in 2.1. Moreover choose a complex line L through 

r(x1 and n ( y l .  Then IT (L1 is a onedimensional analytic set. The 

uniformisation of its normalization is isomorpic to D .  

-1 

fb) By (a) there is through every x E X a complex curve y 

such that f o y  is not constant and hence open. 

(c) follows from (b) and (d) from (c). 

The next proposition will serve to define the minimal embedding 

codimension of an SF-analytic set in a point. This notion will allow 

to prove and to use in the following sections codimension formulas 

which correspond to the dimension formulas in finite dimensionalcm- 

plex analysis. Let X be analytic in a domain 0 of E .  For x E X 

let Xx be the germ and I, the ideal of germs of holomrphic func- 

tions vanishing on X,. TxX := T X x  := { u  E E : u E Ker Dk(x1 f o r  euery 

h E Ixl is called the t a n g e n t  space  of X in I. 

2.3. LEMMA. I f  X i s  f i n i t e l y  d e f i n e d  t h e n  E - codimT X < 0 - codim X 

f o r  e v e r y  x E X. I n  p a r t i c u l a r  T X X  i s  complemented .  
x =  X 

PROOF. Put p := codimxX and x = 0. Then dim H n X > 0 for every 

( p  + 11-dimensional linear subspace H of E and therefore 0 } # 
T (H n X) C H n T x X .  Hence codim TxX 5 p .  
X ~ 

2.4. PROPOSITION. L e t  X x  be t h e  germ o f  an  S F - a n a l y t i c  s e t  a t  x E 

0 .  Denote S ( X x )  t h e  s e t  o f  a l l  germs o f  complex  s u b m a n i f o l d s  a t  x 

i n  which  Xx i s  c o n t a i n e d  and f i n i t e l y  d e f i n e d .  S ( X x l  i s  nonempty 

and p a r t i a l l y  o rdered  by t h e  i n c l u s i o n .  Moreover 

(a) Each germ i n  SIX,) c o n t a i n s  a min imal  germ. 

(b) Sx E S ( X x )  i s  min imal  i f f  T S x  = T X x  . 
(C) Given  two minimal  germs M x  and Nx i n  S(X,) t h e r e  e x i s t s  

a b i k o l o m o r p h i c  mapping germ Ox : M x  * Nx which  i n d u c e s  t h e  iden- 

t i t y  on Xx . 

PROOF. Obviously S ( X x )  is nonempty. To prove (a) and (b) let M be 



LOCAL ANALYTIC GEOMETRY 7 

a complex submanifold of a neighbourhood of x in E which contains 

a finitely defined representative X of X x .  Then TxX C TxM and 

TzM - codim TxX  2 M - c o d i m x X .  

Suppose T x X  # TxM. Then there exists u E T S M ,  u f 0 ,  and f, 

with D f x ( x ) u  # 0. We may assume that f, has a representative 

f with nonvanishing derivative on M .  Then S := f - ' ( O )  is a sub- 

manifold of = IT M - codim T X )  - 1 .  

After finitely many steps we arrive at TxX = TxS. This S must 
be minimal since T x X  C TxM for every submanifold M with S x C M x .  

To prove (c) choose a topological decomposition E = T X x $  H and 

representatives M and N of M, and N x .  Locally they are the graphs 

of mappings TXx + H. Let ~i be the canonical projection E + TXx. 

Then 

IX 

M which contains X ,  and TXS-codim T X 
X 2 X 

@ := ( I T I N ) - '  o ( T I M )  is biholomorphic at x and QX I X x  = i d .  

Let M ( X x )  be the set of minimal germs in S I X x ) .  Because of 2.4. 

x with Xx M ( X X )  = { M x  : M X  

C M x  and T X x  = TMz} and 

is the germ of a complex submanifold at 

erncodirnxX : = emcodim X := Mx - codirn X x  
X 

is independent of 

codirnens ion  of X in x. 

Mx E M ( X X )  and will be called the minimal embedding 

This notion should not be confused with the embedding codimen- 

sion tccodirnxX in [ill. In general they do not coincide. The above 

considerations show that an SF-analytic set X is near a point x E X 

always the zero set of a holomorphic SF-map f with K e r D f ( x )  = T x X  

and c o d i r n I m D f ( x )  m.  

2.5. (Local parametrization of SF-analytic sets). L e t  X be  SP-ana- 

Z y t i c  i n  a domain R i n  E .  Suppose  0 E X and X i s  i r r e d u c i b l e  i n  

0 .  Choose a t o p o l o g i c a z  d e c o m p o s i t i o n  p :  E + ToX 

be t h e  c a n o n i c a l  p r o j e c t i o n .  Then  ana- 

Z y t i c  germ i n  T o X  and c o d i m p ( X o I  = erncodimx . 

E = T X x H and l e t  

p ( X o l  i s  a f i n i t e Z y  d e f i n e d  

L e t  ToX = El x G b e  a t o p o l o g i c a 2  decomposition such t h a t  d imG 

= emcodim X and 0 i s  i s o l a t e d  i n  p l X o )  n ({O} x G ) .  Put E 2 : = H x  G. 

Then  e v e r y  ne ighbourhood  o f  x c o n t a i n s  t h e  p r o d u c t  of two open  

b a Z l s  B 1  C El and B 2  C E 2  c e n t e r e d  a t  0 such  t h a t  t h e  c a n o n i c a l  
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p r o j e c t i o n  7~ : X n I B 1  x B 2 1  * B l  is an a n a l y t i c a l l y  ramifiedcouer- 

ing map w i t h  f i n i t e l y  many s h e e t s  in t h e  s e n s e  of 2 . 2 .  

PROOF. Choose M o  E M ( X o l .  Then p induces a biholomorphic mapping 

germ p ,  : Mo + T X = TMo. Therefore p(Xol is finitely defined in 

T 0 X  and c o d i m p ( X o l  = emcod imXo .  Now apply 2.1 to a representative 

of p ( X o l  and the decompostion ToX = E l  x G. 

0 

From 2.5 the local bifurcation theorem in [l] can be derived. 

We close this section with some remarks on the intersection of 

SF-analytic sets. A closed subset X of a Banach manifold is SF-ana- 

lytic iff it is locally the intersection of a complex submanifold M 

and an analytic set Y where M is finite dimensional or Y is fi- 

nitely defined. 

In general the intersection of 

not SF-analytic, simply because the 

subspace is not always complemented 

two SF-analytic sets X and Y is 

intersection of complemented linear 

2 . 6 .  LEMMA. L e t  X and Y be  S F - a n a l y t i c  s u b s e t s  of a Banach mani- 

f o l d  0 .  

(a) If Y is f i n i t e  d i m e n s i o n a l  o r  f i n i t e l y  d e f i n e d  t h e n  XnY 

i s  S F - a n a l y t i c .  

(b) I f  Y i s  f i n i t e l y  d e f i n e d  and X n Y is f i n i t e  dimensional 

t h e n  X is f i n i t e  d imens iona2 .  

PROOF. (a) is obvious. To prove (b) let x E X n Y and M z  E M ( X t I .  
Then (X n Y I L c  is finitely defined in M x ,  hence its codimension is 

finite. By 2.3 

dim TMz = d i m  T(X n Y j x  + c o d i m  T ( X  n Y I z  

Therefore X must be finite dimensional in x. 

3 .  HOLOMORPHIC SF-MAPS 

Let il be a domain in the complex Banach space E. Suppose 0 E 0 

and assume that f : R + F is a holomorphic map into another Banach 
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space F with splitting differential D f ( 0 )  i.e. there are topoloqi- 

cal decompositions E = K e r  D f ( 0 l  63 M and F = I m D f t O )  63 J . T h e n  one 

can find a zero neighbourhood U in E such that 

maps U biholomorphically onto a zero neiqhbourhood V in I m D f ( O 1  X 

K e r D f ( 0 l .  Putting h : V + J ,  h ( y , z l  := f o @ - ' ( y , z )  - y  one obtains 

Setting J, := ( i d v , h )  o 0 we can reformulate the local representa- 

tion of f in the following way: There are neighbourhoods U' in E 

and W' in F x Ker D f ( 0 l  such that $ : U' --f W' is a holomorphic 

embedding, $ l o )  is an isolated point of J ,W)  n J ,  and f(x) = nF o '(XI 
for every x E U'. (cf. [ 9  1 1 .  

This local representation holds in particular for holomorphic 

SF-maps. If the differential in a point x is (semi-)Fredholm then 

automatically all differentials in a neighbourhocd are (semi-) Fredholm 

as well. This follows from 3.1. 

3.1. LEMMA. T h e  s e t  S F ( E , F I  of  s e m i - F r e d h o l m  o p e r a t o r s  is o p e n  i n  

d: ( E , F I .  

PROOF. Let ip E S F ( E , F )  and E = K e r T  63 L ,  F = I m T 6 3 J  betoplogical 

decompositions. I := I m  T .  Since v I  o TIL is isomorphic there is a 

neighbourhood U of T in e f E , F l  such that v I  o S I L  is isomorphic 

for every S E U. We want to show U C S F I E , F I .  

Let S E U. Then IT= : S ( L )  --f I is isomorphic, hence S ( L l  is 

closed. 

FIRST CASE: c o d i m I  < a. Then I m S  has finite codimension and is 

therefore complemented. Choose a linear subspace M 3 L such that 

E = M 63 K e r S  is an algebraic decomposition. Then SIM + I m S  is bi- 

jective and induces an isomorphism between M / L  and the space 

I m  S / S l L l  which is finite dimensional because c o d i m  S ( L l  = cod imICm.  

Consequently M is closed and K e r S  is complemented. 

SECOND C A S E :  d i m K e y 2 T  < a. Then K e r S  is also finite dimensional 

and has  a topological complement M such that M = L @ N with dimN<m. 
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Because S I L )  is complemented and S ( N )  is finite dimensional I m 5  

= SIMI = S I L I  0 S I N )  is also complemented. 

3 . 2 .  LEMMA. L e t  f : + F be  a ho lomorph ic  SF-map. I f  X := f - ' (O)  

i s  f i n i t e  d i m e n s i o n a l  t h e n  Ker D f  (x) i s  f i n i t e  d i m e n s i o n a l  f o r  every 

2 E f - l t o l .  

PROOF. Assume dim Ker D f  ( X I  = m. Then codim Df (x) < m. Choosing near 

x biholomorphic coordinates @ as above one can consider X near x 

as a finitely defined analytic subset of K e r D f i x ) ,  hence X has fi- 

nite codimension in K e r D f ( x ) .  This contradicts the finite dimen- 

sionality of X. 

3 . 3 .  DEFINITION AND PROPOSITION. L e t  X and Y be  S F - a n a l y t i c  sub -  

s e t s  of domains i n  Banach s p a c e s  E and F .  A mapping f : X + Y i s  

c a l l e d  ho lomorph ic  i n  x E X i f  f o r  Mx E M I X x )  and N y  M I Y y )  with 

y = fix) t h e  germ f, has  a ho lomorph ic  e x t e n s i o n  jx : M, + N x .  If 

i t  i s  holornorphic  i n  x t h e n  t h e  d i f f e r e n t i a l  

D f l x )  := D S x ( x )  : TxX + T Y Y  

is a w e l l - d e f i n e d  c o n t i n u o u s  l i n e a r  map. f i s  c a l l e d  (semi-IFredhoZm 

in x ISF o r  F f o r  s h o r t )  i f  D f I x )  i s  a ( s e m i - ) F r e d h o l m  o p e r a t o r .  

PROOF. Because of 2.4.(c) the existence of a holomorphic extension 

7, is independent of the particular choice of M, and Ny. In order 

to show that D f l x )  does not depend on the choice of the extension 

7, let jx : iix + N be another one, 2, E M I X x ) ,  iX E M I Y y ) .  
Y 

Extend s, and 7, to holomorphic germs gx and g, in E and 

put h ,  := cx - i,. For every p E F '  the germ p o h,  vanishes 

on X ,  and therefore D i p  o hxI (x) = p o Dhx(XI vanishes on TxX. Hence 

Dhx(x l  vanishes on TxX and Dj,(x) = D Y x ( x )  on T x X .  

3.4. LEMMA. Let f: X + Y be a ho lomorph ic  map be tween  SF-analytic sets.  

I f  f i s  ( sern i - )Fredholm i n  3: E X t h e n  f i s  Iserni-)Fredholm i n  a 

ne ighbourhood o f  x. 

Notice that the assertion does not follow immediately from 3 . 1  

because the tangent spaces can change with the base point. 
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PROOF. Let y := S I X ) .  Choose representatives M of M, E M ( X x )  N of 

N x  E MIY I which contain X and Y locally as finitely defined sub- 

sets. Let 7 : M +. N be a holomorphic extension of f .  Then D?(x) 

is (semi-)Fredholm and because of 3.1 D F ( z )  is (semi-) Fredholm for 

every z near x. 

Y 

Observe that D f ( z I  = p o D F i z )  o j where j : T z X  +. T Z M  is the 

inclusion and p : T f l z ) N  -+ T Y is a projection. Since j and p 

are Fredholm operators D f ( z l  is (semi-)Fredholm. 

f ( Z I  

3 . 5 .  COROLLARY. Suppose  X i s  S F - a n a l y t i c  and i r r e d u c i b l e  i n  3: E X .  

Then  t h e r e  e x i s t  a ne ighbourhood  U of  x in X ,  a domain V i n  a 

Banach space  and a f i n i t e  s u r j e c t i v e  ho lomorph ic  Fredholm map @ : U+V 

such  t h a t  D @ ( x )  i s  s u r j e c t i v e  and d i m  Ker D @ ( X I  = emcodimxX. 

PROOF. Choose in 2.5 U := X f- ( B 1  x B e ) ,  V := B l ,  and @ := TI. 

Then DO(,) is the canonical projection T,X = El x G + El , hence it 
is surjective and d i m  Ker D @(x) = d i m  G = emcodim x X .  By 3 . 4  U and V 

can be made smaller such that all differentials of @ are Fredholm. 

The permanence properties of holomorphic SF-maps are not very 

good. For example the composite of two SF-maps is not always SF (if, 

however, one factor is even Fredholm then the composite map is SF). 

Moreover the restriction of a holomorphic SF-map f : R + Y to an 

SF-analytic subset X of the domain R in E is not always SF either. 

Counter-examples are easily constructed with linear maps. 

3 . 6 .  PROPOSITION. L e t  f : X + Y be a holornorphic  SF-map b e t w e e n  

S F - a n a l y t i c  s u b s e t s  of  domains R and Z i n  Banach s p a c e s .  Then t h e  

f i b e r s  of f a r e  a g a i n  S F - a n a l y t i c  i n  R. 

- 1  PROOF. Let A := f ( y )  and x E A. Choose M, E Mix,) and a holo- 

morphic SF-extension g, of f, to M,. The fiber g i l ( y )  is SF- 

analytic in M,. Since X, is finitely defined in M, Lemma 2.6(a) 

implies that A, = X, n g Z 1 ( y I  is SF-analytic in M, and hence in fix. 

Let us call a closed subset A of an SF-analytic subset X of a 

Banach manifold fi S F - a n a l y t i c  i n  X if for every a E A there exists 

a neighbourhood U of a in X and a holomorphic SF-map f : U + F 

into a Banach space F such that A n U = f - ' ( O ) .  

Since the restriction of a linear SF-operator to a subspace of 
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finite codimension is again SF it is easy to see that a closed set 

A C X is SF-analytic in X if and only if for every a E A thereis 

a neighbourhood U in 62 and a submanifold M of U such that X n U 

is finitely defined in M and A n U is SF-analytic in M. 

Obviously 3 . 6  implies the following transitivity result. 

3 . 1 .  COROLLARY. L e t  X be an  S F - a n a l y t i c  s u b s e t  o f  a Banach manifold 

Q and A C X be  S F - a n a l y t i c  i n  X .  Then  A i s  a l s o  SF-anaZ2tic i n  Q. 

A holomorphic map f : X + Y between SF-analytic sets will be 

called an embedding if f t X I  is SF-analytic in Y and f l X  + f t X I  is 

a biholomorphic SF-map. f is called an immers ion  in x E X if DfIx.) 

is an injective SF-operator. As in finite dimensions an immersion is 

a local embedding. 

3 . 8 .  LEMMA. A ho lomorph ic  map f : ' X  * Y b e t w e e n  S F - a n a l y t i c  s e t s  

i s  an immers ion  i n  x E X i f f  t h e r e  a r e  ne ighbourhoods  U o f  x and 

V o f  f ( x I  such  t h a t  f l u  + V i s  an  embedding .  

PROOF. Suppose f is an immersion in x .  Set y := f ( x I .  Choose M x  

E MlX,), N E MIYyI and a holomorphic extension g x  of f x  . Then 

g x  is an immersion in x and the analogous result for manifolds im- 

plies that for appropriate representatives g : M + N is an embed- 

ding. Since X n M is finitely defined in M ,  g ( X  n M I  is finitely 

defined in the submanifold g ( M 1  of N, hence SF-analytic in N .  It 

follows that ftX n M I  is SF-analytic in Y n N .  

Y 

4 .  MAPPING THEOREMS 

An important theorem in finite dimensional complex analysis is 

Remmert's proper mapping which states that a proper holomorphic map- 

ping maps analytic sets onto analytic sets. 

Recall that a map is called p r o p e r  if it is continuous and the 

preimages of compact sets are compact, and it is called f i n i t e  if it 

is proper and has finite fibers. Two infinite dimensional versions of 

the mapping theorem are known. The first one is proved in [ 6 , 9 ] :  

L e t  R and Z be  Banach m a n i f o l d s  and f : R + 2 a ho lomorph ic  

FredhoZm m a p .  I f  X C R i s  a f i n i t e l y  d e f i n e d  a n a l y t i c  s e t  and f l X  

i s  p r o p e r  t h e n  f(Xl is a f i n i t e l y  d e f i n e d  a n a l y t i c  s u b s e t  o f  X .  
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The second one is found in [ 9, 10, 4 ,  5 ] (in different generaliza- 

tions) : 

L e t  X b e  l o c a l l y  f i n i t e  d i m e n s i o n a l  complex  s p a c e ,  P a Banach 

m a n i f o l d  and f : X + X a p r o p e r  ho lomorph ic  map. Then S I X )  i s  a 

f i n i t e  d i m e n s i o n a l  a n a l y t i c  s u b s e t  o f  Z .  

We shall derive a mapping theorem for finite SF-maps. At first 

a local version. 

4.1. THEOREM. L e t  X be  an S F - a n a l y t i c  s u b s e t  o f  a domain fi i n  t h e  

Banach space  E ,  and f : X + F a ho lomorph ic  map i n t o  a Banach space 

F .  Suppose  z E X i s  i s o l a t e d  i n  t h e  f i b e r  f - ' ( f ( x l )  and D f ( x I  i s  

semi-Fredho l m .  

Then  t h e r e  a r e  a r b i t r a r i l y  s m a l l  open  ne ighbourhoods  U o f  x and 

V o f  f ( x )  such  t h a t  f ( U )  C V and 

(a) f l u  -+ v is f i n i t e .  

(b) f ( U I  i s  a n a l y t i c  in V .  I f  i n d D f I x l  > - t h e n  f ( U l  i s  

f i n i t e l y  d e f i n e d  and 

c o d i m f  ( x l  f I U I  = emcodim X - i n d  D f  i x l .  
I 

(c) f l u  + f I U l  i s  open in x i . e .  f maps ne ighbourhoods  o f  x 

o n t o  ne ighbourhoods  o f  f I x l .  

PROOF. We may assume that X lies in fi with minimal codimension and 

that g is a holomorphic SF-extension of f to R. Because of 2.6(b) 

g ( f i x ) )  is finite dimensional and 3.2 implies d i m K e r D  ( x l  < m. 

Assume x = 0 and g I x )  = 0. Choose a local representation of g in 

terms of $, U', and W' as in the beginning of section 3. Since 0 

is isolated in f-'(OI n X there is a ball B in Ker Cg(0l with 

center 0 such that $ ( X I  and { O }  x a B  C F x KerDg(0I  do not meet. 

$(X) is closed in W' and { O l  x 2B is compact because Ker Dg(0) is 

finitedimensional. Therefore there exists a zero neighbourhood V in 

F and positive reals r c s such that $ ( X I  and V x ( B I 0 , s l  - B(O,rl/ 

are disjoint. Hence the projection T ~ I + I X /  n ( V  x B ( O , s I )  -+ V is 

finite. Putting and observing rF o J, I U = f / U  
we obtain that f I U -+ V is finite. This prove (a). 

-1  
9 

U = U' n g - ' ( V l  n X 

( b )  and (c) follow from a theorem on the projection of analytic 
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sets applied to 

in [6] ) .  

n F [ V  x B ( O , s l  -+ V (see prop. 11. 3.7 and 111. 2 .2 .1  

This result corresponds to a well-known theorem of finite dimen- 

sional complex analysis (see e.g. [3, Th. 3.2(b), p. 1331). The 

usual dimension formula 

can he transformed into the codimension formula in 4.1. If E and F 

are finite dimensional and X is embedded into E with minimal codi- 

mension in x then 

i n d D f ( x l  = dim E - dim F 

and 

= d i m E  - i n d D f l x l  - d i m  f ( U !  
f (2) 

= codimXX - i n d  Df ( x ) .  

4.2. THEOREM. L e t  f : X + Y b e  a f i n i t e  ho lomorph ic  SF-map betueen 

SF-anaZyt ic  s e t s  i n  Banach m a n i f o l d s .  Then f l X l  is n n a z y t i c .  I f  

i n d  f > - m t h e n  f ( X l  i s  f i n i t e l y  d e f i n e d  and 

Y - codim f (XI = min emcodimxX - emcodim Y - ind Of ( x )  : x E f-' (y)  } . 
Y Y 

PROOF. f (X) is closed since f is proper. Let y E ftX) and f-'(y) 

= (x l , . . . , x n } .  Because f is proper there are neighbourhoods V of y 

and U j  of x j  such that the U j  are pairwise disjoint and f-'(V) 

= U {Uj : j = 1 ,  ..., n } .  Moreover we may assume that V lies in a do- 

main 5 of a Banach space with minimal codimension in y .  According 

to 4.1 we can make and Uj smaller such that each f l l J j )  is 

analytic in x ,  and if i n d D f ( x j l  > - m then 

2 - c o d i m  f(U .) = emcodimx X - i n d  D f  ( x  .) 
d i Y 3  

Hence f ( X l  n V is analytic and the above formula holds. 
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In finite dimensions 

emcodim X - emcodini Y - i n d  D f  ( x )  = dim y - d i m  X 
X Y Y X 

and therefore the above formula is transformed to 

dim f l X l  = max { d i m X X  : 3: E f - l l y l }  
Y 

5 .  LOCAL FACTORIZATION 

In this section it is shown that a holomorphic SF-map can be 

locally factored into a finite map and a projection as it is thecase 

in finite dimensions (see e.g. [ 3  ] ) .  As a consequence the fiber di- 

mension is semi-continuous. 

5.1. PROPOSITION. L e t  f : X + Y be  a ho lomorph ic  SF-map b e t w e e n  

SF-anaZy t i c  s e t s  and x E X .  Then t h e r e  a r e  a r b i t r a r i l y  small open  

ne ighbourhoods  U o f  x, V o f  f i x ) ,  a domain W in a Banach space G, 

and a f i n i t e  h o l o m o r p h i c  SF-map X : U + V x W such  t h a t  t h e  follow- 

i n g  d iagram commutes:  

X 
u - v x w  

x(UI is a n a l y t i c  in V x W and x : U + X(Ul is open in x .  I f  k := 

dim f - ' ( f ( x ) l  < m a n d  i n d D f l x l  > - m t h e n  x ( U )  i s  f i n i t e l y  de-  

f i n e d  and 

i n d  DXlxl = i n d  O f  ( X I  - k ,  

c o d i m  X ( U /  = emcodimXX - emcodim Y - i n d  D f  (2) f k .  x izl f i x l  

Let us remark that in finite dimensions the above formula cor- 

responds to the well-known dimensions formula 

because 
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emcodim X - emcodim Y - ind O f  ( x l  = d i m  Y - d i m x X .  
X f ( 2 1  f ( x l  

PROOF. According to 3.5 there exist a neighbourhood V of x in 

f - l ( f i x l l ,  a domain W in a Banach space G and a finite holomorphic 

SF-map 0 : V + W with dim Ker D Q ( x )  < m and I m  DQ(xl  = G .  Q can 

be extended to a holomorphic map + : U + W in a neighbourhood U of 

x in X. Define X := ( f l u , @ )  : U + Y x W. Then the above diagram 

commutes and 

Ker D X  ( x l  = Ker D f ( x l  Ker D $ ( a )  = Ker D @ ( x )  

hence 

dimKer  D x f x l  = dim Ker DQ(x l  < -. 

To see that I m D X i r )  is complemented apply Lemma 5 . 2  below to 

T I  := D f  ( x l ,  T 2  := D $ ( x l ,  and Go = ( 0 ) .  Thus D x f x l  is seni-Fredholm. 

If k = d i m X f - l  ( f  ( x ) )  < m then dim Ker D f  ( 2 1  m by 3.2 and 

dim Ker D X  ( X I  = di.m Ker D Q  ( x l  = d i m  Ker D f  1x1 - d i m  I m  D Q  ( 2 1 ,  

codim Irn D x  1x1 = codim Irn D f  ( x l  + codim I m  DQ (21 = codim I m  D f  ( x l  . 

Because of dim I m  D Q  1x1 = d i m  G = k ( 0  is finite) one obtains 

i n d  Dx(xl = i n d  D f (x) - k .  

-1  
Since x is isolated in the fiber x ( ~ ( x l l  Theorem 4.1 can be ap- 

plied to obtain the other assertion (for possibly smaller U, V ,  and 

W) . 

5 . 2 .  LEMMA. L e t  E ,  F ,  and G be  Banach s p a c e s ,  : E -+ F and 

T 2  : E + G be  c o n t i n u o u s  l i n e a r  m a p s .  Suppose I m T 2  = Im(T21KerT11 and 

F = I m T 1  d F o  and G = I m T 2  @ G a r e  t o p o l o g i c a l  d e c o m p o s i t i o n s .  

Define T := ( T l J T 2 )  : E + F x G .  Then I m T  = I m T 1  x I m T 2  and  

F x G = I m  T d I F o  x G o )  

i s  a t o p o l o g i c a l  d e c o m p o s i t i o n .  
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PROOF. Let E = E l  x Ker T I  . Then 

It is easy to see that the stated decomposition is algebraicallycor- 

rect. Since all factors are closedthe decomposition is a topo- 

logical one. 

5.3. COROLLARY (Semi-continuity of the fiber dimension). L e t  f : X 

+- Y be  a ho lomorph ic  SF-map b e t w e e n  SF-anaZy t i c  s e t s .  Then  f o r  e v e q  

x E X t h e r e  i s  a ne ighbourhood  U such  t h a t  

i . e .  t h e  f u n c t i o n  x * d i m x f - ' i f ( x ) )  i s  upper  s e m i - c o n t i n u o u s .  

PROOF. Suppose k := dim f - ' ( f ( x ) l  < (otherwise the inequality is 

trivial) . Choose the local situation as in 5.1. Then X 17' ( f ( x J )  n U 

-f I f C z ) )  x W is finite for every z E U and the inequality follows 

from 4 . l ( b )  or from the corresponding finite dimensional result. 

The rank theorem in [ 1 2 1  has a counterpart for SF-maps withcon- 

stant fiber dimension. 

5 . 4 .  FACTORIZATION LEMMA. L e t  f : X -+ Y be  a holornorphic  SF-map 

b e t w e e n  S F - a n a l y t i c  s e t s .  Suppose  t h a t  f o r  e v e r y  z i n  a n e i g h b o u r -  

hood of x E X t h e  d i m e n s i o n  of t h e  f i b e r  f - ' ( f ( z ) )  in z is t h e  

same f i n i t e  number k .  Then  t h e r e  a r e  a r b i t r a r i l y  s m a l l  open  n e i g h -  

bourhoods  U o f  x and V o f  f(xcl, a domain W i n  C k ,  an a n a Z y t i c  

s u b s e t  V' of V and a f i n i t e  s u r j e c t i v e  hoZomorphic  map x ' : U +  V'xW 

s u c h  t h a t  t h e  f o Z l o w i n g  d iagram commutes 

X 
u - v ' x w  

J 

v - V' 
I f  i n d D f ( x )  > - m t h e n  V '  i s  f i n i t e l y  d e f i n e d  and 

codim f ( U l  = emcodim X - emcodim Y - ' i n d  D f ( z l  + k 
f ( 2 )  X f i z )  
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I f  X and Y a re  m a n i f o l d s  t h e n  t h e  above  fo rmula  can  be w r i t t e n  i n  

a symmet r i ca l  form 

Again notice that for finite dimensional X and Y this codimen- 

sion formula is equivalent to 

PROOF. Choose the local situation as in 5.1. Put X ( x )  = ( f i x l , O ) .  

Then A := x(U) n i V  x { O ) )  is analytic in V x { O }  and V '  := nv(A) 

is analytic in V .  

For each y E f(U) the map x l f - ' ( y !  n U + { y }  X W is finite 

and surjective since W is a domain with the dimension of f - ' ( y ) .  

Hence X ( U )  = V '  X W. Define X '  := X I U  * V '  x W. 

If i n d D f ( x 1  > - m then X ( U I  is finitely defined in V x W 

and hence V '  is so in V .  The codimension formula follows from 5.1 

and from 

V - codim V '  = ( V  x Wl - codim V '  x W = c o d i m X ( Z I X ( U ) .  f i z l  x i z )  

If X and Y are manifolds then the embedding codimersions vanish 

and the stated formula follows from 

i n d  Df ( z l  = d i m  Ker Of ( z l  - codim I m  D f  (2). 

6. A CRITERION FOR OPENESS 

Immediately from 5.1 there follows a criterion for openess of 

holomorphic F-maps. 

6.1. PROPOSITION. L e t  f : X + Y be a hoZomorphic  F-map be tween  

S F - a n a l y t i c  s e t s .  I f  

-1  
emcodim Y - emcodim X = dimzf ( f l x l l  - i n d  D f ( x l  f ( X I  X 

t h e n  f i s  open  i n  x .  

For manifolds the converse implication holds also. 
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6 . 2 .  THEOREM. L e t  f : X + Y b e  a ho lomorph ic  F-map b e t w e e n  mani-  

f o l d s .  T h e n  f is o p e n  if and  o n l y  if 

(Notice that i n d D f l x )  is constant if X is connected). 

PROOF. Suppose that f is open and that x E X. We may assume that 

X and Y are domains in Banach spaces E and F .  Define K:=KerDf(x) 

and I := I m D f ( x 1 .  Choose local coordinates such that E = I X K, 

F = I x J ,  and f ( y , z )  = i y , h ( y , z 1 1  for 1y , z l  E U C I x X where 

h : U + I and x = 1 0 , O ) .  We show that h i y ,  l is open for each 

y. Let V be open in K and W be an open neighbourhood of y .  Then 

f ( W  x V l  is open, hence 

is open in { y j  x J .  

In particular g := h ( 0 ,  * I : X n Ker D f ( x )  + J is open. The 

criterion for openess in finite dimensions (see e.g. 13, p. 145 1 )  im- 
plies dim Ker D f ( x l  = d i m  J + dim g ( g ( 0 l l .  Since 

f - l ( f ( x l l  n U and i n d  D f ( x )  = ' d i m  Ker D f i z l  - dim J we obtain 

d i m X f - I  1 f  ( x l  I = 

g-l I g ( 0 l l  = -1  

i n d  Of 1x1. 

7. THE SINGULAR S E T  OF A HOLOMORPHIC FREDHOLM MAP 

The singular set S i f )  of a holomorpnic map f : X -+ Y between 

Eanach maniforlds X and Y is the set of all points x f X in which 

the differentials D f ( x )  are not surjective. For Fredholm maps f this 
set is finitely defined analytic and its codimension can be esti- 

mated as in finite dimensions (see e.g. [ 3 ,  p. 97 1 ) . 

7 . 1 .  LEMMA. L e t  A and B b e  a n a l y t i c  s u b s e t s  of a Banach m a n i f o Z d  

R. S u p p o s e  B i s  n e a r  x A n B a s u b m a n i f o z d .  Then 

Q - codimxA 2 B - codimzA n B .  

PROOF. We may assume that R is a domain in a Banach space E and B 
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i s  near  x a complemented l i n e a r  subspace of E .  Then t h e r e  i s  a 

l i n e a r  subspace C of B with  dimC = B - codim A B such t h a t  x 
i s  i s o l a t e d  i n  A n B n C .  Therefore  R - codirnxA 2 dirnC. 

X 

7.2.  LEMMA. L e t  f : X + Y be a h o Z o m o r p h i c  m a p  b e t w e e n  Banachrnani- 

f o l d s  and  Z be  an  a n a l y t i c  s u b s e t  of Y .  Then  

codim 2 > c o d i m x f - l ( z )  f o r  e v e r y  x E f - l i Z ) .  
f ( x l  - 

PROOF. Define Q := X x Y ,  B := graph  f, A := X x Z and apply 7.1. 

7 .3 .  PROPOSITION. L e t  B and P be Banack s p a c e s .  The s e t  F o  of 

n o n s u r j e c t i v e  l i n e a r  Fredholrn o p e r a t o r s  i s  a f i n i t e Z y  defined amZyt ic  

s u b s e t  of t h e  s e t  F ( E , F I  of a l Z  Z inear  Predhoim o p e r a t o r s .  Moreover 

codimTFo 5 i n d T  + 1 f o r  e v e r y  T E F o  w i t h  i n d T  2 ~ 0 .  

PROOF. I n  [ l ]  it i s  proved t h a t  Fo i s  a f i n i t e l y  def ined  analytic 

subse t  of F ( E , F I .  More p r e c i s e l y  it i s  shown t h a t  inaneighbourhood 

U of T E F o  t h e r e  e x i s t s  a holomorphic map I : U + E ( K , J j  such 

t h a t  K = Ker T, J is a complement of f m T  and F ,  i s  t h e  preimage 

$ - ' ( E 0 1  of t h e  se t  L o  of nonsur jec t ive  ope ra to r s  i n  E ( K , J ) .  Notice 

t h a t  E ( K , J )  i s  a f i n i t e  dimensional vec to r  space.  Now suppose i n d T  

2 - 0 .  Then dim R 2 dim J and t h e  nonsur jec t ive  l i n e a r  ope ra to r s  from 

K t o  J a r e  exac t ly  those  l i n e a r  ope ra to r s  t he  rank of which i s  

s t r i c t l y  smal le r  than  d i m J .  According t o  13, p.98 1 they form an 

i r r educ ib l e  a n a l y t i c  subse t  of E ( K , J )  with  the  codimensicn d i m K  - 
d i m J  i 1 = i n d T  + 1 .  With 7 . 2  one ob ta ins  

codimTFo = codirnT+-l (Lo) 5 codim E = i n d  T i I .  

7 . 4 .  THEOREM. L e t  f : X -t Y b e  a ho lomorph ic  FredhoZm map be tween  

Banach m a n i f o l d s  w i t h  i n d D f ( x )  2 0 f o r  e v e r y  3: E X. l ' hen  S ( f l  i s  

a f i n i t e l y  d e f i n e d  a n a l y t i c  s u b s e t  o f  X and codirn,SIf) ( i n d D f ( x 1  t l  

f o r  e v e r y  x E S i f ) .  

PROOF. W e  may assume t h a t  X and Y are domains i n  Banach spaces  E 

and F .  Then D f  : X + F ( E : , F )  is  holomorphic and S(f! = ( D f ) - 2 ( F o 1 .  

Now apply 7 . 2  and 7 . 3 .  
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7 . 5 .  COROLLARY. L e t  X and Y be  c o n n e c t e d  Banach m a n i f o l d s  and f : 

X --f Y a f i n i t e  ho lomorph ic  Fredholm map w i t h  n o n n e g a t i v e  i n d e x .  Then 

S ( f ) ,  C := f ( S ( f ) ) ,  and codimension 

one and 

f - l ( C )  a r e  a n a l y t i c  s u b s e t s  w i t h  

f l x  - f - 7 ( C l  + Y - C i s  a c o v e r i n g  map. 

PROOF. i n d  D f i x l  i s  c o n s t a n t  and because of 4 . 1  it v a n i s h e s ,  and 

f i x )  i s  open. Therefore  f i s  s u r j e c t i v e .  According t o  t h e  theorem 

of Sard-Smale 1121 t h e  se t  of c r i t i c a l  v a l u e s  C i s  meager i n  Y, 

hence C # Y, f - ' (C)  # X, and S l f )  X. By 7 . 4  codim Slf! = 7 and 

by 4 . 2  C = f l s i f ) )  i s  a n a l y t i c  and onecodimensional.  f IX - f - ' ( C )  

i s  l o c a l l y  biholomorphic  because t h e  d i f f e r e n t i a l s  a r e  isomorphic 

s i n c e  t h e i r  index  i s  zero.  The map i s  a l s o  f i n i t e ,  hence i t  i s  a 

cover ing  map. 

8 .  GRAPH THEOREMS 

Graph theorems c h a r a c t e r i z e  t h e  r e g u l a r i t y  of a map bygeometr i -  

c a l  p r o p e r t i e s  of i t s  graph ,  f o r  example c o n t i n u i t y  by c l o s e d n e s s .  

R e c a l l  t h e  fo l lowing  c h a r a c t e r i z a t i o n s  of  d i f f e r e n t i a b i l i t y .  

1. A map f : X -+ Y between complex ( o r  real  C r - )  Banach manifolds  

i s  holomorphic ( o r  rea l  C r -  d i f f e r e n t i a b l e )  i f  and only  i f  i ts  

graph I- i s  a complex ( o r  r e a l  c r  - )  submanifold uf X y Y arid i f  

f o r  every  (.c,yl E r t h e  t a n g e n t  space of I' i n  Ix,yl is  a topo- 

l o g i c a l  complement of (0) x T Y i n  TxX x T Y. 
Y Y 

2.  I f  X and Y are ( l o c a l l y  f i n i t e  d imens iona l )  reduced ccmples spaces 

and X i s  normal t h e n  R e m m e r t  proved t h a t  a map f : X + Y i s  holo- 

morphic i f  and o n l y  i f  i t s  graph r i s  a n a l y t i c  i n  X x Y and i f  

dim r = dim X f o r  every  ix,YI E r [ 8 1 . 
X (2, Y )  

I n  [ 1 ] it i s  shown t h a t  i l l  i n f i n i t e  dimensions t h e  a n a l y t i c i t y  

of t h e  graph i s  t o o  weak t o  g u a r a n t e e  t h a t  t h e  map i s  holomorphic.  

There e x i s t s  d map from the open u n i t  d i s k  i n t o  a Banach space  which 

i s  a homeomorphism o n t o  i t s  image dnd h a s  dn a n a l y t i c  graph b u t  i s  

n o t  holomorphic.  Holomvrphy can ,  however, be c h a r a c t e r i z e d  by t h e  

SF-analyticity of  t h e  graph.  

8 . 3 .  THEOREM. L e t  f : R --f F b e  a map f rom t h e  aomain R i n a  Banach 

space  E i n t o  t h e  Banach space  F and l e t  r be  i t s  g raph .  Then  t h e  

f o l l o w i n g  p r o p e r t i e s  a r e  e q u i v a i e n t :  
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(i) f i s  ho lomorph ic  

AUR I CH 

(ii) r is a n  S F - a n a l y t i c  s u b s e t  of x F and moreover 7~ (T  rl 
E P  

= E ;  and emcodim r = dim(T r n ( { O }  x F I I  f o r  e v e r y  p E r .  
P P 

(iii) For e v e r y  p E R x F t h e r e  a r e  a ne ighbourhood  U and a 

holomorphic  map 0 : U -+ H i n  a Banach space  H s u c h  t h a t  n U = 
Q - ' ( O l  and D z O i p I  i s  a Fredkolm o p e r a t o r  w i t h  i n d e x  0 .  

PROOF. The equivalence of (i) and (iii) is proved in [ 11 . (i) im- 

plies (ii) because of 8.1. Thus it remains to show that (ii) implies 

(i) . 
Let p = ( x , y I  E r .  Then there are a neighbourhood U of p ,  a 

complex submanifold W of U and a topological decomposition F = 

F 1  %3 F 2  such that r n U C M ,  d im Fl = enicodim r = M - codim r, T M = 
E X F I  , and p is isolated in r n ( { X I  X F I I .  Making U smaller we 

can achieve that the projection induces abiholomor- 

phic map h : M * V onto a domain V in E x F l .  The set A := h f r l  

is a finitely defined analytic subset of V .  Making again V smaller 

we may assume that A is the finite union of finitely defined analytic 

sets which are irreducible in p .  Because of 2.1 we can find one of 

them, say A such that the projection E x F 1  * E induces an ana- 

lytically ramified covering map from onto a neighhourhood of x. 

Since r is the graph of a map this covering has only one sheet and 

furthermore A j  must be the only irreducible component of A. Be- 

cause A is a submanifold outside of the bifurcation set it is the 

graph of a locally bounded map g : Ei * F 1  from a neighbourhood W 

of x in E into F I  which is holomorphic outside of proper analytic 

subset of W. The Riemann removable singularity theorem [6, p. 241 

implies that g is holomorphic everywhere. Hence f I W = h-' o g is 

holomorphic. 

P P P 

E * F -+ E x PI 

i t  
A j  
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ABSTRACT. 

The problem of characterizing restrictions to small sets of ho- 

lomorphic €unctions satisfying certain norm estimates,is studied from 

the point of view of functional Hilbert spaces and reproducing ker- 

nels. Characterizations are obtained for boundary value distributions 

of various Hilbert spaces of holomorphic functions along certainthin 

subsets of the boundary of the unit ball. In addition,boundary values 

of bounded holomorphic functions along certain thin subsets of the 

boundary are characterized by an analogue of the classical Pick- 

Nevanlinna condition. 

INTRODUCTION 

In this paper we address, in several different contexts, the 

problem of characterizing the restrictions of various classes of ho- 

lomorphic functions to certain subsets of their domain, or of the 

boundary of their domain. The problems to be considered fall into two 

broad classes: characterization of restrictions of Hilbert spaces of 

holomorphic functions (e.g. L 2  Bergman and Hardy spaces), and charac- 

terizations of restrictions of bounded holomorphic functions. 

The Hilbert space case has been considered previouslybyseveral 

authors, most notably Aronszajn [ l ] .  A novel feature of the present 

paper is the characterization of restrictions to certain subsets of 

the boundary, which may in fact be quite thin. In this case the 

boundary values may not be defined in the classical sense, so we are 

forced to consider distributional boundary values. 

For the second problem, we attempt to characterize restrictions 

of bounded holomorphic functions to a small set E by an analogue of 

the Pick-Nevanlinna condition in the unit disk A ,  which may be for- 

mulated as follows: A function f on a subset E of A satisfies the 

Pick-Nevanlinna condition if the kernel K ( s ,  5 )  ( 1  - f i z l  fx)) is 
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- -1 
positive definite on E x E, where K ( z , < 1  = ( 1  - 2 s )  is the Szeg6 

kernel of the unit disk. The classical Pick-Nevanlinna Interpolation 

Theorem states that f is the restriction of a function in the unit 

ball of H m ( A )  if and only if f satisfies the Pick-Nevanlinna con- 

dition on E .  The higher dimensional analogue of this problemhas been 

considered previously by Korsnyi and Puksnski [14], FitzGerald and 

Horn [ll] , Hengartner and Schober [13], Hamilton [l2], and by the 

authors [2,3]. In Section 2 we will show that, for appropriatelycho- 

sen sets E, and for a wide range of kernels, the restrictions to E 

of bounded holomorphic functions are characterized by a direct ana- 

logue of the Pick-Nevanlinna condition. It was observed by Korhyi 

and Puksnski[l4] that in the case of functions of several complex 

variables it is essential to place some restriction on the size of 

the set E. Roughly speaking, E must be large enough to be a set of 

uniqueness for an appropriate class of holomorphic functions. In Sec- 

tion 2 we investigate the extent to which this condition might be 

weakened, obtaining a slight improvement on a earlier result of 

Hamilton 1121  in this direction. 

The paper is organized as follows. In Section lweintroduce the 

necessary background on positive definite kernels and functional 

Hilbert spaces. In Section 2 we specialize to spaces of holomorphic 

functions, and address the interior interpolation problems alluded to 

above. Finally, in Section 3 we introduce distributional boundary 

values along certain submanifolds of the boundary of the unit ball, 

and address the boundary analogues of the results in Section 2. 

1. POSITIVE DEFINITE KERNELS 

Let H be a Hilbert space of complex valued functions on a set 

X. We will say that H is a f u n c t i o n a l  H i l b e r t  space  on X if it has 

the property that for every x E X the linear functional f -+ f ( x )  

is continuous on ff. It follows that for each x E X there is a 

unique function Kx E H with the property that f f x : )  = ( f,Kx) for 

every f E H. The kernel Klx,y) = K ( X I  defined on X X X is called 

the reproduc ing  k e r n e l  f o r  the functional Hilbert space H .  It is 

p o s i t i v e  d e f i n i t e  in the sense that for any pair of finite sequences 

XI’. . . ,xn E X and a l J . .  .,a E C we have Z a. a .K(xl,xjl 2 0 .  Con- 

versely, it can be shown that every positive definite kernel is the 

reproducing kernel for some functional Hilbert space. Moreprecisely, 

we have the following result which is due essentially to Aronszajn 

Y 

- 

n 2 3  
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THEOREM 1.1. L e t  K be  a p o s i t i v e  d e f i n i t e  k e r n e l  on X X X .  Then 

(i) T h e r e  i s  a u n i q u e  f u n c t i o n a l  H i l b e r t  space  on X w i t h  

I( a s  i t s  r e p r o d u c i n g  k e r n e l ;  

(ii) The Space Ho c o n s i s t i n g  o f  f i n i t e  sums o f  t h e  f o r m  f = 
8 cli K f  * ,xl) i s  d e n s e  i n  ff; 

(iii) A f u n c t i o n  f o n  X i s  i n  H i f  and o n l y  i f  t h w e  i s  anon-  

n e g a t i v e  c o n s t a n t  C s u c h  t h a t  t h e  k e r n e l  C K ( x , y )  - f i x )  f f y )  i s  

p o s i t i v e  d e f i n i t e ,  and i n  t h i s  c a s e ,  t h e  norm o f  f i s  t h e  i n f i m u m  

of a l l  s u c h  C ;  

2 __ 

(iV) I f  E i s  any  s u b s e t  of X t h e n  t k e  f u n c t i o n a l  Hilbert space 

w i t h  r e p r o d u c i n g  k e r n e l  K I E  x F  i s  f f l E .  

T h e  following interpolation result is an immediate corollary of 

Theorem 1.1. 

COROLLARY 1.2. L e t  K be a p o s i t i v e  d e f i n i t e  k e r n e l  on X x X and 

l e t  E be  an  a r b i t r a r y  s u b s e t  of X .  L e t  f be  a complex  v a l u e d  func- 

t i o n  on E s u c h  t h a t  f o r  some n o n - n e g a t i v e  constant C the kernel C Klx,y) 

- f ( x I f ( y )  i s  p o s i t i v e  d e f i n i t e  on E x E .  Then  t h e r e  i s  a f u n c t i o n  

F E H w i t h  IIPII 5 C and F 1 = $. 

2 

~ 

For our interpolation results for bounded functionswewill need 

a generalization of a classical result of Bergman and Schiffer [ 61 

on analytic continuation of functions of two complex variables. The 

classical result may be 

THEOREM 1 . 3 .  L e t  K be 

l e t  E be  an  open  s u b s e  

s a t i s f y i n g  

(1.1) /hi B j f l Z i ’ S j i  

formulated as follows: 

t h e  Bergman k e r n e l  of a domain D i n  S and 

of D .  L e t  f : E x E + S be  any f u n c t i o n  

whenever  z l , .  . . , z f l ,  ,..., cM E E and a l ,  . .  . , a N J  8,  ,... , 6, E 8 .  

Then t h e r e  i s  a u n i q u e  ho lomorph ic  f u n c t i o n  F on D x D which agrees 

w i t h  f on E x E ,  a n d  such  t h a t  t h e  i n e q u a Z i t y  ( 1 . 1 1  p e r s i s t s  when 

t h e  p o i n t s  z i  and C j  a r e  a l l o w e d  t o  v a r y  o v e r  t h e  s e t  D .  
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We will present an abstract formulation of this result which admits 

a particularly simple proof based on Hilbert space considerations, 

and which yields a significant improvement of the classical result 

when specialized to the classical setting. 

For our purposes it will be more convenient to work with a 

slightly modified version of the Bergman-Schiffer inequality. Let K, 

and K 2  be positive definite kernels on X, and X 2  respectively. 

We will say that a kernel is s u b o r d i n a t e  tothe pair 

( K l , K Z J  if there is a non-negative constant C such that 

L : XI x X 2  -+ 6' 

6, whenever x1  ,..., xu E x1, y ,  ,..., yM E X, and a ,,..., a N , B l , .  . ., 
5 .  We denote the infimum of such C by IIL II . In the special case XI 

= X 2  and K, = K 2  = K, we will say simply that L is s u b o r d i n a t e  to 

K. Note in particular that it follows from Theorem 1.1 that if H 
is the functional Hilbert space with reproducing kernel K. then, when- 

ever (1.2) holds, the functions L (  , y )  and L ( x ,  . )  are in H, and 

H2 respectively for any fixed x E X I  and y E X2. Thus for any 

f 6 ff, we may define a function Lf on X, by 

i 
3 

(Here ( , ) denotes the inner product of tl . ) .  
j 3 

The next result establishes a (conjugate linear) isometrybetween 

B ( H I J  ti2) of con- the space of kernels satisfying (1.2) and the space 

tinuous linear operators from ff, to 
H 2 .  

LEMMA 1.4. Assume t h a t  L i s  s u b o r d i n a t e  t o  ( K l , K 2 1 .  Then f o r  any 

f E fil' t h e  f u n c t i o n  L f  d e f i n e d  b y  ( 1 . 3 1  i s  i n  He, and t h e  l i n e a r  

mapping 1 : ff, + H2 has  norm a t  mos t  C where C i s  t h e  c o n s t a n t  

o c c u r r i n g  in ( 1 . 2 ) .  C o n v e r s e l y ,  i f  L : ff, + H2 i s  a l i n e a r  operator 

i n  B f  H I ,  H 2 1  t h e n  t h e  k e r n e l  L d e f i n e d  by 

s a t i s f i e s  (I. 21 w i t h  C = II 1 I I .  Moreover,  i f  XI = X2 and K ,  = K 2  

t h e n  t h e  o p e r a t o r  L i s  s e l f - a d j o i n t  ( p o s i t i v e )  i f  and o n l y  i f  t h e  

k e r n e l  L i s  hermitian ( p o s i t i v e  d e f i n i t e ) .  

PROOF. We first assume that L satisfies (1.2) - We .will show that for 
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any f E H I  we have L f  H2 and ItLfII 5 C It f I I ,  where Lf is de- 

fined by (1.3). By Theorem 1.1 it suffices to show that 

whenever y l  ,..., y M  6 X 2  and B, ,..., RM E 6. But functions of the 

form f = B a  i K I (  * , x . )  are dense in H I ,  so it suffices to verify 

the above inequality for functions of this form. But in this case, the 

inequality reduces to (1.2). 

- 

For the converse, let L : H ,  + H, be an arbitrary continuous 
i 6 

linear map, and let L be defined by (1.4). Writing f =L:zj K I (  - , x . )  
3 

and g = B J j  K 2 (  * , y j ) ,  we have, by the Cauchy-Schwartz inequality 

and the reproducing properties of the kernels, 

which is (1.2) with C = II L I I .  

The proofs of the remaining assertions are straightforward and 

will be omitted. 

We are now in a position to formulate the main result of this 

section, which is essentially contained in [ 3 ] . 

THEOREM 1.5. L e t  K be a p o s i t i v e  d e f i n i t e  k e r n e l  on X .  and l e t  E: 

C X ( j  = 1 , Z ) .  Assume t h a t  L o  : El x E 2  + 6 s a t i s f i e s  ( 1 . 2 )  o n  

EI x E 2 .  Then  t h e r e  i s  a u n i q u e  L : XI x X 2  + 6 s u c h  t h a t  

j 3 

j 

(i) 

(ii) L s a t i s f i e s  ( 1 . 2 )  on XI x X 2  and IIL II = tILott; 

(iii) Whenever  f .  6 H .  w i t h  f v a n i s h i n g  i d e n t i c a l l y  on E .  
3 3  j 3 

we have ( L I  , y ) ,  f , )  I = (L(x, - i, f,) = 0 f o r  e v e r y  x E X1 and 

y E X 2 .  (Here  H i s  t h e  f u n c t i o n a i !  H i l b e r t  s p a c e  w i t h  r e p r o d u c i n g  

kerneZ K . ) .  Moreover ,  if XI  = X2, El = E 2  and K I  = K 2 ,  t h e n  L i s  

h e r m i t i a n  ( p o s i t i v e  d e f i n i t e )  o n  XI x XI i f  and o n l y  i f  Lo i s  her- 

m i t i a n  ( p o s i t i v e  d e f i n i t e )  on 

L I E l  X E 2  = Lo ; 

j 

3 

El x E l .  
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PROOF. Let R . H + H be the restriction mapping. Let Lo : Hl IB1 
+ HZIEZ be the linear operator induced by L o  according to Lemma 

1.4, and set R t R  3 j  

is an orthogonal projection in H and R j R i  is the identity map- 

ping on Hi lEj I we conclude that I1 1 I I  = II Lo I1 5 C .  By Lemma 1.4, the 

function L ( x , y )  = LKl( * , x ) ) ( y )  satisties ( 1 . 2 )  on Xl X X2. More- 

over, for ( x , y )  E E l  X E 2  we have 

j 
j . j j l E  

1 = R i  LORl : H I  + H,. Using the fact that the 

j' 

and (i) is verified. (Here ( - , * ) denotes the inner product in 

HIE.). Moreover, since the kernel L ( x , y )  represents the operator 1 

in the sense of (1.3), item (ii) follows from Lemma 1.4. 

Ei 

3 

To verify (iii), let f E H with f j l E j  = 0. Then for any x 
j 

E XI we have 

Similarly, 

For uniqueness, we use once again the observation that R*R is 

an orthogonal projection in H and R . R ?  is the identity mapping 

satisfies (i)-(iii), and if L 

j j  

j '  3 3  
Thus if L '  : X I  x X 2  + S 

we have f, HI 

since f ,  - 
vanishes on E l .  Thus we obtain 

y E E, . S i m i l a r l y ,  f o r  any x E XI and f, EH, we have ( L ' ( x ,  *),f2) 

= ( L ( x ,  * l , f , ) ,  

L ' ( x ,  y )  = L ( x ,  y )  whenever x E XI and 

so it follows that L '  = L .  
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For  t h e  remaining a s s e r t i o n s ,  it i s  o n l y  n e c e s s a r y ,  a g a i n  by 

Lemma 1 . 4 ,  t o  v e r i f y  t h a t  t h e  o p e r a t o r  1 i s  s e l f - a d j o i n t o r p o s i t i v e  

whenever t h e  same i s  t r u e  of  t h e  o p e r a t o r  L o .  But t h i s  i s  clear from 

t h e  d e f i n i t i o n  of  1 so t h e  proof  i s  complete .  

T o  r e c o n c i l e  t h e  p reced ing  r e s u l t  w i t h  t h e  c l a s s i c a l  r e s u l t  of  

Bergman and S c h i f f e r ,  i t  is  o n l y  n e c e s s a r y  t o  r e p l a c e  t h e  k e r n e l  K 2  
by i t s  complex c o n j u g a t e .  Thus w e  have t h e  f o l l o w i n g  c o r o l l a r y ,  ve r -  

s i o n s  of which have appeared i n  1 9 1 ,  [ 8 1 ,  [ 1 3 1 ,  [ 1 2 1  and [ 4 1 .  

COROLLARY 1.6. L e t  X be  a p o s i t i v e  d e f i n i t e  k e r n e l  on  X and l e t  

E .  C X .  (j = 1 , 2 ) .  Assume t h a t  
i i 

F o  : El X E2 + 6 s a t i s f i e s  
3 3  

whenever  x I , .  ..,xN E El, y l  ,... , y N  E E 2  and al,.. . , a N ,  B l , - .  . , BM 
E 6 .  Then  t h e r e  i s  a u n i q u e  w i t h  the following proper- 

t i e s :  

F : X I  x X 2  * 6 

(ii) F s a t i s f i e s  ( 1 . 5 )  whenever x I ,  ..., xN E XI and Y I J  - * .,YM E x2. 
I n  p a r t i c u l a r ,  F (  - , y )  E HI and F ( x ,  ) E H 2  f o r  any f i x e d  x E X I  

and y E X2; 

i’ f j  E H w i t h  f .  v a n i s h i n g  i d e n t i c a l l y  on E 
j 3 

(iii) Whenever 

we have ( F (  , y ) , f l )  = ( F ( x ,  ) ,f ,)  = 0 f o r  e v e r y  x E XI, y E X2. 

A s  a n  a p p l i c a t i o n  of  t h e  above r e s u l t s ,  w e  give an abstract version 

o f  t h e  Pick-Nevanl inna I n t e r p o l a t i o n  Theorem. W e  w i l l  s ay  t h a t  a se t  

E C X is  a s e t  of u n i q u e n e s s  f o r  a f ami ly  of f u n c t i o n s  F on E i f  

t h e  r e s t r i c t i o n  mapping R : F * F I E  i s  i n j e c t i v e .  

THEOREM 1 . 7 .  L e t  K be a p o s i t i v e  d e f i n i t e  k e r n e l  on X such  t h a t  

t h e  a s s o c i a t e d  functional Hilbert space  H c o n t a i n s  t h e  c o n s t a n t s .  L e t  

E C X b e  a s e t  of u n i q u e n e s s  f o r  {gK( ,x) : g E H, x E XI, and l e t  

f : E + 6 be  s u c h  t h a t  t h e  k e r n e l  K ( x , y ) ( l  - f ( x l f ( y ) )  i s  p o s i t i v e  

d e f i n i t e  on E x E .  Then  t h e r e  i s  a f u n c t i o n  F E H s u c h  t h a t  F I E  = f  

and s u c h  t h a t  K ( x , y ) ( l  - F ( x ) F ( y ) )  is p o s i t i v e  d e f i n i t e  on  X x X .  I n  

p a r t i c u l a r ,  I F ]  5 1 on X. 

- 

- 

PROOF. For any non-negat ive c o n s t a n t  C w e  c a n  w r i t e  
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2 
Since 1 E H, it follows from Theorem 1.1 that the kernel C K ( x , y ) -  1 

is positive definite for f ( x ) f ( y l  

is positive definite on E x E .  It follows from Schur’s Lemma that 

the last term on the right of (1.6) is positive definite for C , I I l I l .  

But the first term on the right is positive definite by hypothesis. 

Thus it follows from (1.6) and Corollary 1.2 that there is a func- 

tion F E H with F I E  = f. Moreover, by Theorem 1.5 there is posi- 

tive definite kernel L ( x , y )  on X x X with L subordinate to K 

and L ( x , y 1  = K ( x , y l l l  - F ( x ) F ( y l )  for x ,  y E E .  Since E is a set 

of uniqueness for CgKl * , x )  : g E H, x E XI, we have L I  , y )  = 

= K( - , y ) ( l  -F( - 1 F ( y ) )  on X for any fixed y E. Similarly, for 

any fixed x E X, we obtain L ( x ,  1 = K ( x ,  l ( 1  - F ( x l F (  1 on X .  

Since L is positive definite, the theorem is proved. 

C 2 I1 1 II , and clearly the kernel 

~ 

~ 

A remark is in order concerningthe unusual hypothesis on E in 

Theorem 1.7. An example due to Korsnyi and Puksnski [14] shows that 

some such condition is essential. However, we do not know whether it 

is enough to take E to be a set of uniqueness for H. We will ad- 

dress these questions in certain special cases in the next section. 

We conclude this section with an alternate formulation of the 

positivity condition of Theorem 1.1. Let K be a positive definite 

kernel on X x X and let H be the associated Hilbert space. Wewill 

call a function ‘p on X a m u l t i p l i e r  on H if pf E tl whenever 

f E f f .  

PROPOSITION 1.8. L e t  H be  a f u n c t i o n a l  H iZber t  space  on X w i th  re- 

p roduc ing  k e r n e l  K and l e t  ‘p be  a f u n c t i o n  on X .  Then the  following 

c o n d i t i o n s  a r e  e q u i v a l e n t :  

(i) ~p is a m u l t i p l i e r  on H ;  

(ii) The rnuZ t ipZ ica t ion  o p e r a t o r  M d e f i n e d  by ( M q 1 f  = pf is 
‘p 

a c o n t i n u o u s  l i n e a r  o p e r a t o r  on H; 

2 - 
(iii) For some C 2 0 t h e  k e r n e l  K ( x , y ) ( C  - ‘ p ( x l q ( y 1 )  i s  posi- 

t i v e  d e f i n i t e  on X x X; 

~ 

(iv) The k e r n e l  K ( x , y )  = ‘ p ( y ) K ( x , y l  is s k b o r d i n a t e  t o  K .  
Ip 

MIp 
Noreover ,  i n  t h i s  c a s e ,  t h e  k e r n e l  K g  r e p r e s e n t s  t h e  o p e r a t o r  

o f  p a r t  l i i 1  ( i n  t h e  s e n s e  o f  Lemma 1 . 4 1 ,  and  IIM II is t h e  infimwn o f  
‘p 
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t h e  c o n s t a n t s  C in ( i i i l .  

PROOF. The equivalence of (i) of (ii) is an immediate consequence 

of the Closed Graph Theorem. 

For the equivalence of (ii) and (iii) note that the operator 

C I - MpM; (where I is the identity operator on H )  is represented 

by the kernel K ( x , y ) f C '  - p ( x ) p ( y ) ) .  Thus by Lemma 1.4 the kernel 

K(x,y) ( C 2  - p(x I lp (y l l  is positive definite if and only if the opera- 
tor C I - M 14" 

r p t p  

2 

-_ 

2 
is positive, i.e. if and only if lIMpll 5 C. 

The equivalence of (ii) and (iv) is again a consequence of Lem- 

MP . ma 1.4 since the kernel Kp represents the operator 

Finally, we have 

COROLLARY 1.9. If p is a m u l t i p l i e r  on ff t h e n  p i s  bounded on Y 

= Ix E x : K(x,x) # 0 )  w i t h  sup {l lP(x) /  : x E Y l  5 IIMpII. 

2. SPACES OF HOLOMORPHIC FUNCTIONS 

In this section we will specialize to subspaces of the space o ( D )  

of holomorphic functions on a domain D in r n  or, more generally, 
in a complex manifold. In this case we will say that a kernel Kiz,SI  

is s e s q u i - h o l o m o r p h i c  if it is holomorphic in the first variable and 

conjuqate holomorphic in the second. One easily checks that the re- 

producing kernel of any functional Hilbert space of holomorphic 

functions is sesqui-holomorphic, and that conversely the functional 

Hilbert space associated with a sesqui-holomorphic kernel consists 

of holomorphic functions. 

We begin with some examples. If p is a positive measure on D, 

we will denote by t fp the vector space L 2 ( d u 1  n U f D I  of all holo- 
2 morphic L 2  functions on D .  In addition, if D is a domain with C 

boundary (ora product of such domains), and if 1~ is a positive mea- 

sure on the (distinguished) boundary of D, we will let ff, denote 

the space of all functions in the Nevanlinna class N f D I  having 

boundary values in L ( d p l .  Under appropriate conditions on p ,  the 

space ff, is a functional Hilbert space on D, and we will denote 

its reproducing kernel by Kp. Thus if 5 denotes the euclidean sur- 

face measure on the distinguished boundary a o D ,  then H o  is the usual 

2 

Hardy space H ' l D l .  In the case when p is a measure on D which is 

)J 
absolutely continuous with respect to Lebesgue measure, the space ff 
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is called a w e i g h t e d  Bergman s p a c e s .  

~- In the case of the unit ball B = B in g n  we introduce, for 

q > 0 dV ( a )  = x * r ( n + q ) r ( q l - ' ( l -  1 ~ 1 ~ ) ~  dvlzl, 
4 

where dV denotes the Lebesgue measure in bn.  Then as q +. 0' the 

measures dV converge w * ,  as measures on B, to the normalized sur- 

face measure d o  on a B .  Thus we define H o  to be the Hardy class H ( B I .  

The espace H = f fy  is then a functional Hilbert space of holomor- 

phic functions on B ,  with reproducing kernel K (.z,C) = (1 - ( a,< ))-in+q). 

This can be easily verified as follows. For z E E n  and a 6 Zy a 

multi-index, we let z = z l  . . .  z . By integration in polar coor- 

dinates, one checks that ( z a , z B )  = a! I'(n + q l r ( n  + q  + ] a l ) - ' ,  
4 

where we have used the notation + . . .  + a  . 
Thus 

-1 n 

the probability measures 

4 2 

4 4 

4 

a " 1  "n 

a !  = a , !  ...an.' and la1 = a  1 
(2 " )  forms a complete orthogonal system and it follows that 

The definition of the spaces H4 can be extended to the case of 

negative values of q .  For any q E B we define a function h on 

the unit disk by 
9 

( 1  - Al-9, 4'0 

F ( 1 ,  1 ;  2 - 4  : A), q 5 0, 

I 
I 

h (XI = 
4 

( 2 . 1 )  

where F is the usual hypergeometric function defined by 

Here we have used the notation (am) = a ( a + l l  ... ( a + m - l / = f ( a + m l / r " a ) .  

For any (( z,  5 ) ) .  

Then K is sesqui-holomorphic and positive definite on B, so it is 
4 

the reproducing kernel for a Hilbert space H q  of holomorphic func- 

tions on B .  In fact, it can be shown that for q < I ,  H q  is the 

space of all holomorphic functions on B with square integrable par- 

tial derivatives up to order ( 1  - q ) / 2 .  (Note that in the unit ball, 

derivatives of fractional order can be defined in terms of power 

q E E we define a kernel K on B x B by Kq(z,  51 = h 
4 n+q 
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series. We refer to [ 5 ] for details). 

we now turn to the problem of interpolating bounded holomorphic 

functions. Let D be a domain and let f be a complex valued func- 

tion on a subset E of D. We wish to determine whether f can be 

extended as a bounded holomorphic function on D. Of course,for func- 

tions of one complex variable a celebrated theorem of Carleson as- 

sures us that every bounded function on E has a bounded holomorphic 

extension provided that E satisfies a uniform Blaschke condition.In 

higher dimension, however, the situation is considerably more com- 

plicated. In fact, it follows from a result of Varopoulos [18] that, 

for n L 2, there is for every p > 0 an analytic variety E satis- 

fying a uniform Blaschke condition in B n  such that the restriction 

of H C O ( E ) .  Thus it is natural to con- 

sider the problem of characterizing the functions on E which are 

restrictions of bounded holomokphic functions on B .  

H P ( B n )  to E does not contain 

Let K be a positive definite kernel on a set X, and let E be 

an arbitrary subset of X. We will say that a function f on E satis- 

fies the P i c k - N e v a n l i n n a  c o n d i t i o n  on E (with respect to the kernel 

K) if the kernel K l x , y ) l l  - f l x ) f ( y l l  is positive definite on E x E .  

By specializing Theorem (1.7) to the present setting we obtain: 

- 

THEOREM 2 . 1 .  L e t  K be a p o s i t i v e  d e f i n i t e  s e s q u i - h o l o m o r p h i c  kernel 

on  a domain D such  t h a t  t h e  a s s o c i a t e d  f u n c t i o n a l  H i l b e r t  space  H 

c o n t a i n s  t h e  c o n s t a n t s .  L e t  E C D be  a s e t  of u n i q u e n e s s  f o r  

{gK( * , 5 1  : g E H, 5 E D?, and l e t  f : E + 6 be  a f u n c t i o n  s a t i s -  

f y i n g  t h e  Pick-NevanZinna c o n d i t i o n  o n  E .  Then t h e r e  is a holomorphic 

f u n c t i o n  F on  D w i t h  FIE = f and l F ( z ) l  5 1 f o r  a l l  z E D .  

When D is the unit disk and K is the Szegs kernel given by 

K ( z ,  5 1  = ( 1  - z?)-', this result is a special case of the classical 

Pick-Nevanlinna Interpolation Theorem. In this case, the condition 

that E be a set of uniqueness is not required. In general some such 

assumption is essential. Korhyi and Pukgnski [141 gave an exampleof 

a function on a 2 point set in the bi-disk that is not the restric- 

tion of any function in the unit ball of Hm. For the kernels K 
1-I 

introduced above, it is clear that it suffices to assume that E is a 

set of uniqueness for the holomorphic subspace of L fdul. Moreover, 
if for each fixed 5 E D the function K( * , 5 1  is a multiplier on 

HK, then it suffices to assume that is a set of uniqueness for HK 
since in this case HK contains the class of functions used in the 

1 

E 
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theorem. (This is the case for the Bergman and Szega kernels of any 

strictly pseudoconvex domain (see [ 7 ] ) , as well as for any explicitly 
computable example in the unit ball). Our next result shows that the 

conditions on E cannot be relaxed much. 

PROPOSITION 2.2. L e t  B = B and assume n 2 2 .  T h e r e  a r e  a f u n c -  

t i o n  f E H 2 ( B )  and a s u b s e t n  E o f  B s u c h  t h a t :  

(i) E i s  a s e t  of u n i q u e n e s s  f o r  H p ( 3 )  f o r  e v e r y  p > 2 ;  

s p e c t  

ii) f s a t i s f i e s  t h e  P ick -Nevan l inna  c o n d i t i o n  on E w i t h  re- 

t o  t h e  S z e g ;  k e r n e l  f o r  B ;  

iii) f l  has no bounded holornorphic  e x t e n s i o n  t o  B .  
E 

2 Note that if E were a set of uniqueness for H ( B l  this would con- 

tradict Theorem 2.1. 

It will be more convenient to prove the preceding result in a 

more general setting. 

LEMMA 2 . 3 .  L e t  K be  t h e  r e p r o d u c i n g  k e r n e l  o f  a f u n c t i o n a l  H i l b e r t  

space  U on a s e t  X and assume t h a t  K ( x , x l  i s  non-van i sh ing  on X .  

L e t  F be a s u b s e t  o f  H which  c o n t a i n s  a l l  bounded f u n c t i o n s  i n  H, 

and assume t h a t  t h e  s e t s  o f  u n i q u e n e s s  f o r  H and F do n o t  coincide. 

Then  t h e r e  i s  a s e t  of u n i q u e n e s s  E f o r  F and a f u n c t i o n  f E U 

s a t i s f y i n g  t h e  Pick-NevanZinna c o n d i t i o n  on E wh ich  does  n o t  agree  

on E w i t h  any bounded f u n c t i o n  in U. 

PROOF. We use a variation on an argument of Hamilton 1 1 2 1  . Let E o  

be any set of uniqueness for F which is not a set of uniqueness for 
U ,  and let g be a non-zero function in H which vanishes identically 
on E o .  Let E = E U I x o }  where x o  is any point of X satisfying 

g l x o )  # 0. Letting C = IIg II, it follows from Theorem 1.1 that the 

kernel C K ( x , y )  - g ( x ) g f x I  is positive definite, so it follows that 2 ~ 

whenever x l ,  . . . , x N  E x and a*, . . . , aIv E ~ ~ e t  f ( x )  = ~ - ~ ~ ~ x ~ , ~ ~ ~ - ~ / ~ g ( ~ ~ .  

Then it follows from (2.1) that K ( x , y ) ( l  - f ( x l f ( x l )  is positivede- 

finite on E X E ,  i.e. f satisfies the Pick-Nevanlinna condition on 

E .  Assume, by way of contradiction, that there is a bounded function 

~ 
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F in ff which agrees with f on E. Then it follows that F I E  = 0 

and f(xo) # 0, contradicting the fact that E o  is a set of unique- 

ness for the family of bounded functions in H, and the proof is 

complete. 

0 

PROOF OF PROPOSITION 2.2.  According to a theorem of Rudin [17] there 

is a function in H ’ ( B )  whose zero set is a set of uniqueness for 

H p ( B )  for every p > 2. The result follows immediately from Lemma 

2.3 by taking F = U C H p ( B )  : p > 2 1 .  

3. CAPACITIES AND BOUNDARY BEHAVIOR 

In this section we will introduce an abstract notion of capaci- 

ty. It is not our purpose here to develop a comprehensive theory,but 

rather to set up a convenient context for an abstract discussion of 

boundary behavior. 

Let )J be a complex Bore1 measure on E C x. For any q E Z? we 

define the q-energy  l lu II of p by 
9 

The kernels K are defined in the last section. In particular, KO 

is the Szeqo kernel and K I  is the Bergman kernel of B .  
4 

For the remainder of this section we shall denote the norm and 

inner product in the Hilbert space H by II I I q  and ( , ) re- 

spectively. The ambiguity of the symbol II I1 should cause no dif- 

ficulty. In addition, for any function f on B and any 0 r 1 we 

will denote by fr the d i Z a t i o n  of f defined by f r i z )  = f ( r z I .  

4 4 

9 

LEMMA 3.1. I IpII  < m if and o n l y  if t h e  function 
4 

is in ffq . Moreover ,  in this e a s e  I IpII  = IIK pll a n d  for e v e r y  f E 
4 4 q’ 
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PROOF. 

2 

9 
= llu II  * 

and the first assertion is proved. For the second assertion we have, 

for % '  

and the proof is complete. 

Let E be a subset of a B .  We will denote by E ( E l  the set of 

all measures supported in E having finite q-energy and total varia- 

tion 1. If E ( E i  # we define the q - c a p a c i t y  of E by 

4 

9 

In the case E ( E l  = 0 we set Cap [ E l  = 0 .  Thus a subset E of a B  

has positive q-capacity if and only if there is a complex measure 

supported in h' with finite q-energy. Note also that for q - n  the 

kernel Kq is continuous on a B  x a B ,  and so in this case every non- 

empty Bore1 set in a B  has positive q-capacity. 

4 4 

LEMMA 3 . 2 .  L e t  E be a Bore2 s e t  i n  a B .  Then  C a p  ( E l  i s a d e c r e a s -  

ing f u n c t i o n  o f  q f o r  q > - n .  Moreover,  if Cap ( E l  > 0 f o r  some 

q > - n  t h e n  C ~ p - ~ l E l  > 0 .  

9 

4 

PROOF. Writing K q ( z , < )  = Z ealq lza?"  we have, for any Bore1 mea- 

sure 1-1 supported on a B ,  
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For q > - n  c c l ( q )  = In + q l I a l / c 1 !  which 

for each fixed multi-index a is an increasing function of q. Thus 

by ( 3 . 2 )  we have that II 1~ II is an increasing function of q for q > - n 

and the first assertion follows immediately. For the second assertion, 

note that c a ( - n l  = ~ a ~ ! / { ~ ~ a ~  + Z ) a ! }  and so for any q > - n  there 

is a positive constant M = M(n f q )  such that c a ( q )  2 Me,(- n i  for 
every multi-index a. Thus it follows from (3.2) that 1 1 1 ~ 1 1 ~  > M l l u ! l f n ,  

4 -  
and hence Cap-n(El MCap (E) > 0 .  This concludes the proof. 

9 

it follows from (2.1) that 

4 

Let E C aB be a Borel set with positive q-capacity and let A 

be a linear functional on the vector space E ( E i .  We will say that 

A is the boundary v a l u e  of a holomorphic function f on B if for 

every u E E (E l  we have 
4 

4 

Our next result asserts that, in the weak sense described aboverevery 

function in H has boundary values along any set of positive q-ca- 

pacity. 
9 

THEOREM 3 . 3 .  L e t  q E iR, l e t  E be a Bore2 s e t  

t i v e  q - c a p a c i t y  and  l e t  Then for e v e r y  f E H q  . 

e x i s t s ,  and moreover ,  

Note in particular that the theorem asserts 

any f E H q  has boundary values along any Borel 

in particular, f has pointwise boundary values. 

that when q < - n ,  

set in a B ,  and thus, 

In fact it can be 

when- shown that Hq is contained in the Zygmund class 

ever q < - n ,  and H - n  contains unbounded functions. For these 

matters we refer to [ 5 ]  and the references given there. 

'- ( n+q i /2 

PROOF OF THEOREM 3 . 3 .  Let f E H q  and E E ( E i .  By Lemma 3.1, 
9 
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and the proof is complete. 

Our next result gives a class of subsets of a B  with positive 

capacity. Recall that a smooth submanifold M of a B  is an i n t e r -  

p o l a t i o n  m a n i f o l d  if its tangent space at every point is contained in 

the complex tangent space to a B .  We will say that M is non-tangentiaZ 

at a point p E M if its tangent space at p is not contained inthe 

complex tangent space to a B  at p .  

THEOREM 3 . 4 .  L e t  E C a B  and assume t h a t  E c o n t a i n s  a s u b m a n i f o l d  

o f  a B  t h a t  i s  n o t  an  i n t e r p o l a t i o n  m a n i f o l d .  Then Cap ( E l  > 0 fo r  

e v e r y  q E I R .  Moreover,  i f  E i s  i t s e2 . f  a smooth s u b m a n i f o l d  o f  aB 

u h i c h  is everywhere  n o n - t a n g e n t i a l ,  t h e n  f o r  e v e r y  q E B and a n y  

f E f f q ,  t h e  boundary  v a l u e  o f  f a l o n g  E i s  a d i s t r i b u t i o n  on E .  

4 

Theorem 3.4 is an immediate consequence of the following lemma 

is essentially due to Nagel [15] . For k E Z, U { - I  which for q = 0 
we will denote by A ( B )  the space 

k 
C k ( E )  n U l B ) .  

LEMMA 3 . 5 .  L e t  M b e  a smooth  s u b m a n i f o l d  of a B ,  of r e a l  d i m e n s i o n  

m ,  wh ich  i s  everywhere  n o n - t a n g e n t i a l ,  and l e t  2, be the space of smooth 

m-forms on M w i t h  compact  s u p p o r t .  Then  f o r  e v e r y  q E 1R we have 

K~ : D + A ~ ( B I .  

PROOF. By a partition of unity argument we may assume that M iscon- 

tained in a small open subset U of as. We assume that U is suf- 

ficiently small that there is a cube Q about the origin in Bm and 

a diffeomorphism @ from Q onto M. After shrinking Q if necessary, 

we may assume that @,(a I has a non-zero complex normal component at 
each point of Q. 

1 

Let h be an arbitrary holomorphic function on the unit disk, 

and let H be a primitive for h .  Then for any z E B and any p 

cz 2, we have 



REPRODUCING KERNELS 41 

where w and w '  are smooth. (Here d t  denotes the euclidean volume 

element in B ) .  For any P E D, integrating by parts in the tl vari- 
able yields, 

n 

for some E D. 

Now recall that the kernel K is defined by K ( z , < l =  h ( (  z , < )  l 

with h defined by (2.1). Moreover, it is clear from (2.1) that for 

any non-negative integer k there is a non-negative integer .j and a 

holomorphic function H on the unit disk A which is of class Ck on 

h such that f l ' j )  = h . Thus by iterating (3.3) j times we ob- 

tain 

4 4 n+q 

4 

- 

n+4 

k k 
with J, E D and H E A ( A ) ,  and so it follows that K P E A (B). 

Since k is an arbitrary non-negative integer. The lemma is proved. 
4 

Next we give a boundary analogue of part (iii) of Theorem 1.1 

(see also Corollary 1.2). In the case that E has positive measure, 

versions of this result have appeared in [ 2 ] and [ 3 ] (see a l s o  

I 1 2 1  ) - 

THEOREM 3 . 6 .  L e t  E be a Bore1  s e t  i n  aB, and f o r  some q E lR Let  

X be a l i n e a r  f u n c t i o n a l  on  E ( E ) .  Then  f o r  any n o n - n e g a t i v e  eon-  

s t a n t  C, t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  
4 

(i) T h e r e  i s  a f u n c t i o n  f i n  Hq w i t h  boundary  v a l u e  X along 

E ,  and I I f I I  < C. 
4 -  
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PROOF. The implication (i) * (ii) is contained in Theorem 3.3. For 

the converse, note that by Lemma 3.1 the conjugate linear mapping 

for any p E E ( E ) .  Thus 
4 

so we can define a by (ii), X vanishes on the null space of 

continuous, conjugate linear functional on the range of K by 

x ( K  p )  = X i ~ i ,  and moreover I lXI I  5 C. Let r\ be the extension of x" 
to H q  which vanishes on the orthogonal complement of the range of 

K . Then there is an f E H such that A has the form A ( h ) = ( f , h )  

Thus for u E E (El we have, by Lemma 3.1, h i p )  = A(K p )  = ( f , K  1-1 ) 

K : E ( E l  --f H q  satisfies IIK uII - - II Ll I1 
4 4  9 4  

K 4  

9 

4 

4' 9 

4 9 4 4  

= lim - f r  dp ,  and the theorem is proved. 
r + l  

We remark that if, in Theorem 3.6, is a b o n c  S i d e  function on 

E ,  i.e. i f  A l p )  = l f d p  for some Borel measureable function f on E, 

then condition (ii) can be reformulated as 

for all p E E ( E l .  Thus condition (ii) may be interpreted as posi- 

2 
tive definiteness of the kernel C K q ( z , < )  - f ( z l f l < l  on E x E .  

9 
__ 

In light of Theorem 3.3, the proof of Theorem 3.6 also yields 

COROLLARY 3 . 7 .  L e t  M b e  a smooth  s u b m a n i f o l d  of 2 B  which i s  nouhere 

t a n g e n t i a l ,  and l e t  f b e  a d i s t r i b u t i o n  o n  M. T h e n  f o r  any q E W 

and  C 2 0 t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  

(i) T h e r e  i s  a f u n e t i o n  F E H w i t h  IIFllq 5 C and d i s t p i L u -  
4 

t i o n  boundary  v a l u e  f a l o n g  M ;  

(ii) I f d u l  5 C IIu II f o r  e u e r y  u E D, where  t h e  in 'cg i2al  
4 

i s  t o  b e  i n t e r p r e t e d  a s  a d i s t r i b u t i o n  p a i r i n g .  

Let q E B and assume F is a Borel set in a B  with C a p q ( E )  

> 0. We will say that E is a s e t  of u n i q u e n e s s  for H q  if the r e -  

s t r i c t i o n  o p e r a t o r  RE : ffq + E q ,  which takes any function f € H q  

to its generalized boundary value on E ,  is injective. 

Our next result characterizes the boundary sets of uniqueness 

for H q .  The one dimensional case with q = - 1 is due to Hamilton 
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[12]. (In this case H-l is the classical space of Dirichlet finite 

functions in the unit disk). 

THEOREM 3 . 8 .  L e t  E b e  a Bore1  s e t  in a B  w i t h  Cap (El > 0 .  T h e n  

t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  
4 

(i) E i s  not a s e t  of u n i q u e n e s s  for Hq ; 

(ii) T h e r e  i s  an E > 0 s u c h  t h a t  for e v e r y  11 6 E ( E l  w e  have 
4 

PROOF. If E is not a set of uniqueness for Hq then there is a func- 
tion f in Hq such that REf = 0 and f ( 0 l  = 1 .  Letting C = 1 1 f 1 1  

it follows from Theorem 1.1 that the kernel C K ( z , < )  - f(zlf(<l is 

positive definite on B x B. Note also that it follows that C > 1 

since by the reproducing property of the kernel K and the Cauchy- 

Schwartz inequality 

4’ 
2 ~ 

4 

4 

The strict inequality in the above follows from the fact that f is 

not a multiple of the constant function 1 = K ( ,O) 
4 

Let 1~ be a measure in E q ( E ) ,  and for any complex number A we 

denote by p A  the measure on 5 defined by p A  = p + A6, .(Xiere 6, 

denotes the point mss at the origin) . From the positive definiteness of 
the kernel C K ( z , < )  - f i z i f i i l  we obtain, for any complex number A 
and any 0 < r < I, 

2 ~ 

i.e., 

- 
Taking the limit as r --f 1 gives 
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for every complex number A .  Taking the discriminant of the above 

inequality we obtain 

and (ii) follows. 

Reversing the steps of the above argument gives the reverse im- 

plication, and so the theorem is proved. 

We conclude this section with a boundary analogue of the Pick- 

Nevanlinna Interpolation Theorem. The boundary problem has a long 

history beginning with the classical condition of Loewner of inter- 

polation of smooth, real valued functions on an interval. One dimen- 

sional versions of the result we formulate below bave been obtaned 

by Rosenblum and Rovnyak 1161 and by FitzGerald 1 1 0 1 .  The higher di- 

mensional problem has been considered by Beatrous [ 2 1  and Beatrous 

and Burbea [ 3 ] for subsets of the boundary which are somewhat fatter 

than those considered here. 

THEOREM 3.9. L e t  q E iR and l e t  E C a B  be  a s e t  o f  un iqueness  fo r  

H . L e t  f b e  a bounded,  B o r e l  measureab le  f u n c t i o n  on E such  t h a t  

for e v e r y  u f E ( E )  we have  llfull < I 1  u I I q  . Then t h e r e  is a u n i q u e  

ho lomorph ic  f u n c t i o n  F on  B s u c h  t h a t  t h e  k e r n e l  K ( z , < ) ( l - F ( z ) F ( < ) )  

i s  p o s i t i v e  d e f i n i t e  on B x B and F has boundary  v a l u e  f a l o n g  E 

i n  t h e  s e n s e  t h a t  

4 

4 4 -  
__ 

4 

PROOF. For any function g which is holomorphic in a neighborhoodof 

we have, by the Cauchy-Schwartz inequality and Lemma 3.1, 

4 
Thus it follows from Theorem 3.6 that there is a function M ( g )  E H 

with I I M ( g ) l l  < IIg 1 1  and with boundary value f g  along E .  Set F =  

Y ( 1 ) .  Then for any polynomial g the functions F g  and M ( g l  are both 
4 -  4 
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i n  ff and have t h e  s a m e  boundary va lue  a long  E .  S i n c e  E i s  a set  

of u n i q u e n e s s  f o r  H it f o l l o w s  t h a t  F g  = M f g )  f o r  a l l  p o l y n o m i a l s  

g ,  and hence the m u l t i p l i c a t i o n  operator MF i s  a c o n t r a c t i o n  on H 

B y  Propos i t ion  1 . 8 ,  t h e  k e r n e l  K 1 z , < ) 1 1  - F ( z l F l C l l  i s  p o s i t i v e  
9 

d e f i n i t e o n  E x E ,  and t h e  t h e o r e m  i s  proved. 

4 

4 ,  

4' __ 
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1 - INTRODUCTION 

Throughout this paper we deal with approximation in the uniform 

norm of elements of the space C(X/ of all real-valued continuous 

functions on a compact Hausdorff topological space X by elements of 

a closed vector subspaces G of CfXl. For f E C!XI we call 

the d i s t a n c e  of f t o  G and 

the s e t  of b e s t  a p p r o x i m a t i o n s  o f  f i n  G .  The set-valued map P 

which maps an f E C(XI onto the closed convex subset P ( f /  of C ( X l  

is called the m e t r i c  p r o j e c t i o n  of  C ( X l  o n t o  G and G is called 

p r o x i m i n a l  (Chebyshev l  if the set P(fI is non-empty (a singleton) 

for every f E C l X l .  

In recent years there has been considerable interest in the 

problem of the existence and uniqueness of c o n t i n u o u s  s e l e c t i o n s  f o r  

t h e  m e t r i c  p r o j e c t i o n  P, i.e.continuous mappings S from C ( X l  into 

itself which have the property that Sf E P ( f l  for every f E C l X ) .  

Despite that considerable interest, to date very few results on this 

problem have been obtained and it is in hopes of stimulating further 

interest that I shall present here a curious new result along with 

the old ones needed to prove it which, by coincidence, are virtually 

all there are known. 

There are essentially two instances in which conditions intrinsic 

to G are known which are both necessary and sufficient for the exis- 

tence and the uniqueness of continuous selections forthe metric pro- 

jection p. 

( * )  P r e s z n t  Address:  I n s t i t u t o  de  Maternatica, Univers idade  F e d e r a l  d o  R i o  d e  
J a n e i r o ,  Rio  de  J a n e i r o ,  B r a z i l .  
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The first instance is that X is arbitrary and G is one-di- 

mensional. Suppose that G = X? g for some non-zero g E C ( X )  and set 

Z ( g l  = { x  E X : g l x f  = @ I .  Lazar, Morris and Wulbert [ 7 1 showed that 
P admits a continuous selection in precisely the following four mu- 

tually exclusive cases. 

CASE 1. Z i g f  is empty. 

CASE 2. The interior of Z(g) is empty, the boundary of Z(g) is a 

singleton and one of { x  E X : g l x i  2 0 1  and { x  E X : g i x i  5 0) is 

a neighborhood of Z ( g ) .  

CASE 3 .  Z ( g l  is non-empty and open. 

CASE 4 .  The interior of Z ( g )  is non-empty, the boundary of Z ( g )  is 

a singleton and one of { x  E X : g ( x )  0) and {x E X : g ( x f  .<_ 0 )  

is a neighborhood of Z l g )  . 

Blatter and Schumaker 1 4  J showed that P possesses a unique con- 

tinuous selection in precisely the first two cases (see a lso  Brown 

[ 6 1  1 .  

The second instance is that X is a non-degenerate compact in- 

terval of the real line and G is finite-dimensional. Nurnberger and 

Sommer in a series of papers (see I 1 0 1  and the references therein) 

showed that P admits a continuous selection in preciselythefollow- 

ing two mutually exclusive cases. 

CASE a. G is weak-Chebyshev and no non-zero element of G has more 

than d i m G  zeros. 

CASE b. G is weak-Chebyshev and i n t  Z ( g )  # @ for some g E G - (0). 

i n t  Z ( g )  is connected for all g E G and inf{length Z(g) : g E G 

and i n t  Z ig l  + 01 0 .  

There exist k 2 1 and a = x * x 1  . . .  = b such 

that if we set G i  = G I  [ X ~ , X ~ + ~  ] for 0 5 i 5 k and G .  . = { g  E G : 

gl [ x i , x c j l  = 0) then each is weak-Chebyshev, no non-zero element 

of Gi has more than d i m G i  zeros and no element of G i j  has more 

then dim G i j  boundary zeros. 

23 
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B l a t t e r  and Schumaker [ 4  1 showed t h a t  P p o s s e s s e s  a unique con- 

t i n u o u s  s e l e c t i o n  p r e c i s e l y  i n  t h e  f i r s t  case. 

Admit t ing c o n d i t i o n s  e x t r i n s i c  t o  G w e  have a wider  v a r i e t y  of 

r e s u l t s  on o u r  problem of which w e  s t a t e  two. 

A s  a consequence of a well-known r e s u l t  of Michael [ 8  1 w e  have 

t h a t  i f  G i s  proximina l  and it P i s  lower semi-continuous,  t h e n ,  fo r  

e v e r y  f 6 C f X l ,  

P ( ~ I  = Csf : s is  a cont inuous  s e l e c t i o n  f o r  PI; 

i n  p a r t i c u l a r ,  i f  G i s  proximina l  and i f  P i s  lower semi-continuous,  

t h e n  P p o s s e s s e s  a unique cont inuous  s e l e c t i o n  i f f  G is  Chebysbev. 

Given t h a t  ti i s  f i n i t e - d i m e n s i o n a l  and t h a t  P admits  a t  least 

one cont inuous  s e l e c t i o n  S * ,  B l a t t e r  and Schumaker [ 4 1  c a l c u l a t e d ,  

f o r  every  f E C(XI, t h e  s e t  

p*(f) = u {sp : s i s  a cont inuous  s e l e c t i o n  f o r  P I  

i n  t e r m s  of P(fl and S*f a l o n e .  This  r e s u l t  can u s u a l l y  b e  a p p l i e d  

t o  s e t t l e  t h e  uniqueness  q u e s t i o n  whenever t h e  e x i s t e n c e  problem is  

so lved .  

2 .  CLOSED VECTOR SUBLATTICES OF C ( X )  

I n  t h i s  S e c t i o n w e s t a t e  one more known r e s u l t  which se t t les  o u r  

problem i n  t h e  c a s e  t h a t  G i s  a "n ice"  s u b l a t t i c e  of C I X - )  ( G  con- 

t i n u e s  t o  be a c l o s e d  v e c t o r  subspace of C l X ) ! )  . F i r s t ,  however, 

s o m e  classics about  c l o s e d  v e c t o r  s u b l a t t i c e s  of C I X )  i n  g e n e r a l .  

The se t  

R = { f x , ~ ' )  E X x X : e i t h e r  0 = 6 I G  = 6x,lG or 
3 

o # & ~ I G  = C X ~ ~ , I G  f o r  some (unique)  a > 01 

( h e r e  A X  i s  t h e  D i r a c  measure a t  x) is  an  e q u i v a l e n c e  r e l a t i o n  f o r  

X and w e  d e f i n e  a f u n c t i o n  p : R -+ B by s e t t i n g ,  f o r  (x,x') E R, 

0 i f  0 = 6 ( G  = 6x,IG 
X 

a i f  o # 6 X l ~  = ~ A ~ , I G  f o r  some c1 > 0. 

p ( x , x ' )  = 
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We have then glx) = p ( x , x ' ) g ( x ' )  for all g E G and all (x,x') E R  

and X o  = {I E X : g(x) = 0 for all g E GI is either empty or an 

exceptional R-equivalence class. 

Kakutani's Stone-Weierstrass theorem states that 

is the smallest closed vector sublattice of CIXI which contains G, 

which is to say that if G is a sublattice of ClX), then L i G I  = G 

and Stone's Weierstrass theorem is the fact that L ( G )  = G if G is 

a subalgebra of ClXl (note that p = p if G is a subalgebra of 

C(X)!). Obviously L(G) = C(Xl iff Xo = 0 and R(x) = for every 

x E x. 

2 

The result we alluded to- above is the following theorem of 

Blatter [ 2 1 . 
Suppose G is a sublattice of ClX) with the property that R is 

upper semi-continuous (i.e. the quotient map of X onto X/R is closed) 

and that all R-equivalence classes are compact (this iswhat we meant 

by a "nice" sublattice). Then G is proximinal iff 

furthermore, if G is proximinal, then for all fl , f2 E C(X), 

where H is the Hausdorff metric for the set of all non-empty closed 

and bounded subsets of C(X), and finally, G is Chebyshev (if and) 

only if G = C(X) or G = { O }  or G = I R g  for some non-negative 

zero-free f E C ( X I .  

In order to see how this theorem settles our problem on con- 

tinuous selections we note that Hausdorff continuity of P implies 

its lower semi-continuity and thus, by the consequence of Michael's 

theorem mentioned above, P has continuous selections whenever G is 

proximinal and a unique one iff G is Chebyshev. We also note the 

simple fact that if G is a subalgebra of C f X ) ,  then R is upper 

semi-continuous, all R-equivalence classes are compact and, since 

p 2  = p ,  y = 1. Finally we note the not so simple fact (see Blatter 

[ 2 1 )  that unless X is finite, C ( X )  contains a "nice" sublattice G 
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which is n o t  p rox imina l  ( so  a s  t o  l e t  i t b e  knowntha t  t h e  above theo-  

r e m  i s  n o t  a h o a x ) .  

3 .  CLOSED VECTOR SUBLATTICES OF c 

I n  t h i s  f i n a l  S e c t i o n  w e  se t  X = JV (= A l e x a n d r o f f o r  one -po in t  

c o m p a c t i f i c a t i o n  of t h e  p o s i t i v e  i n t e g e r s  U V )  , so t h a t  C l X l  becomes 

c .  To s t a r t  w i t h ,  t h r e e  examples of  s u b l a t t i c e s  G of c .  

EXAMPLE 1. G = {g  E c : g ( % n )  = Z g ( 2 n  - 1 )  f o r  a l l  n E W 3 .  For t h i s  

G, t h e  R-equivalence c l a s s e s  a r e  t h e  sets  i 2 n  - 1 , Z n )  f o r  n E ill 

and Xo = { m } ;  a l s o  p ( n , n )  = I, p ( Z n - I ,  2 n ) =  1 / 2  and p(Zn,2n-I )  = 2 

f o r  n A7 and p(m,m) = 0 .  Thus y = 1 / 2  and t h e r e f o r e  ( i n  c ,  

compact c l a s s e s  a l o n e  g u a r a n t e e  t h a t  R i s  upper  semi-cont inuous)  by 

t h e  r e s u l t  i n  S e c t i o n  2 ,  G i s  a " n i c e "  s u b l a t t i c e  of c which i s  

p rox imina l .  

EXAMPLE 2 .  G = { g  E c : g ( 2 n )  = n g ( 2 n -  1 )  f o r  a l l  n E W ] .  For t h i s  

G ,  t h e  R-equivalence c l a s s e s  a r e  t h e  same a s  i n  Example 1 b u t  pin,??.) 

= i, p ( 2 n -  1 , n )  = l / n  and p i n , 2 n  - 1 )  = n f o r  n E W and p i m , m /  = 
0 .  Thus y = 0 and t h e r e f o r e  G i s  a " n i c e "  s u b l a t t i c e  of c which 

is  n o t  p rox imina l .  

EXAMPLE 3.  G = {g E c : g ( 2 n )  = g(2)/2n and g(2n - 1 )  = g ( l ) / ( 2 n - l )  

f o r  a l l  n E a 7 ) .  For t h i s  G ,  t h e  R-equivalence c l a s s e s  are t h e s e t s  

of  t h e  even and t h e  odd p o s i t i v e  i n t e g e r s  and Xo = { m } .  Thus G i s  

a two-dimensional " n o t  so n i c e "  s u b l a t t i c e  of c .  

H e r e  now i s  our  c u r i o s i t y .  

THEOREM. If G i s  a p r o x i m i n a l  s u b l a t t i c e  of c ,  t h e n  P a d m i t s  a 

c o n t i n u o u s  s e l e c t i o n  and a un ique  one ( i f  a n d )  o n l y  if e i t h e r  G =  {a} 
o r  G = c o r  G = B g  f o r  some n o n - n e g a t i v e  g E c which  is e i ther  

z e r o - f r e e  o r  e l s e  has  a single z e r o  a t  m .  

PROOF. Suppose G is a p rox imina l  s u b l a t t i c e  o f  c .  

(1) A r a t h e r  l e n g t h y  argument of B l a t t e r  [ 2 ] t e l l s  u s  t h a t  G 

f a l l s  o n l y  s l i g h t l y  s h o r t  o f  b e i n g  a " n i c e "  s u b l a t t i c e  i n  t h e  f o l -  

lowing s e n s e .  There e x i s t  c l o s e d  -Jector  s u b l a t t i c e s  G '  and G" of 

c w i t h  t h e  p r o p e r t i e s  t h a t  



5 2  BLATTER 

and that G' is a proximinal "nice" sublattice of c, that G' and 

G "  are lattice-disjoint (i.e. Ig'l A Ig"l = 0 whenever g '  E G'and 

g" E G") and that G" is finite-dimensional. 

( 2 )  It is a mildly intricate exercise in vector lattices (the 

proofs that I know of all require Xakutani's M-space theorem) to 

prove that for any n E IN, any n-dimensional A r c h i m e d e a n  vzctorlat- 

tice is isomorphic to iRn with its natural order and therefore there 

exist n E W and n at most one-dimensional pairwise lattice-dis- 

joint vector sublattices G; . . .  G; such that G" = G; + . . . + G'', 
whence 

G = G' + G" + ... + GI:. 1 

( 3 )  Set 

suppiG'I =closure {x E X : g'(xl # 0 for some g '  E G') 

and, €or f E c ' I X 1 ,  

d ' f f l  = i n f  i I I f  - g '  l l s u p p ( G f l  : g '  E G'} 

and 

Define d;(f) ... dA(fl and P; ( f i  ... P'(fl analogously. Then, €or 

every f E C(X/, 
n 

and therefore 

we not that this inclusion, in general, becomes false whithout the 

previous passage to the supports. 

( 4 )  Using the fact that G '  is a proximinal "nice" sublattice 
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of c and the result in Section 2, it is easy to see that G'IsuppiG') 

is a proximinal "nice" sublattice of Cfsupp(G'ii. Since all the ele- 

ments of G' vanish off s u p p l G ' I ,  we clonclude, invoking again the 

result in Section 2 and the discussion thereafter, that P' has a 

continuous selection S ' .  The G'!lsupprGl) are at most one-dimen- 

sional vector sublattices of C ( s u p p ( G ' ! ) )  and we conclude, using the 

result of Lazar, Morris and Wulbert in Section 1 and the fact that 

all elements of G: vanish off supp(Gl/, that the P: have con- 

tinuous selections 5;. Appealing now to ( 3 )  we have that 

s = b '  + s" + . . .  + s; I 

is a continuous selection for P. 

( 5 )  With the existence part now out of the way, we turn to the 

uniqueness part of our theorem. Suppose G is different from I 0 1  and 
c .  If d z m G  = I, then by the first Blatter and Schumaker result in 

Section 1, P possesses a unique continuous selection iff G = B g  

with g as claimed. Suppose then, in addition, that dim G 2 2.We need 
to show that P admits more than one continuous selection. To do this, 

we first define a function f, E c as follows. 

If s u p p t ~ )  F iii, we set f = 1 for some xo % - s u p p  (G) . 

Obviously (= {g c : llgll 5 11). Also, if 0 < r < I / 2  

and if f E c is such that l l f  - f o i l  5 r ,  then ( 1  - 213) ba'YZ(G) C P ( f I :  

Let g E ( 1  - 2 r l  DaZl(G). If x E 6- s i i p p ( G ) ,  then I f o ( x J  - g i x ) /  

= Ifo(xl I 5 drfi and if x E supp(Gl, then 

0 I s o }  
P(fol = baZI(GI 

If s u p p ( G /  = W ,  then either 2 5 dim G < m or dim G = m. In 

the latter case, dirn(G') = m and, by the uniqueness part of the re- 

sult in Section 2, we may assume that GI = C(supp(G'll (otherwise 

P' of ( 4 )  would have more than one continuous selection and therefore 

also P ) ;  the rest of the assumptions made so far, imply then that 

2 - < dim G" < c a r d  (% - supp(G')l. Now, iooking at bases of non-nega- 

tive atoms for G and G" respectively, it is easy to see that in 

either case there exist a non-negative which is positive at 

two distinct points x- l  and x 1  of IN and a closed vector sub- 

lattice Go of G which is lattice-disjoint from E g o  such that 

go E c 
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- 1  and show as b e f o r e  t h a t  

O < r < 1 / 2  

i x l l  h-l> G = B g  f G o .  W e  set fo = 1 

P ( f o )  = b a l l ( G o )  and t h a t  ( 1  - 2 r ) b a l L ( G o )  C P ( f )  f o r  eve ry  

and eve ry  f E c such t h a t  ll f  - f o I I  5 r. 

With f, now d e f i n e d ,  l e t  S b e  any of t h e  con t inuous  selec- 

t i o n s  f o r  P w e  found i n  (4 , l e t  0 < r < 1 / 2 ,  l e t  Q E C ( c , B )  be 

a such t h a t  la1 5 2 - ~ Y J ,  

Sa = $ ( f )  

and l e t  q E P i f o ) .  For  every real  
foJ r) 
set  

The Sa are o b v i o u s l y  con t inuous .  To see t h a t  t h e  Sa  a r e  a l s o  se- 

l e c t i o n s  f o r  P,  obse rve  t h a t  S a f  = Sf i f  f 6 c and l l f  - f o  ll 2 r 

and t h a t  ag ,  Sf E P ( f )  i f  f E c and l l f  - f o  I1 < r (Pi:”! i s  convex 

and Saf i s  a convex combinat ion of ag and Sf). Now n o t e  t h a t  

S a f o  = ag.  T h i s  does i t .  
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1. One might say that Distribution Theory has two kinds of defects 

(1) It does not give a genera2  m u Z t i p 2 i c a t i o n  of d i s t r i b u t i o n s .  

This is very important since the computations of Quantum FieldTheory 

are based upon multiplications of distributions (the so called free 

field operators). In the same viewpoint let us quote that therestric- 

tion of a distribution to a linear subspace is not defined ingeneral, 

as well as the composition of distributions. 

( 2 )  Let us consider a linear partial differential equationwith 

non constant coefficients, for instance 

where x E lRn, t E B,  the a a r s ,  f and u are Cm functionsand 

the Dars  are partial differential operators in the x variable (with 

possibly one of them being the identity operator). Then it is known 

that even for every simple t h e r e  is no d i s t r i b u t i o n  s o l u t i o n ,  

even locally and without ini-tial condition [ 141 . 
e a t s  

To circumvent these defects various kinds of generalized func- 

tions, more general than distributions, were introduced (ultra dis- 

tributions, hyperfunctions, analytic functionals, ... ) butthey always 
have the above defects. 

2. A few years ago the author introduced in [ 4 ,  5, 6 1  a new concept 

of generalized functions giving a meaning to any multiplication of a 

finite number of distributions. Let us first quote the applications 

of this new theory that have already been obtained. 
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(1) It gives a meaning to a g e n e r a l  r n u l t i p l i c a t i o n o f d i s t r i b u -  

t i o n s  which has all the natural requested properties (usual computa- 

tional properties in relation with derivation and coherence with the 

classical multiplication of functions). Such a multiplication was believed 

to be impossible due to an "impossibility result" of [ 151 (we are going 

to explain this paradox). Let us also mention that restrictions and 

compositions of our generalized functions are defined in full gener- 

ality. 

( 2 )  The definitions of these new generalized functions are ex- 

tremely elementary: they are quite original relatively to distribution 

Theory and they are accessible to any first year student since they 

only use the concept of functions and integration theoryof con- 

tinuous functions on a compact set (in one and several realvariables). 

Then distributions may be defined as those generalized functions&ich 

are-locally- some partial derivatives of continuous functions. This 

theory has thus a p e d a g o g i c a l  i n t e r e s t .  Further,these concepts extend 

easily to infinite dimensional spaces, thus providing awayto define 

and study i n f i n i t e  d imens iona l  d i s t r i b u t i o n s .  

Cm 

( 3 )  It gives a r i g o r o u s  mathematicaZ s e n s e  t o  b a s i c  computations 

o f  Quantum F i e l d  Theory  based on heuristic multiplications ofdistri- 

butions and "removals of divergences" (Renormalization) . See [ 8  I [ 9 ] 

for some of these computations. 

( 4 )  I t  p r o v i d e s  s o l u t i o n s  t o  n o n l i n e a r  wave equutions w i t h  Cauehy 

da ta  d i s t r i b u t i o n s  (the study of such equations is justified by the 

fact thatthey arescalar models ofthe equations of Quantum Field Theo- 

ry). 

( 5 )  I t  p r o v i d e s  s o Z u t i o n s  t o  l i n e a r  p a r t i a l  d i f f e r e n t i a l  equa-  

t i o n s  w i t h  c o e f f i c i e n t s  in full generality, in particular to all 

the equations in the introduction. The existence results we have are 

completely general, valid for higher order equations and systems of 

a finite number of equations. These results also adapt to some non- 

linear equations. It is well known that these equation may have 

several different Cm solutions [13] and this explains that we have 

no general uniqueness result. 

3 .  Now we are going to present several important points more in de- 

tail. If R is an open set in iRn we denote by G(R) our algebra of 

"new generalized function" on fi (that we shall define in a while). 
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The impossibility result in [ 1 5 ]  says that there is no algebra 

A containing D ' l l R I  in which there is a derivation extending the one 

in D ' ( I R I  for which Leibnitz'rule holds (for derivation of aprduct) 

and such that the classical algebra Ctml of all continuous func- 

tions on L9 is a subalgebra of A .  Since all these requirements are 

indispensable for a "good" multiplication of distributions this seems 

to show the impossibility of such a multiplication. However we have 

claimed to have a good multiplication - having the above properties - so 
we need to clarify this paradox. We have the inclusions 

The partial derivatives in G l R l  extend exactly the ones in 

U r l n I  and C m ( R I  is a subalgebra of G l R I .  Fromthe above impossibility 

result C l R I  is not a s u b a l g e b r a  of G l i l l ;  one might reasonably de- 

duce from this that the multiplication in G I R I  is very bad since it 

is apparently incoherent with the classical multiplication of con- 

tinuous functions: if f, g C ( R l  then their new product f, g € G f R l  

may be different from their classical product fg E C(R/.Fortunately 

a deeper study repairs this catastrophic situation. In the nedtheory 

there is a very general integration theory of generalized functions 

which generalizes the duality brackets ( ,  ) of Distribution Theory: 

if T E D'(Q) and Y 5 then denoting by T * Y(= Y - T l  their 

product in G ( R I  one has 

Using this integration theory one obtains that for any Y E U ( R l  the 

integral $ l f  * g * Y I  I x ldx  gives as a numerical result the classical 

number $ f ( x l  g l x l  YY(xidx. This shows that although different as ele- 

ments of G I R I  the two products f - 9  and yy give in fact the 

same numerical results. In this sense one has coherence between the 

two multiplications of continuous functions: intuitively and roughly 

speaking, when for some computations somebody uses the classical 

product, and, when somebody else uses the new product, both obtain 

finally the same numerical results, even if in hetween they work with 

somewhat different mathematical objects. A l l  the computations done 

till now in the development of the applications show that one may be 

content with this. As a remark let us mention that some mathematicians 
pointed out to us that this situation already occur& in the developnt 
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of Mathematics: for instance consider a twice differentiable func- 

tion f on R2 such that & # a2f in the classical sense; 
a q  ax 

a2f = azf, so that in the sense of distributions one has a x a y  

in generalizing the concept of derivatives one had to accept this 

minor difference. 

a y  ax 

4. Now let us define G I R I .  We choose the simplest definition: it is 

important to have in mind that the definition below is in fact only 

a prototype of lots of very close different definitions that have 

their own interest for specific problems. They are obtainedby chang- 

ing some minor points in the definition below which has only to be 

considered as the standard one to start with. This possibility of 

minor changes in the definitions gives a very great flexibility to 

the new theory of generalized functions. 

We recall that fl is an open subset of Bn. If q = 1 , 2 , .  . . we 

define sets Aq by: 

The sets A4 are non void. One has 

and n A = 0 .  If 9 E A and E E ( a , , )  we set 
4 9  4 

Then v, E Aq if and only if 9 E A . Now one defines an algebra 

s2 I and an ideal N [  R ] of it in the following way (in E M [  R I the 

letters E and M have to be considered as forming a unique symbol). 
We set 

9 

EM[ s2 1 = ( R  : A I  x R + CP which are Cm in x for each fixed p, 

and such that for every K (compact subset of fl) and 

every D (partial derivation operator in x; D may be 

the identity operator) there is N E W such that for 

any 9 E A ,  there are c ,  0 > 0 such that 
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as soon as 0 < E < and x E K). 

EXAMPLES. (Case of B ~ )  

( 2 )  R(p,xl  = f ( x  + u ) p ( M l d p  if f E C ( l R " )  ! 
( 3 )  R(p,x)  = ( q , p ( A  - x ) )  if T E v r ( B n ) ;  (the notation FA 

means that T is a distribution in the variable 1). In each of these 

examples one may easily check the above properties. 

Now let us come to the definition of the ideal. 

N 1 fi 1 = { R  E EM[ D I such that for every K and D there is N E 

lN such that for any q and any p E A there are c ,  

n > 0 such that 
4 

as soon as 0 < E rl and x E K}. 

Now we define our algebra GlD) of generalized functions on R 
by setting 

Multiplication and partial derivations in G ( R )  are obviously de- 

fined by the corresponding operators on representatives. The algebra 
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C"(0) is included into G(Rl by associating to any f E C m ( R l  the 

class of RiV,x) = f(xe). The linear space C(R1 is included into G(RI 

by associating to any f E C ( Q !  the class of 

Note that C ( R )  is not a subalgbra of G(R/ and that (Example 1 after 

N [ R 1 ) if f is Cm the two above inclusions coincide. The linear 

space D'(Q/ is included into G(QI by associating to any T E g'(R1 

the class of 

and one checks at once that if f E C ( R I  the t w o  above inclusions 

coincide. Therefore we have the inclusions 

The elements of G(R) have the properties of the distributions 

and various properties that the distributions do not have: not only 

the classical nonlinear properties of the functions but also linear 

properties suchas therestriction to subspaces. Besides, surprisingly 

enough, very deep properties of the classical C m  and holomorphic 

functions extend to this setting, see [ a ,  9, 1, 2, 3, 11, 1 2 1 .  

5.  The above definition of G l Q )  looks completely new, which is rather 

unusual for a concept that seems to be basic. The definition comes 

from differential calculus and holomorphy over locally convex spaces 

(see [ 7 1 ) as this is explained in details in [ 4 ,  5, 9 I and in [ 8 I 
Chapter 3. Let us still explain roughly the basic ideas which start 

from the aim to define a general multiplication of distributions. 

(a) Denoting by H I D ( Q 1 )  the space of all holomorphic func- 

tions over the locally convex space DIR), I had the idea to use the 
pointwise product (of complex valued functions over D I R I ) .  In this 

way if T 2  E D'(R/ then their product is the continuous monomial 

of degree 2 on P(R1  
TI, 

Y +. (TI, Y') (T2, Y ) .  

If Tl and T2 are Cm functions on R then this product is the 
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r 

w h i l e  t h e  c l a s s i c a l  p roduct  T 

t r i b u t i o n ,  i s  t h e  l i n e a r  form 

r 

T2 E C m ( f i l ,  when cons idered  as a dis-  

T h e r e f o r e ,  i n  o r d e r  t o  have co inc idence  between t h e  two m u l t i p l i c a -  

t i o n s ,  t h e  t w o  above maps on D { Q l  s h o u l d  b e  i d e n t i f i e d .  T h i s  g i v e s  

t h e  i d e a  t h a t  some q u o t i e n t  of t h e  space  H ( Q ( R l l  s h o u l d  b e  u s e f u l .  

( b )  The s p a c e  € ' ( a )  of d i s t r i b u t i o n s  w i t h  compact s u p p o r t  

c o n t a i n s  Q ( R l  a s  a dense l i n e a r  subspace.  Therefore  t h e  r e s t r i c t i o n  

map H I E ' ( R I I  -c H ( Q I R I I  is  i n j e c t i v e  and so w e  may c o n s i d e r  t h a t  

H ( E ' ( R ) I  i s  c o n t a i n e d  i n  H ( Q ( R l ) .  Now i f  w e  s e t  

where 6z denotes  t h e  Dirac  measure a t  t h e  p o i n t  z then  1 i s  an 

i d e a l  of H ( E ' ( Q l )  and one checks a t  once t h a t  t h e  q u o t i e n t  a l g e b r a  

i s  isomorphic  t o  t h e  a l g e b r a  C m i n l .  

( c )  Now t h e  n e x t  s t e p  i s  t o  seek  f o r  a n  i d e a l  of ff ( Q ( R l i  ex- 

t e n d i n g  I :  i n  f a c t  w e  have t o  r e p l a c e  H ( Q ( R I l  b y a s u i t a b l e  a l g e b r a  

HM(Q(Rll, s t i l l  c o n t a i n i n g  H(E'IRl), and w e  s u c c e d e d i n f i n d i n g  such 

an  e x t e n s i o n ,  see [ 4 I [ 5 ] and [ 8 j Chapter  3 .  This  i s  t h e  explana-  

t i o n  of t h e  o r i g i n a l  bounds i n  t h e  d e f i n i t i o n s  of and N [ R I . E M [  R ] 

( d )  The n e x t  s t e p  w a s  t o  drop  t h e  concept  of holomorphic de- 

pendence of R r e l a t i v e l y  t o  t h e  v a r i a b l e  9 and t h e n  one a r r i v e s  a t  

t h e  d e f i n i t i o n s  g iven  above, see [ 8 1 Chapter  7 and see [ 1 ] . 

This  new t h e o r y  was i n t r o d u c e d  i n  14 ,  5 ,  6 1 .  The h e u r i s t i c  c a l -  

c u l a t i o n s  of Phys ics  t h a t  mot iva ted  it are p r e s e n t e d  t o  Mathematicians 

i n  [ 8  1 Chapter  1. This  new t h e o r y  w a s  in t roduced  i n  bookformin  [ 81 

(Chapter  3 and f o l l o w i n g  c h a p t e r s )  a s  expla ined  above. The elementary 
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introduction of G ( n l  is presented in [9] Chapters 1,2,3. The "tem- 

pered generalized functions" generalizing the tempered distributions 

and their good properties relatively to the Fourier Transform andthe 

convolution are introduced in [9] Chapters 4,5,6. The nonlinear wave 

equations with Cauchy data distributions are studied in [9 1 Chapter 

8. The linear partial differential equations with Cm coefficients 

are studied in [lo] as well as some nonlinear partial differential 

equations. Various articles developping the theory are alsoquoted in 

the references. 
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SUMMARY 

Using ultrapowers and J *  ideals we show that the second dual 

of a JB* triple system is a J B *  triple system. This gives a short 

proof of a result originally proved in [ l ]  . 

DEFINITION 1 ( [  3 1 J. A Banach space E is called a J B *  t r i p l e  s y s t e m  

if there exists a (necessarily unique) continuous mapping @ : E  x E + 

E(E) (the continuous linear operators from E into E) such that 

(i) { x y z }  := @ l x , y i l z /  is linear in x, antilinear in y and 

symmetric in x and z ,  

(iv) @ l z , z )  is a positive hermitian operator for all z E E. 

DEFINITION 2. A closed subspace F of a JB* triple system ( E , @ /  is 

a J *  ideal if @ ( x , y l  ( z ) E  F whenever either x or y belongs to F. 

If F is a J *  ideal then E / F is a JB*  triple system ( [ 3 1 , 
[ 4 I ,  [ 8, Proposition 2.3 ] ) .  

If E is a J B *  triple system and I is an arbitrary set then 

J B *  
a, 

RI(E.J = { ( x i l i E l  : xi E E, 11 ( x i l i  E I  11 = sup IIxill < m)  is again a 

triple system and 
i 

N o w  suppose tl is an ultrafilter on I. Let 
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N u  = E Q y f E J  : Z z m  IIxiII = 0 ) .  
U 

NU is a c losed subspace of Q T f E )  and s i n c e  

Z i m  I l $ ( x  y . I  f z i l l l  2 C Z i m  Ilxill Z iml l y i I I  ZimllziII 
U U U i’ z U 

( t h i s  fol lows from t h e  con t inu i ty  of Cp), w e  see t h a t  N U  i s  a J *  

i d e a l  i n  i l ; ( E i .  Hence 
I m 

EU := Q I ( E )  / N U  is a J B *  t r i p l e  system. 

Banach spaces  of t h e  form E ;  a r e  ca l l ed  ultrapowers of E .  Hence 

JB* ( t h e  c o l l e c t i o n  of a l l  JB* t r i p l e  systems) is c losed  under t h e  

ope ra t ion  of t ak ing  ul t rapowers .  

By [ 5 ] and [ 6, Theorem 2.3 ] JB* i s  a l s o  c losed  under the  op- 

e r a t i o n  of c o n t r a c t i v e  project iorr  ( i . e .  p ro jec t ions  of norm 5 I ) .  

Since ( [ 2 , 7 ] )  any c o l l e c t i o n  of Banach spaces  c losed  under t h e  opera- 

t i o n s  of tak ing  ul t rapowers  and c o n t r a c t i v e  p ro jec t ions  is  also closed 

under passage t o  t h e  b idua l  w e  have t h e  fol lowing r e s u l t .  

THEOREM 1. If E i s  a JB* t r i p l e  s y s t e m  t h e n  s o  a t s o  is E r r .  

A domain P i n  a Banach space E i s  s a i d  t o  be s y m m e t r i c  i f  f o r  

each a E P t h e r e  e x i s t s  a biholomorphic automorphism of D ,  s a ,  

such t h a t  s a .  I n  

[ 4 ]  Kaup shows t h a t  a Banach space i s  a J B *  t r i p l e  system i f  and 

only i f  i t s  open u n i t  b a l l  is symmetric. Hence Theorem 1 isequivalent 

t o  t h e  following. 

s: = i d e n t i t y  and a i s  t h e  unique f ixed  po in t  of 

THEOREM 2.  If t h e  open  u n i t  baZl of t h e  Banach s p a c e  E i s  s y m e t r i c  

t h e n  t h e  o p e n  u n i t  baZZ of E l r  i s  a l s o  s y m m e t r i c .  
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SUMMARY 

In the paper we give a brief survey of problems concerning ho- 

lomorphic approximation of Cauchy-Riemann (CR) functions on CR sub- 

manifolds in a complex manifold. 

1. INTRODUCTION. 

Exactly one hundred years ago Karl Weierstrass in [ I 9 1  proved a 

very important theorem on almost uniform approximation of continuous 

functions by polynomials on intervals of the real line. His work had 

a great influence on the development of some parts of the theory of 

functions as well as was an initial point for investigations of holo- 

morphic approximation on subsets in a complex linear space, or more 

generaily, in a complex manifold. 

Let X be a complex manifold and M C X a subset or an embedded 

submanifold (real or complex). For any holomorphic function f de- 

fined in a neighborhood of M, the restriction f 1 K is continuous 

(smooth or holomorphic) on M. It is natural to ask when all con- 

tinuous (smooth or holomorphic) functions on M can be obtained in 

this way or, at least, the image of the restriction operator is dense 

in the above mentioned spaces. In the present paper we consider ho- 

iomorphic approximation of continuous and smooth functions definedon 

a smooth CR submanifold M of X (the space of holomorphic tangent 

vectors to M at each point has constant dimension; for definitions 

and notation see section 2 ) .  This type of approximation has been 

extensively investigated during the last twenty years. Here we give 

a survey of results and some suggestions concerning these problems. 

Most papers concern the case when M is a totally real submani- 

fold ithat is, M has no holomorphic tangent vectors). Inthis special 
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case there are almost complete results of Harvey and Wells [111, 

Range and Siu 1151 ,  Nunemacher I141 and of the others, some of which 

we formulate in Section 3. 

For arbitrary Cauchy-Riemann submanifolds the situation is more 

complicated. The general result for local holomorphic approximation 

was obtained by Baouendi and Treves [ 2  I in 1981. Actually the main 

theorem of I21 gives an approximation of a solution to a system of 

linear partial differential equations by polynomials in a fixed so- 

lution of this system (see Section 4). 

Very little is known about global holomorphic approximations of 

CR functions on CR manifolds. The existence results are veryfar from 

satisfactory. In paper I131 Nunemacher, under very strong assuqtions, 

suggests a technique that can be applied to the global problem, at 

least on some compact CR submanifolds of a Kahler manifold. Also 

Sakai 1161 obtains a theorem on holomorphic approximation of CR func- 

tions in a neighborhood of a compact subset in a holomorphic W mani- 

fold M c tn, i.e. when M is a sum of complex submanifolds of tn. 

In [ 7 1  under some geometrical and analytical assumptions, a global 

holomorphic approximation result is proved. We formulate this result 

in Section 4 and give some suggestions concerning global approxima- 

tion. 

2. BASIC NOTATION AND DEFINITIONS 

(a) DEFINITION OF ABSTRACT CR MANIFOLDS. Let M be a C1 manifold 

of real dimension d and TiM) the real tangent bundle to M. Denote 

by tT(M) = TlM) t3B C tho complexification of T(MI. We say that an 

m-dimensional complex subbundle H(MI C @TIM) gives a Cauchy-Riemann 

(CRI structure on M of type m if the following conditions are satis- 

fied: 

(i) H(M) n H(MI = { O ) ,  where the bar denotes the complex con- 

jugation and ( 0 )  stands for the zero section: 

(ii) H(M) is involutive, i.e. the Poisson bracket [P,Q1 is a 

section of H(MI whenever P and Q are sections of H(MI. 

Notice that 0 2 m ((1/2)ciimmM. If rn =(I/2)dirnBM we have an 

almost complex structure on M: when m = 0, then the CR structure 

is called totally real. 
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By a CH m a n i f o l d  we mean a pair ( M , H ( N ) ) ,  where B f M )  is a CR 

structure on M of type m, and we write d i m C R M  = m .  

For short we shall write M instead of ( M , H ( M ) )  whenever the CR 

structure is clear from the context. 

By a CR function f : U + t defined on an open subset of M we 

mean a C1 function which satisfies the condition 

(b) LOCAL REPRESENTATION OF CR MANIFOLDS. Let ( M , H ( W ) I  be a CR 

manifold, dim,M = d, d i m C R M  = m .  Take a point p E M and a suf- 

ficiently small neighborhood U of p in M. We can findaiocalpara- 

metrization of U, i.e. a ci function 

d 
defined on an open set n C lR , such that U = Z in ) .  The function 

2 gives also the mapping 

Using the mapping 2 ,  we define the subbundies 

H 

Decreasing U ,  

sections L . 
fold M may be 

if necessary, we can choose linearly independent global 

.,L, of the bundle H(RI. Consequently, the CR mani- 

represented locally by an ( m  + 1)-tuple (R,Ll, ..., L ) 

consisting of an open subset R of lRd  and of m complex vector 

fields LI,. . . ,Lm such that LIJ...,Lm, L l ,  . . .  ,Lm are linearly 

independent and the system is closed with respect to the 

Poisson bracket. 

m 

- - 

L l ,  . . .  ,Lm 

(c) CR SUBMANIFOLD IN A COMPLEX MANIFOLD. Let X be a complex mani- 

fold of complex dimension n. Take a C1 real submanifold M of real 

dimension d, 1 - -  < d < 2n. Now we see how the submanifold inherits a 

CR structure from the complex manifold. 

Let r ’ ( M I  denote the sheaf of germs of C1 complex-vaiued func- 

tions or1 Cn, which vanish on M. Take local holomoryhic coordinates 
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( 2  lJ...J2nl in a neighborhood of a point po  and put 

for every p E F ( M I } ,  
P 

for every p E F i M )  1 ,  
P 

Set 

H ( M , X )  = U H (M,X), H(M,X) = U H (M,X). 
PEM P p € M  

The definition of F€(M,Xl, H(M,XI does not depend on the choice of 

local coordinates. If the dimension m ( p l  of H ( M , X )  is constant 

on M ,  i.e. 
P 

m l p l  = d i m  H (M,XI c o n s t  = m on M, 
C P  

then it is easy to check that IM,H(M,XII is a CR manifold. In this 

special case we say that M is a CR s u b m a n i f o l d  of a c o m p l e x  mani- 

f o l d .  If the dimension m is mmimal possible, i.e. m = maxiO,d-n / ,  

we say that M is g e n e r i c a l l y  e m b e d d e d  i n  X. When m = 0 on M ,  then 

M is a t o t a l l y  r e a l  s u b m a n i f o l d  of X .  

A function f : U --t E on an open subset of an embedded CRmani- 

fold is a CR function if f satisfies the Eangential Cauchy-Riemann 

equations. 

Assume for a moment that M is a generically embedded CR sub- 

tn. Taking a locai representation of M ,  say Kl,Ll, ..., L ) m 

'n' 

manifold of 

as in subsection (b), we see that there are n functions Z i , . . . ,  

parametrizing locally M, which satisfy the system of equations 

- 
L . 2  = 0 ,  j = 1 ,..., m ,  c1 = 1 ,..., n .  

J a  

Moreover, the differentials dZ d Z n  are linearly independent 

at each point of a. Therefore, it is easy to see, thatequivalently, 
a CR submanifold M can be locally represented by an ( n  + 1)-tuple 
( O , Z I ,  ..., 2,).  This approach ieads immediately to the so called 
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hypo-anaiytic manifolds, which were recently introduced by Baouendi, 

Chand and Treves [ 11 . 

3 .  HOLOMOWHIC APPROXIMATION ON TOTALLY REAL SUBMANIFOLDS 

In this section we formulate only a few principal results con- 

cerning holomorphic approximation of smooth (or continuous) functions 

on totally real submanifolds. In this case tile approximation problem 

has a complete solution. Thereare also quite alot of partial or very 

special results aboux this type of approximation. For a more wide 

survey see for example Margelyan [ I 2 1  , Wells [ Z O ]  , Gautnier and 

Hengartner [lo] , Gamelin [ Y 1 . 
In the introduction we mentioned the well-known and famous 

Weierstrass' theorem. In1927 Carieman gave a stronger version of it: 

THEOREM (Carleman [ 5 j ) . Suppose f und E u r e  u r b i t r a r y  con t inwus  

f u n c t i o n s  on t h e  r e a l  a x i s  lR w i t h  E p o s i t i v e .  Then ,  t h e r e  is an 

e n t i r e  f u n c t i o n  g on  d' such  t h a t  l f f x l  - g i x )  I c E ( X )  for any 

x E IR. 

The proof of this theorem is very simple andusesaclevermethod 

of approximation of the function f by polynomials on an increasing 

sequence of compact subsets. 

The next fundamental step in one dimensional case, much more 

complicated than the previous one, is a theoremof Runge type proved 

by Mergelyan in 1952.  

THEOREM (Mergelyan [ 1 2 1  ) . L e t  K be  a compact s u b s e t  o f  a, such tha t  

t h e  complement 6 - K  has  o n l y  a f i n i t e  number of components .  Then  

e v e r y  c o n t i n u o u s  f u n c t i o n  d e f i n e d  on K which  i s  hoZomorphic on t h e  

i n t e r i o r  i n t K  can b e  apprdoximated uni formZy on  K by r a t i o n a l  func- 

t i o n s  w i t h  p o l e s  i n  6 - K .  

The proof of the theorem makes strong use of the Cauchy kernel 

and delicate estimates. More generally, in 1967, Vitushkin 1181 has 

given necessary and sufficient conditions for subsets K so that any 

function continuous on K ,  holomorphic in I n t  K, can be uniformly 

approximated by holomorphic functions defined in neighborhoods of K. 

Passing to several complex variables first we formulatethefol- 

lowing theorem. 
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THEOREM (Range and Siu [15] ) . L e t  I 5 k - < m and M b e  a C k  t o -  

t a l l y  r e a l  s u b m a n i f o l d  of a complex  m a n i f o l d  X .  Then  t h e r e  e x i s t s  a 

S t e i n  open ne ighbourhood U of M i n  X such  t h a t  t h e  s e t  of res t r ic -  

t i o n s  t o  M of a l 2  ho lomorph ic  f u n c t i o n s  on U i s  dense  i n  t h e  FrGchet 

space  of a l l  ck f u n c t i o n s  on M .  

Notice that in the above theorem there is no loss of the rank 

of differentiability. The theorem is proved by solving the 3-problem 

using Henkin's method. The usual construction ofthe integral kernels 

is modified and there are given some special and nontrivial formulas 

for the derivatives of the kernels. 

The last theorem which we formulate in this section is thetheo- 

rem of Nunemacher proved in 1976. 

THEOREM (Nunemacher [14] ) . Suppose  D i s  a domain i n  E n  and M i s  

a connec ted  C1 t o t a l l ?  r e a %  subrnanifo%d of D .  L e t  E be  anarbitrary 

p o s i t i v e  c o n t i n u o u s  f u n c t i o n  on M .  T h e n  any c o n t i n u o u s  f u n c t i o n  f 

on M can be  approx imated  b y  a ho lomorph ic  f u n c t i o n  g d e f i n e d  on an  

open S t e i n  ne ighbourhood of M i n  D s o  t h a t  I f l z )  - g l z )  I < E(Z) for 

a l l  z i n  M .  

The above theorem is a naturai generalization of the Carleman 

theorem. Without imposing global convexity hypotheses one would not 

expect, of course, to obtain polynomial approximation (locally this 

is true). The proof uses similar methods as in the paperof Range and 

Siu [ 1 5 ] .  

4 .  HOLOMORPHIC APPROXIMATION ON GENERIC CR SUBMANIFOLDS 

(a) LOCAL CASE. We known ( 5 . 2  (b) ) that a CR manifold M with dim# 

= d and dim M = m ,  can be locally represented by an ( m +  1)-tuple 

IQ ,L  IJ...JLml. Assume moreover that there exist solutions 

Z I J . .  . , Z n  

CR 
n = d - m  

of the system 

- 
(4.i) L .h = 0, j = I , . .  . , m a  

I 

such that the differentials dZI, ..., dZn are linearly independet at 

every point of R (compare to the case when M is an embedded CR sub- 

manifold of E n ) .  

For solutions of such system there is a beautiful approximation 
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theorem by Baouendi and Treves [ 2  I .  Actually the theorem does notre- 
quire independence of the whole system L I J . . . , L r n J  L l ,  ..., L m  butonly 

of the subsytem L l ,  ..., L . If the lastholds then there are interesting 
consequences about constancy of solutions of (4.1) on the fibres of 

the mapping 

- - 

rn 

2 = (Z1,. . ., Z n )  : s1 +. rn.  

Let us formulate the theorem. This theorem has purely local chmac- 

5 E E d  belongs to ter and, therefore we can assume, that the origin 

W and all considerations are around this point. 

THEOREM (Baouendi and Treves [ 2 J ) . Every  open  ne ighborhood  C2' C s1 

o f  t h e  o r i g i n  c o n t a i n s  a n o t h e r  open  ne ighborhood  o f  t h e  o r i g i n  a", 
s u c h  t h a t  e v e r y  C1 s o l u t i o n  o f  ( 4 . 1 1  i n  s 2 '  is t h e  u n i f o r m  l i m i t ,  

i n  a'', o f  a s e q u e n c e  of p o l y n o m i a l s  w i t h  complex  c o e f f i c i e n t s  i n  

z l ,  . . . , z n  . 
As an immediate consequence we obtain local holomorphic approxi- 

mations of CR functions on generic CR submanifolds of rn .  It fol- 
lows from considerations in 9.1 (c) and from the fact that if M is 

such a submanifold, then f is a CR function if and only if f o  Z 

satisfies system (4.1) . 

In the original Baouendi and Treves' proof a formula for locally 

approximating solutions of (4.1) is given. The formula usesaspecial 

choice of local coordinates and, actually, it isnot sufficiently clear 

to see its invariant sense. In many situationssuch aformula is needed 

in an invariant form, independently of iocal coordinates. This was 

the purpose of the paper [ 6  I in which an invariant explicit formula 

is given for local holomorphic approximations of CR functions on 

generic CR submanifolds. This formula is a version of, so cailed, 

the FBI-transform but express geometric local position of a CR sub- 

manifold in a complex linear space and also is useful for the proof 

of globai approximations. 

The FBI-transfcrm is a special Fourier transform in the version 

by Bros-Iagolnitzer I 4  I .  This transform is called Fourier-Bros- 

Iagolnitzer transform, shortly FBI-transform, and is used for example 

in papers of Baouendi, Chang and Treves [ 11 , Baouendi and Treves 

[ 3  I for  holomorpnic extensions of CR functions. The complete defi- 

nition and fundamental properties of the FBI-transform can be found 
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in Sjijstrand 1171. 

We now state local approximation formula from [ 6 1  and formulate 

an appropriate theorem. 

Let M be a generic smooth (C"! CR submanifold embedded in b n l  

dim M = n + m ,  0 5 rn 5 Y L .  Fix a point p o  E M and aneighbourhood U, 

p o  E U C M, and take a totally real smooth submanifold N embedded in 

M which passes through p o  I dimB B = n.  Suppose moreover that we have 

a smooth Ch function A : U + GLln,GI that satisfies the following 

property: 

B 

(4 .2 )  I l m  v l  < IRe vl for v E A ( p l T  ( N ) ,  Z, # 0, p E N n u, 

where I 1 denotes the Euclidean norm in Cnl i.e. 151 = (6, I + . 

CC U, and a smooth function v : U + B such that 

P 

2 1 /2  
+ /6,1 I 

for 5 E an .  Finally take open subsets l i l ,  U 2  Of U, p o  E Ul cc U 2  

s u p p 9  C U I J  LP 1 on U 2 .  

Now define a sequence of integrals: 

where for simplicity we write p = ( p l , .  . . , p n - I ,  d p  = d p l  A . . . A  dp,, 

for 5 E P ,  and an orientation on N we &mse 2 
+ 5, 

2 [ E l  = <; + ... 
later. 

Notice that for any totally real submanifold N there always 

exists the matrix function A which satisfies condition ( 4 . 2 ) .  

THEOREM ( [  6 1 1 .  L e t  M b e  a g e n e r i c  smooth CB submani fo ld  embedded i n  

bn, d i m  M = n + ni. F i x  a p o i n t  p o  E M and a ne ighbourhood  U, p o  E 

U C M .  Then ,  w i t h  t h e  n o t a t i o n  g i v e n  above  
B 

10 we can  choose  an  o r i e n t a t i o n  on  t h e  submani foZd N ;  

2 0  

3 0  t h e r e  e x i s t s  a smooth  f u n c t i o n  tp : b' + B; 

t h e r e  a r e  ne ighbourhoods  Ul, U 2 ,  V ,  p o  E V CC U 2 ;  

s u c h  t h a t  f o r  any smooth CR f u n c t i o n  f : M --f t h e  sequence  o f  
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e n t i r e  f u n c t i o n s  F ( w l ,  g i v e n  in ( 4 . 3 )  c o n v e r g e s  uniformly t o  f o n  V .  
V 

REMARK. In the paper [ 6 ] the behaviour of the integrals ( 4 . 3 )  under 

deformations of the submanifold N and the matrix function A is in- 

vestigated. Roughly speaking: 

(1) if we deform the submanifold N in C 1  topologywe obtain 

N ‘  -dvd F ; ( W )  - FV i w l  = O(e  I when v + m ,  

where w belongs to a neighbourhood of p o  in t n ,  and d is a posi- 
tive constant which does not depend on the function f. 

( 2 )  If we deform the function A in C L  topology we obtain 

where w belongs to a neighbourhood of po  in M. 

(b) GLOBAL CASE. In this subsection we formuiate and give some con- 

sequences of the global approximation theorem that is found in the 

paper 1 7  1 .  

m 
Through this subsection M denotes a smooth (C I generic CR sub- 

manifold of 0 5 m 5 n. We put s o m e  geo- 

metrical condition on the manifold M, the R-property, which does not 

seem to have appeared earlier in the literature. 

tn, d i m ,  M = n + in, where 

DEFINITION. We say that a CR submanifold M in fSn has the R-property 

if there exists a smooth n-real dimensional distribution L : M  + T I M I  

and a smooth CR matrix-valued function A : M -+ G L ( n , E l  such that 

Roughly speaking, at each point p E M I  the matrix A ( p ) ,  as a 

@-linear mapping of rn into 5 n ,  “turns” a real subspace L C T  (MI 

C tn such that the image is “close“ to Bnr  and everything depends 

smoothly on p .  

P P  

THEOREM ( [  7 I ) . L e t  M be  an embedded g g n e r i c  C R  s u b m a n i f o l d  of tn 

W i t h  t h e  R - p r o p e r t y .  Then t h e r e  e x i s t s  a ne ighbourhood  R o f  LV i n  
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such t h a t  for, any s t r o n g Z y  pseudoconvex  domain D ,  D C C  Q, w i t h  

smooth boundary ,  any smooth C R  f u n c t i o n  f : M + IS can b e  u n i f o r m l y  

approximated  on by  hoZomorphic f u n c t i o n s  on neighbourhoods of 

D .  

M rl 5 
- 

The idea of tie proof is the following: first the theorem is 

proved locally, using the invariant local approximation formula (4.3) 

and after estimating the difference between local approximation for- 

mulas, we apply the first Cousin problem with bounds then obtain the 

global result. 

Notice that the R-property is the global condition imposedonthe 

submanifoid M. This condition is sufficiently difficult to deal with 

and it would be convenient to replace it by some type of convexity.In 

the totally real case, for totally real submanifolds of B n ,  (or a 

complex manifold), there is a fundamental system of Stein neighbour- 

hoods and no additional restriction on M is needed. This is not the 

case with arbitrary Cauchy-Riemann submanifolds. This justifies the 

R-property and the assumption about a strongly pseudoconvex domain 

iying in a small neighbourhood of the submanifold. 

The R-property is, in some sense, connectedwith the existence of 

a foliation of M by totally real immersed submanifolds. More pre- 

cisely, assume that we have a foliation N = { N X ) A E A  of M by im- 

mersed totally real submanifolds N A ,  A E A, of real dimension n. 

For each p E M, we have exactly one N X  passing through p and we 

take the tangent space T ( N A l .  Hence we get a subbundle of T(M) which 

a denoted by T(NI. 
P 

We say that the CR manifold has the R p r o p e r t y  aZong t h e  fo-  

l i a t i o n  N if there exists a smooth CR function k : M +. G L ( n ,  6') 

such that 

Observe that the R-property is more general than the R-property along 

the foliation. 

In the totally real case for dim,M = n ,  it is easy tosee, that 

the H-property is equivalent to triviality of the tangent bundle 

T ( M ) .  
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APPROXIMATION W I T H  SUBSPACES OF FINITE CODIMENSION 
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1. INTRODUCTION 

The pu rpose  of t h i s  pape r  i s  t o  d i s c u s s  some open q u e s t i o n  i n  

t h e  t h e o r y  of approximation w i t h  subspaces  of f i n i t e  codimension. W e  

s h a l l  p o i n t  o u t  t h e  r e l a t i o n s h i p  between some a l r e a d y  known f a c t s  and 

a few new r e s u l t s  (o f  which w e  s h a l l  g i v e  complete  p r o o f s ) .  W e  hope 

t h a t  t h i s  w i l l  be  of some h e l p  f o r  a s o l u t i o n  of  t h e  g e n e r a l  problems 

which remain unsolved.  

L e t  X b e  a real  Banach space  and V a c l o s e d  subspace ,  V i s  

complemented i n  X i f  t h e r e  e x i s t s  a p r o j e c t i o n  P : X -+ V (P i s  

l i n e a r ,  bounded and P u  = v f o r  v E V )  . The r e l a t i v i >  p m j @ c t i ~ ? n  cons- 

t a n t  of V i n  X i s  

X ( V , X )  = i n f { I I ~ l i  : P : x + v i s  a p r o j e c t i o n l .  

I f  t h e r e  e x i s t s  a p r o j e c t i o n  P such t h a t  IIPII = A ( V , X ) ,  h i s  e x a c t  

and P is termed minimaZ. 

The e x i s t e n c e  of minimal p r o j e c t i o n s  o n t o  a subspace V can be  

proven w i t h  s t a n d a r d  compactness arguments when V i s  i s o m e t r i c  t o  a 

c o n j u g a t e  s p a c e ,  see f o r  example [ 2  1 ;  however i n  t h e  g e n e r a l  case 

v e r y  l i t t l e  i s  known. 

V i s  p rox imina l  i f  for eve ry  x E X t h e r e  e x i s t s  a v x  E V  

such  t h a t  llx - vxII = d i s t ( x , V I .  

L e t  us s a y  t h a t  V i s  an (E) - space  i f  it i s  p rox imina l  and t h a t  

it i s  an (F ) - space  i f  it ( i s  complemented and)  admits  minimal projec- 

t i o n s .  W e  s h a l l  d i s c u s s  t h i s  two p r o p e r t i e s  and t h e i r  p o s s i b l e  re- 

l a t i o n s h i p  when c o d i r n V  < m. 

Standa rd  r e f e r e n c e s  f o r  p r o x i m i n a l i t y  i n  t h i s  (arc? i n  t h e g e n e r a l )  

c a s e  are S i n g e r ' s  monography [ 1 0 1  and i t s  upda t ing  [ 111 . 
W e  r e c a l l  t h a t  i f  K = co&mV, t h e n  3 C X* has a basis [f7.f2, ...,f, 1 
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n 

i=l  
such that V = n k e r  fi . V is trivially complemented and every 

projection P onto V can be written in the form: 

n 

i' with fi E V', z i  E X, f i ( z i l  = 6 i j  i.e, Px = x - Z .  f.(xlz z z  

2. THE ( E )  PROPERTY. (PROXIMINALITY) 

Recalling that the following isometry holds: 

it is easy to prove a classicai theorem of Garkavi (see for example 

[lo], pag. 2 9 2 ) .  

THEOREM A (Garkavi) . Assume t h a t  X / V i s  r e f l e x i v e  f i n  p a r t i c u l a r  

t h a t  codim V < m l  . Then V i s  p rox i rn ina l  if and o n l y  if there e x i s t s  G 

map T : l V 1 l *  --t X such  t h a t  

In the sequel it will be helpful to recall that: 

(a) A corollary of Helly's theorem guarantees for every E > 0 

the existence of a map T E  such that 

(i') IITE@II < l l @  II + E 

and (ii) holds. 

(b) In general there is no linear map T satisfying (i) and 

(ii) (since in the construction of T it is essential to use a se- 

lection of the best approximation map M V ) .  However T can be chosen 

linear when MY does possess a linear selection Pv (in this case 

IIr - P ~ I I  = 2 ) .  

(c) As a matter of fact the principle of local reflexivity 

guarantees the existence of a linear T E  satisfying (i') and (ii) 

(see Section 5 below). 
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I t  i s  u s e f u l  t o  r ep roduce  h e r e  t h e  proof  of  t h e  f o l l o w i n g  i n -  

t e r e s t i n g  c o r o l l a r y  o f  Theorem A due t o  Phe lps :  

THEOREM B ( P h e l p s ) .  Assume that V is p r o x i m i n u 2  in X and t h a t  X / V  

is r e f l e x i v e .  T h e n  

PROOF. is  r e f l e x i v e .  L e t  '3 be  a f u n c t i o n a l  
1 

i n  (id I *  and be  a Hahn-Banach e x t e n s i o n  t o  V1 of '3; s i n c e  V 

is p rox imina l  by Theorem A t h e r e  is  a y E X such  t h a t  fly 11 = 11 @ 11 
= 11 Q I1 and Q ( f I  = f i y l ,  f E V . This  i m p l i e s ,  a g a i n  by Theorem A ,  

t h a t  W i s  p r o x i m i n a l .  

V C W =) d C d * X / W 
Y 

1 - 

PROBLEM. Under what c i r cums tances  t h e  p r e v i o u s  c o n d i t i o n  is s u f f i -  

c i e n t  f o r  p r o x i m i n a l i t y  ? 

L e t  u s  s t a t e  t h i s  problem fo rma l ly :  

W e  s a y  t h a t  a Banach space  X be longs  t o  t h e  c lass  A i f  when- 

ever V i s  a subspace of f i n i t e  codimension i n  X ,  t h e n t h e s t a t e m e n t  

is t r u e .  

S i m i l a r l y  w e  s ay  t h a t  X be longs  t o  t h e  class A k ,  0 5 k ,  i f  f o r  

t h e  subspaces  V w i t h  c o d i m V  > k t h e  s t a t e m e n t  

( a k )  (codirnW 5 k ,  id 3 V * W p r o x i m i n u l l  * V p r o x i m i n a l  

i s  t r u e .  

Note t h a t  

So t h e  above problem h a s  t h e  f o l l o w i n g  f o r m u l a t i o n :  which Banach 

A 3 A k  3 A k - z .  

s p a c e s  a r e  i n  t h e  class 

Note t h a t  A. 

A ,  o r  i n  t h e  classes A k  ? 

i s  e x a c t l y  t h e  c l a s s  of  r e f l e x i v e  s p a c e s : i n  f a c t  

t h e  on ly  W 3 V is X i t s e l f  which is  t r i v i a l l y  p r o x i m i n a l ,  (ao) is 

j u s t  a w e l l  known c h a r a c t e r i z a t i o n  of  r e f l e x i v i t y  ( X  i s  r e f l e x i v e  i f  

and o n l y  if eve ry  subspace of f i n i t e  codimension i s  p r o x i m i n a l ) .  

The f o l l o w i n g  examples show a g r e a t  v a r i e t y  of s i t u a t i o n s  con- 

c e r n i n g  t h i s  problem. 
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EXAMPLE 1. Let X be the space co of null sequences and V a sub- 

space of finite codimension. Then if every hyperplane containing V 

is proximinal so is V ,  i.e. c is in the class A l .  

This result is proved in [ 2 ] . In fact W = f-l(O) is proximinal 

if and only if f (as an element of El) has only a finite number of 

nonzero coordinates: since V < m, this implies that V' iscontained 

in R'(v,I for some v. Hence (V  I *  is contained in i lm(v )  C co and 

Theorem A gives the desired result. 

1 

1 

EXAMPLE 2 .  Let X be the space C(Q) , where Q is a compact Hausdorff 

space, and V a subspace of finite codimension. Then if everysub- 

space of codimension 2 Containing V is proximinal so is V ,  i.e. 

C I Q I  is in the class A ,  . 

This result is a consequence of the famous Garkavi's characteriza- 

tion of the proximinal subspaces of C ( Q I  of finite codimension in 

term of the measures of the annihilator V : 
1 

V is proximinal if and only if: 

(1) For every p E V1 \ I01 the carrier S ( p )  admits a Hahn- 

decomposition into two closed sets S ( p i i  and S(u)-=S(p)  \ S(V)'. 

(ii) For every pair of measures p 1 ,  p 2  E V 1  \ { O )  the set 

3 1 ~ ~ 1  \ S t p , )  is closed. 

(iii) For every pair of measures p I J  u2 E V1 \ I01 the measure 

p l  is absolutely continuous with respect to u 2  on the set S ( p 2 1 .  

See for example [lo] paq. 302. 

Note also the following example due to Phelps (see again [lo] 

paq. 309). 

- 1  
I Let Q = [ O , l ]  and V = f (0) 17 f,l(O), where 

n=l n= I 

(here 6 ( x l  = x i a ) ) .  Then the hyperplanes containing V are proxi- 

minal but V is not (Garkavi's condition (iii) is not fulfilled). 

Note that this shows that C(Q) B A 1 .  

The following interesting result (see [ 8 ] )  shows that in many 

spaces even (a) does not hold. 
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EXAMPLE 3 (Indumathi). Let X be any space L 1 ( T , V )  where ( T , V )  is 

a positive measure space such that ( L I  ( T , v ) ) *  = L m ( T , v )  and d i m  X = m .  

For any n 1. 2 there exists a V with c o d i m  V = n such that V is not 

proximinal but every W 2 V ,  W # V ,  is proximinal; i-e., X 9 A .  

It would be interesting to characterize the classes A and A k .  

3 .  THE (F) PROPERTY 

when c o d i m V  < = minimal projections are exaustively discussed 

(existence, non existence and formulas for the relative projectioncon- 

stant) only when V is a hyperplane is the sequence spaces co  and (1 , 
see It is shown in particular that in co property (E) implies 

(F). In 1 2  I this is generalized to any subspace of finite codirnen- 

sion. The same result on hyperplanes is true in R , see [ 3 I .  

1 

[ 3  1 ) .  

1 

No theory whatsoever on the (F) property is available in the 

literature. 

4. Dn-SPACES 

We have seen that if c o d i m V  = n any projection P : X + V is 

of the form P = I - Q,, where Qp is a projection onto a (variable) 

n-dimensional subspace of X. 

If we want to see how good is P x  as a linear approximation of 

x we compute as follows: 

IIz - Pz II = II i z  - vl + PV - PzlII 

= II (I - P ) ( x  - V l l l  

< II 1 - PI1 II x - V I I .  - 

i.e. 

II x 

Recalling that a projection P such that III - PI1 is a minimum 

is termed c o m i n i m a l ,  we see that the smallest error is given when P 

is cominimal. 

In the case that III - Q I1 = 1 f l l & p l l J  P is minimal if and only 

if it is cominimal. This is an interesting situation which arises in 
P 
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some "very flat" spaces. Let us give the following 

DEFINITION 1. X is called a D -space (n = I, 2,. . . if every opera- 

tor A : X +. X of rank less than or equal to n is such that 
n 

X is called a D-space if (1) holds for every finite rank operator A .  

We shall see in the next section the relevance of theDn-property 

with respect to the (E) and (F) properties. 

In [ 9 1 it is proved that C(Q), with Q Hausdorff, compact and 

perfect, and L l ( S ,  2, p l ,  for a wide class of measure spaces S are 

both D-spaces, generalizing previous results of DaugavetandBabenko- 

Pichugov for the special cases C [ 0 , l  ] and Ll [ 0 , l  ] respectively. 

It can be shown (see [ 7 ] , [ 9 ] ) that no finite dimensional space 

and (see [ 7 1 )  no uniformly non square space can be D1. Some new 

positive results for the D2-property in Ll-spaces are proved in [ 5 1 .  

5. RELATIONSHIP BETWEEN THE (E) AND (F) PROPERTY 

The following conjecture has been proposed in [ 4 ] ,  recalled in 

[ 2 1 and in Ill] (pag. 84, Problem 5 . 6 ) .  

CONJECTURE. Assume that d i m X  / V = n .  Then, for V ,  (E) * (F) . 
This conjecture has been recently disproved by D. Amir 1 1 1 .  We 

shall reestablish the conjecture for the restricted class of Dn-Banach 

spaces. 

First of all note that the reverse implication is not true in 

general, as it was well known. 

The example below is taken from [ 3 ] . 
Let X be the space co, V = f (0 )  with f = ( f , ,  ... , fn ,... I, -1 

IIfII, = I ;  then: 

if sup I f i (  2 1 / 2  then ) \ ( V , X )  = 1 and every V has (F); 

if sup I f &  < 1 / 2  then A f V , X l  > 1 and for V ,  (E) * (F). 

Taking €or example f = ( 1 / 2 , 1 / 4 , 1 / 8 ,  ... ) then V = f-'(O) has 

( F )  (a minimal projection P is given by P = I - f 8 z ,  with 
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z = ( 2 , 0 , 0 , .  . . I )  b u t  no t  ( E )  . Note t h a t  i n  any case  (E) =+ (F) ( t h i s  

is  i n  f a c t  t r u e  f o r  any f i n i t e  codimensional subspace of 

We g i v e  nowanou t l ine  of Amir's counterexample. 

L e t  Y be  a Banach space with u n i t  b a l l  B i n  which t h e r e  exists 

a c losed  bounded convex set A f o r  which t h e  set E ( A )  of the Chebysbev 

c e n t e r s  of A i s  empty (an example of such a space can be found i n  

[ 7 1 ) .  A f t e r  normal iza t ion  it can be assumed t h a t  d i m  A = 2 .  L e t  X = 
Y x B? be normed by t h e  u n i t  b a l l  

co). 

L e t  M = Y x { O } ;  M is  a proximinal  hyperplane of X I  t h e  metric pro- 

j e c t i o n  being P ( x , a l  = (x ,O).  If P : X + M i s  a p r o j e c t i o n  then  

P ( x , a )  = (x - a y , O /  where y E Y i s  any. I t  can be shown t h a t  for  

any such P one always has  IIP 11 > r ( A )  ( t h e  Chebyshev r ad ius  of A )  . 
Hewever f o r  any E > 0 s e l e c t i n g  y E E E ( A )  ( t h e  nonempty s e t  of E- 

c e n t e r s  of A )  one ob ta ins  a p r o j e c t i o n  PE with  llPEll 5 r I A )  + € . W e  

conclude t h a t  A ( M , X )  = r l A /  and t h a t  t h e r e  i s  no minimal p r o j e c t i o n  

onto  M. 

M 

L e t  u s  prove t h e  fol lowing easy 

PROPOSITION 1. If X i s  a D -space f o r  every  hyperplane V i n  X we 

have t h a t  A ( V , X )  = 2 and ( E l  - I F ) .  
1 

PROOF. I f  P : X + V i s  a p r o j e c t i o n  then  P = I - f 8 z ,  f ( z l  = 1 .  

Since X is a Dl-space w e  have: 

The norm of P is 2 i f  and only i f  t h e r e  e x i s t s  z E X such t h a t  

11 f I1 II z I1 = 1 I i .e .  i f  and only i f  V is proximinal .  

A s l i g h t  g e n e r a l i z a t i o n  of P ropos i t i on  1 goes a s  fol lows:  

PROPOSITION 1'. I f  X is a D -space,  codim V = k Ik 5 n )  a n d  V has 

a l i n e a r  m e t r i c  p r o j e c t i o n  P t h e n  2 = IIP II = A ( V , X ) ;  s o  t h a t  the im- 

p Z i c a t i o n  ( E l  * I F )  i s  t r u e .  

n 

PROOF. I t  i s  easy t o  see ( [ 4 I ) t h a t  i n  t h i s  ca se  ID - PI1 = I :  hence 

IIPII = I I I  - (I - P)II = I f (II- = 2;  
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of  c o u r s e  f o r  any o t h e r  p r o j e c t i o n  Q w e  have I I Q I I  2 2 .  

W e  s h a l l  g ive  a r e s u l t  which cou ld  be  a s u p p o r t  t o t h e  c o n j e c t u r e  

( E )  * (F)  when cod i rnV  5 n and V i s  i n  a Dn-space. 

L e t  u s  f i r s t  p rove  a theorem on a p p r o x i m a t i o n o f g e n e r a l  p r o j e c -  

t i o n s  wi th  s p a c i a l  ones.  

L e t  Y be a d u a l  s p a c e ,  Y = X*; l e t  F be an n-dimensional sub- 

space  of Y, and [ f l J f 2  ,..., f , l  a basis f o r  F. Any p r o j e c t i o n  

P : Y + F h a s  a r e p r e s e n t a t i o n  P = Z Qi 8 fi, w i t h  Qi E X** and 
n 

i =I 
$ . ( f  .I = 6 i j  . 

z 3  

THEOREM 1. G i v e n  a n y  p r o j e c t i o n  P ,  f o r  e v e r y  u > 0. t h e r e  is another 
n 

i=l  
p r o j e c t i o n  Po : Y + F w i t h  a r e p r e s e n t a t i o n  Pu = I: zi 8 f;, with 

z i  E X C X** and z . ( f  .1 = f . ( z i l  = 6ij, and such  t h a t  
2 3  3 

PROOF. W e  s h a l l  u s e  t h e  p r i n c i p l e  of l o c a l  r e f l e x i v i t y  of  X, see 

f o r  example [ 6 I (pag.  3 3 ) :  

L e t  Y b e  a n  n-dimensional  subspace of X** spanned by a basis 

[$,,$,, . . . , $ x  1 ;  G a f i n i t e  d imens iona l  subspace of  X*, t h e n  f o r  

every 6 > 0 t h e r e  i s  a l i n e a r  map Tg : Y + X such  t h a t  

Given t h e  system $i(vP) = ci , i = 1,. . . ,n f o r  eve ry  E > 0 

t h e r e  i s  a s o l u t i o n  poE w i t h  lIp,II < 1 + k + E i f  and o n l y  i f  f o r  

any n - tup le  l a , ,  . . . , a n )  w e  have 

L e t  t h e  p r o j e c t i o n  P = C .  $ 
8 fi  

b e  given.  L e t  9 E X *  be  such  

t h a t  lip 11 = 1 and IIP I1 5 IlPpIl + u. L e t  G b e  any f i n i t e  d imens iona l  

subspace  of X c o n t a i n i n g  { f l J f 2 , .  . ., fn,P}. For eve ry  6 > 0 l e t  96 

be  a l i n e a r  map s a t i s f y i n g  ( i)  and (ii) and se t  Define 

z i  

z: = T6Qi . 
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6 
P6 by P g  = z i  z i  8 f i  . P6 is a p r o j e c t i o n  because of (ii). Ke have 

6 llP611 y IIP*Vll = IIZ zi ( V I  fi II 
i 

so for  every  6 w e  have IIPgII > II P II - cr. S e l e c t  now y, E X* w i t h  

IIy,ll = 1 and IIP61yE)II > IIP611 - E.  S e t  c i = y E I z i I  and consider the system 
6 

( 2 )  Q i ( g I  = ci i = I, ..., n .  

W e  have,  f o r  any n- tuple  l a , ,  ..., a n ) ,  

H e l l y ’ s  theorem w i l l  now g i v e  a s o l u t i o n  gE E X* of ( 2 )  with  Ilg,ll 

< 1 + 6 + E .  W e  have now 

Therefore  IIPII - > IIP611 / ( 1  + 6) and t h e r e  i s  a 6 such t h a t  IIP611 < 

IIP I1 + u.  

The r e l a t i v e  p r o j e c t i o n  c o n s t a n t  A l F , X * I  where F i s  the f i n i t e  

dimensional  subspace genera ted  by t h e  b a s i s  [ f,, f2, . . . , f,] is t r iv i -  

a l l y  e x a c t .  I t  w e  c a l l  P : Y = X *  + F 

which have a r e p r e s e n t a t i o n  P = 2 .  z 8 f i  w i t h  z I  E X ,  then  T h e  

r e m  1 g i v e s  t h e  fo l lowing  formula f o r  h l F , X * i .  

P x  t h e  c l a s s  of p r o j e c t i o n s  

COROLLARY 1. 



92 

W e  a l s o  have t h e  
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COROLLARY 2 .  Let V = n k e r  f V 1  = F = s p a n { f l  ,..., f n ) .  Then i’ i 

x ( V , X /  - 1 + A ( F , X * /  

and i f  X i s  a Dn-space then 

PROOF. If P : X + V is a p r o j e c t i o n ,  then  P = I - X .  f. 8 z  with 

f i ( z i l  = & i j  and z E X. S e t  Q = c .  f .  8 z i .  Q p r o j e c t s  X onto  

span{z i ,  ..., z n ) .  Define 8 : Y + F by g = X i  z i  8 f i  (he re  w e  con- 

s i d e r  zi as an element of X * * ) :  as it i s w e l l  known I I ~ l l  = !& II (in 

f a c t  

z z  i 

i z z  

II & II = sup l IXi f i  ( X h i  II 
Ilx I1 =I 

= sup sup p i f i ( x ) v ( z i i  I 
II xll = I  119 I1 =l 

W e  now have: 

IIPII 5 1 + I I Q I I =  1 + IIpII. 

Taking t h e  inf ima and us ing  Theorem 1 w e  g e t  

X ( V , X )  5 1 + X ( F , X * ) .  

If X is a Dn-space then  

so t h a t  



APPROXIMATION WITH SUBSPACES OF FINITE CODIMENSION 93 

We finally formulate the 

THEOREM 2. Assume t h a t  X i s  a Dn-space, t h e n  V has  p r o p e r t y  ( F )  i f  

and o n l y  i f  i n  t h e  c l a s s  Px t h e r e  is a minimal  p r o j e c t i o n .  

PROOF. It is a consequence of ( 3 )  and ( 4 ) .  

Garkavi's Theorem A, Helly's theorem and the principle of local 

reflexivity seem to suggest that P, has a minimal element when V 

is proximinal. Unfortunately we were not able to prove this result 

which would have given a proof of the conjecture in the Dn-spaces. 
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This paper is an expository survey of some recent results con- 

cerning the propagation of analytic singularities in Cauchy problem 

which heavily restson the theory of holomorphic functions of many 

variables through the concept of microhyperbolicity. 

CAUCHY PROBLEM IN THE DISTRIBUTION SETTING 

1. Let us work in the space-time W n + l  , wnere we denote thevari- 
ables, the dual variables and the derivatives by 

Let 

be a matrix differential operator with analytic coefficients of order 

m and let 

be its principal part. 

We know that the Cauchy problem for that operator may be posed 

as follows in the distribution setting: given a distribution 

carried by t 2 T, find a distribution 

31 E D * I 1 R n + l  ) 

( N I  
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also c a r r i e d  by t l’ and such t h a t  

W e  d e f i n i t e l y  l e a v e  a s i d e  t h e  q u e s t i o n  of t h e  e x i s t e n c e ,  unique- 

ness  and c o n s t r u c t i o n  of t h e  s o l u t i o n  of  t h a t  problem. 

W e  j u s t  c o n s i d e r  t h e  problem of t h e  propagat ion  of a n a l y t i c  sin- 

g u l a r i t i e s :  f i n d  t h e  a n a l y t i c  s i n g u l a r i t i e s  of  1 from t h e  a n a l y t i c  

s i n g u l a r i t i e s  of M .  

2 .  Here w e  c o n s i d e r  a n a l y t i c  s i n g u l a r i t i e s  because w e  know that, 

i n  t h e  more g e n e r a l  framework of boundary v a l u e  problems, those  s i n -  

g u l a r i t i e s  are t h e  s i m p l e s t  ones convenient  t o  d e s c r i b e  completely 

t h e  propagat ion  phenomenons. 

L e t  u s  f i r s t  s a y  a few words about  t h e  a n a l y t i c  s i n g u l a r i t i e s o f  

be ing  an  open set of # + I .  

The a n a l y t i c  s i n g u l a r i t i e s  of a scalar d i s t r i b u t i o n  where f i r s t  

d e f i n e d  as t h e  p o i n t s  of t h e  anaZytic support [ T I ,  of t h e  d i s t r i b u t i o n :  

a scalar d i s t r i b u t i o n  T ( P ) ,  Ylp E D i n ) ,  i2 

Since  a few y e a r s  ago (1970), it looks  more advantageous to con- 

s i d e r  more involved  s i n g u l a r i t i e s  g o t  by complet ing every  Xo by a 

d i r e c t i o n  E # 0. 

L e t  us  s a y  s h o r t i y  t h a t  t o  Xo w e  may associate good and bad 

d i r e c t i o n s  Eo . 
I f  a i l  t h e  d i r e c t i o n s  a s s o c i a t e d  t o  Xo are good t h e n  Xo 9 

[ T I , *  

So t o  every  Xo E [ T I a .  t h e r e  e x i s t s  a t  l e a s t  one bad d i r e c -  

t i o n  Zo . 
I T 1  a s s o c i a t e d  t o  Xo and 

y X O  

Those bad d i r e c t i o n s  make a cone 

c a l l e d  f r e q u e n c y  cone  of T a t  Xo. 

The n o t i o n s  of [ T  I  a and yl T) are p u t  t o g e t h e r  i n  t h e  wave 

f r o n t  s e t  WFaT of t h e  d i s t r i b u t i o n  T :  
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The wave front set appears as the hedgehog attached to the dis- 

tribution T whose skin is [ T I ,  and whose thorns are every E 
I 

Y X ( T ) .  

It is easy to see that WFaT is - conical with respect to x :  

By definition, the projection of on the X-space is [TI,. 

To be complete we define the good direction, for instance, by 

the Bros-Iagolnitzer criterium (1975) in the Sjostrand version (1980) : 

WF,T 

if A X with C 0 
-EX 

is exponentially decreasing (i.e. 5 Ce - - 
and E > 0). 

For a vector distribution T = ( T  . . , TN), we set 
( N l  

N 
WFaT = u WFaTi . 

i=l 

HYPERBOLICITY AND MICROHYPERBOLICITY 

3 .  Let us first define the h y p e r b o l i c i t y  of P ( Z )  homogeneous 

polynomial of 2 E 8': of degree m ,  in the d i r e c t i o n  Eo by 

P ( A E a  + i x )  # 0, V A  > 0, V X  E iRn+ ' .  
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Concerning that polynomial, let us recall the Garding T h e o m  (1972) 

by which it exists an open convex cone r defined as the connected 

component of Eo in the open cone 

and for which 

If Eo = ( I ,  0 I, we have h y p e r b o l i c i t y  w i t h  respect  t o  the time. 
( 1 )  ( n l  

The duaL cone  of r denote by 

plays an important part in the following. 

is convex and closed. Trivially Y 1  

Let us point out that it is ( s t r i c t l y )  o r i e n t e d  in t h e  d irec t ion  

of E o :  there is a (non flat) circular cone around E o  which con- 

tains r l :  

x E~ > 0, W X E  r1 

4 .  This notion was recently (1975) precised by introducing the 

2 E S n  near Xo microhyperbolicity of f ( Z )  holomorphic function of 

E l R n .  

We say that f(Zl is m i c r o h y p e r b o l i c  a t  a point Xo in t h e  di- 

r e c t i o n  E o J  if 3 & > 0: 

f ( X  + iXEol # 0 if 

We see immediately that a 

bolic in the direction Eo is 

x E to, E l .  

homogeneous polynomials Pm ( 2 )  hyper- 

microhyperbolic at every point X in 
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the same direction E o :  

P(X + i X E o )  = i m P ( X E o  - i X )  # 0 ,  V X  E B n .  

For microhyperbolic functions there is an important notion of 

localization. 

Let us call m u l t i p l i c i t y  of X o  the integer p ( X o l  0 such 

that 

D a f  ( X o l  

2a : i a  

Such a multip 

= p ( X o )  : D a f ( X o I  = 0 .  

icity is nothing else that the geometric multi- 

plicity of the point X o  on the real surface 

We may compute more simply the multiplicity p ( X o )  by using (the 

here extraneous) E o  by 

2 -  E: D i f ( X o I  = 0 ,  
a !  I a I =P ' <P 

By definition the l o c a l i z a t i o n  of f ( Z l  at Xo is a homogeneous 

polynomial of degree p ( X o I  

- D a f ( X o I  = l i m  - 1 f ( X o  + Z E o ) ,  
0 z + o  zp a! 

f x  (2) = z 
I a I =p ( X o l  

(notion independent of E o ) .  

It is the first term of the Taylor series of f l Z  + X o )  at Xo. 

- If 

- If 

- If 

p ( X o )  = 0 : fx (2) = f ( X  I 

p ( X o )  = 1 : f x  (2) = Z - D f t X  I 

P I X o )  = 2 : f X  ( Z I  = D x x f ( X  )Z * Z 

(the localization is constant) 
0 

0 

(the localization is linear) 

(the localizationis quadratic). 

0 

2 

0 
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In each case {X : fx (X) = 0) is the generalized tangent cone 
0 

of {X : f f x l  = 01 at xo: 

{Y : f(Xo + XYI has X as zero of order p ( X o l ) .  

The localization fx (2 )  has the following capital property: 
0 

EO’ 
fx ( Z )  i s  a homogeneous polgnomial  h y p e r b o l i c  w i t h  r e s p e c t  to 

0 

So, we may attach to every Xo to GArding cone r ,connected 
fXO 

component of Eo in {X : fx fX) = 0). 
0 

It is also essential to define the dual of the Garding cone: 

Microhyperbolicity also has an important u n i f o r m i t y  property: 

for every compact K E r it exists 6 > 0 such that 

[ E C K .  

More specially we have a s t a b i l i t y  property: if E E i s  
fX fixed, we have 

and that expresses that the function studied is automatically micro- 

hyperbolic at the same point Xo for every E E r . 
fxO 

From this follows that, in spite of possible changes of multi- 

plicity of X, the Garding cone r is i n n e r  con t inuous  with respect 

to x c x  : 
fX 
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r 3 K compact =. r 3 K, V X % X o  . 
f X  fX 

This implies that the dual cone r is o u t e r  c o n t i n u o u s  with 
f X  

respect to X % X o  

r l  I \ 0) c w open cone =. r1 \ o c w, w x  % x o ,  
f x O  fX 

which means that he multifunction I? of X % X o  has a closed graph 

in C O :  
f X  

APPLICATION TO THE CAUCHY PROBLEM FOR THE DERIVATION MATRIX OPERATOR 

WITH ANALYTIC COEFFICIENTS 

5. Let us come back to a matrix derivation polynomial with ana- 

lytic coefficient 

Let us express the following o n l y  assumption: 

i s  h y p e r b o l i c  w i t h  r e s p e c t  t o  e = ( 1 , O )  f o r  e v e r y  f r o z e n  X .  

This assumption implies that m ( X , Z )  a s  a f u n c t i o n  of ( X , Z )  i s  

m i c r o h y p e r b o l i c  a t  e v e r y  p o i n t  ( X o , X  ) i n  t h e  d i r e c t i o n  ( 0 , e ) .  

As hyperbolicity and microhyperbolicity just concerns the zeros 

of the function considered, we may replace dtm L ( X , Z )  by any other ho- 

mogeneous polynomials in Z ,  analytic function of X ,  with the same 

zeros E for every X. 

0 
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For instance, we may take 

0 

dtm L ( X , E )  
m(X,E) = 

g.c.d. of t h e  c o f a c t o r s  of E(x,El 

We may apply to rn(X,Z) the previous properties of the micro- 

hyperbolic functions. 

Specially, we may define the multiplicity p ( X o , s o )  Of (Xo,Z) 

which, here, may be computed simply by 

I 

if k 2 p ,  

D, k r n ( X o , E  I 1 = O '  

" I  # 0, if k = p .  
"t 

We may also define the localization rn I X , Z l  of r n ( X , Z I  at 
( X o , = o )  

IXo,L ) .  

) 
To this localization we may associate the Garding cone rrnlXo,Z 

and, moreover, its dual cone r i txo ,Z  I which is a nonvoid cone, 

convex, with closed graph (then closed), strictly oriented to the 

increasing Et . 

0 

6. Let us now state an essential result for the propagation of 

singularities of the operator L (X, DxI studied. 

considered as a multifunction of (X,Z) let TO the cone r,,,(x,Z) 1 

us associate the multidifferential hamiltonian system 

E I O )  = E . 

This is a generalization of a differential system in which to 

every point iX,Z) we do not give the gradient of the unknown func- 

tions, but a conical multifunction containing that gradient. 

When the multifunction of the second member is convex, nonvoid, 

with closed graph, strictly oriented to the positive time, we may prove 
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that it exists a "solution" of this system which is a multifunction 

of the data defined as the set 

of the (X,zI which may be connected to ( X o , E  i by a lipschitzian curve 

ii r,' 
( -  I X, B 

whose tangent a.e. stays in 

# 0 there is at least one 

such a curve from ( X o , Z  I with t monotonically increasing when its 

parameter varies from 0 to + -. 

1 
It may be proved that when rm(x,B) 

K;,o,B I 

K+ is directed to the increasing time but perhaps not 

strictly (in which case, we have to suppose that the closed timesec- 

tions are compact). 

is a closed graph multifunction of ( X o , Z  I 
0 

(XO,Z I 

We shift from r;xo,B ) to r-  - by changing the sign of the 
0 ( X o , C  

second member of the multidifferential equation. 

Let us notice that 

=) K+ 
+ 

i x , x ,  C K:XO,x (Huygens Principle) 
(X0,T ) 0 

(a) ( X , Z l  E K 

(b) ) E K:x,3., (Coming-back Principle) Ix,Z) E K : ~ ~ , ~  ) 0 lX0,E 
0 

In this conditions, we have 

We may interpret geometrically this result from every singularity 

of [ M I ,  escape singularities of I described by the multifunction 

solution of the system mentioned. 

7. Let us mention some particular cases where it is easy to in- 
tegrate the multidifferential system. 
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A. If all the point ( X , = )  are of multiplicity 0 or 1 of rntX,=), 

we have 

and so the system becomes 

We find back the differential equation of Hamilton by replacing 

the variable s by As for every A 0. 

This condition is realized when m ( X , Z )  # 0, 

which means when the given operator is of p r i n c i p a Z  t y p e .  

In this case, as we know, the singularities are proparated along 

the bicharacteristics solution of the Hamilton system issued frmthe 

singularities of M such that rn(X,LI = 0. 

B. In the case of an operator with constant coefficients is in- 

dependent of X and we have 

and so 

Then the multidifferential system is 
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and as Z = X reduces to 
0' 

D ~ X  E r 1  rn.;. ' 
I 

X(0l = xo . 

As the second member is a constant 

is trivially 

multifunction, the solution 

We see that from every singularity of M comes a beam of sin- 

gularities of 31 which is or the point (X,zl itself, or a ray, or a 

beam which becomes more and more complicated when the multiplicityof 

A increases. I 

0 

8. A direct majorization of [ n  l a  as the projection of W F a I  

is not trivial. 

We may get an estimation of 

It is easy to see from its simplified expression that 

I X  I a as f o l l o w s .  

P(xo,x ) = Pxo(=o)J 
0 

multiplicity of go in r n ( X o , X )  when Xo is frozen. 

But as 

we have 

From there 

So X is arbitrary and we have for every = the simplified 
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multidifferential system 

of the previous type. 

It has as a solution a multifunction with closed graph directed 

to the increasing time denoted by 

Then finally, we have 

BIBLIOGRAPHICAL NOTES 

9. The recent book of L. Hormander [ 2 ]  contains (among others) 

the classical theory of hyperbolic polynomials (11, p. 112) and a con- 

cise study of microhyperbolic functions (I, p. 317). The directproof 

of the uniformity property is due to Hormander and seem to have been 

found simultaneously by P. Laubin in his Pn.D. thesis [ 3  1 .  For a 

detailed study of the analytic wave front set of a distributionbased 

on the only Fourier-Bros-Iagolnitzer criterium, see also H. G. Garnir 

and P. Laubin [ i ] . The application to partial differential equations 
through multifunction theory is taken with some improvements from S. 

Wakabayashi I 4  I .  The detailed proofs are in course of publication. 
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1. INTRODUCTION 

Waiewski principle [23] plays an important role in the study of 

ordinary differential equations. Its applicability is largely due to 

the fact that in a finite dimensional euclidean space,theunit sphere 

is not a retract of the closed unit ball. Since this isno longer true 

in inf inite-dimensional Banach spaces the direct extension of Waiwski's 

principle to processes or semidynamical systems on infinite dimen- 

sional Banach spaces has a very limited applicability. 

Since in finite-dimensional spaces the fact that the unit sphere 

is not a retract of the closed unit ball is equivalent to the fact 

that every continuous mapping of the unity closed convex ball has a 

fixed point, the main idea of this work is to develop a method based 

on fixed point index properties instead of retraction properties. 

Our fixed point formulation, Corollary 1, is essentially equiva- 

lent, in finite dimension, to Wakewski theorem. Although in infinite 

dimension, Wakewski theorem is no longer applicable, Theorem 1 and 

Corollary 1 are applicable and give deeper results since fixed point 

index methods have proved to be very useful in the solution of dif- 

ferential equations either in finite or infinite dimensional spaces. 

After that we go further and give a formulation of Theorem 1 using 

Leray-Schauder degree theory or the fixed point index for compact or 

condensing maps. These generalizations, Theorems 2 ,  3, 4 ,  5 and 6 are 

stronger even in finite dimension than Waiewski theorem. 

After Wakewski paper several papers arised applying Waiewski 

principle to the asymptotic behavior of ordinary differential equa- 

tions, C. Olech [171 , A. Pliss I 2 0 1  , Mikolajska [141 , N. Onuchic 1181, 
A. F. 126 [111 and others. Kaplan, Lasota and Yorke 1121 applied 

Waiewski method to boundary value problems and C. Conley [ 3 I also 

applied Waiewski method to a boundary value problem for a difusion 

equations in biology. Since our approach uses Waiewski basic ideasin 
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connection with fixed point index theory it should give, even in 

finite dimensions, much better results and can be applied also to 

boundary problems in Hilbert spaces. 

2. DYNAMICAL SYSTEMS AND PROCESSES 

Let X be a topoloqical space, X +  = [ O , w l ,  A C X x JR+ a subset 

of X x lR' such that 

and let IT be a mapping from A into X. We put 

w x  = m if s u p  Ix does not exist. 

DEFINITION 1. 

t e m  if and only if 

We say that ( X , l R + , A ,  n )  is a l o c a l  semidynamical sys- 

(a) The map x + f i x ,  x E X, is lower semi-continuous in the 

sense that for every x E X 

If wz < m, then for every 11 > 0 there exists a neigh- 

bourhood V of x such that 

y € V + w  > f A  - q  
Y X  

if w = m  then for every C E R* there exists a neigh- 

bourhood V of x such that 
X 

y € v ' w  > c  
Y 

TI is continuous 

T I ( x , O )  = x for every x E X 

If t E Ix and s E 171(X, t ,  then s + t E IEc 

n ( n ( t , x ) , s j  = v ( x , s  + t l  for every t E Ix, s E ITI(X,tJ. 

Autonomous differential equations on Banach spaces, autonomous 

functional differential equations are examples of semi-dynamical 
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systems. Dafermos [ 4  I introduced a generalization of dynamicalsys- 

tems as to include also non autonomous differential equations in Banach 

spaces or nonautonomous functional differential equations. 

D E F I N I T I O N  2. 1 4  1 . Suppose X is a Banach space 

is a given mapping and define U ( o ,  t )  : X + X for a E B, t E I?+ 

by U(cr,t)x = u ( o , x , t ) .  

A p r o c e s s  on x is a mapping u : B x x x B+ + x satisfying 

the following property 

i) u is continuous 

ii) U ( 0 , O )  = I (identity) 

iii) Ula + s , t l U ( o , s /  = U l o , s  + t l .  

A process is said to be an autonomous p r o c e s s  or a semidynamica l  

s y s t e m  if U(o,t) is independent of 0, that is, T l t i  = u ( G , t ) ,  t,G. 

Then T(t)x is continuous for (t,xl E B' X X. 

Let A c B x x x B+ and u : A + X. We define 

does not exist. - m  
( X , O l  

0 - if sup  I (x, a )  

Then if the map (x,a) -+ w is continuous in the sense of 

Definition 1, u defines a local process. A local semi-dynamicalsys- 

tem is an autonomous local process. 

(x, 0) 

If X is a bounded metric space we define the measure  o f  ndn- 

compac tness  of A to be i n f  { d  > OIA can be covered by a finite num- 

ber of sets of diameter less than or equal to d ) .  If X is a Banach 

space and A a bounded subset of X ,  A inherites a metric from X and 

we can give the same definition of the measure of non-conpactness of 

A .  

Let X I  and X 2  be metric spaces and suppose f : XI + X 2  is 

a continuous map. We say that f is a k - s e t - c o n t r a c t i o n  if given any 

bounded set A in X I ,  f ( A I  is bounded and y 2 ( f l A l )  < k y I i A ) .  Of - 
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course, yi denotes the measure of non compactness in X i ,  i = 1,2. 
We assume that 0 5 k < 1. If f is a k-set contraction we define 

y ( f )  = i n f  {k 2 O ( f  is a k-set contraction}. We say that f : X -+ X 

is a l o c a l  s t r i c t  s e t - c o n t r a c t i o n  if for every x E X there is a 

neighbourhood N(x) such that f(N(x) is a kx-set-contraction. 

M. Furi and A .  Vignoli [ 8 ]  and B. N. Sadovskii gave a slight 

generalization of k-set-contraction. Given a continuous mapping 

f : X I  --* X 2  we say that f is a condens ing  map if for every bounded 
set A C X I  such that y l ( A I  f 0, y g ( f l A l l  y l ( A ) .  We say that f 

is a l o c a l  condens ing  map if every x E X has a neighbourhood N(xl 

such that f l N ( x l  is a condensing map. If f is a k-set-contraction 

f is condensing but the converse is not true in genera1:see Nussbaum 

[16]. If f is linear the two concepts are equivalent. 

There are several examples of processes described by functional 

differential equations and partial differential equations of the em- 

lution type that are compact or a-set contractions. 

EXAMPLE 1. Let r > 0, C = C ( [ - r, 0 1 ,  Zin the space of continuous 

functions defined in [ - r , O l .  If x E C (  [ U  - r ,  u + A l , I R n l .  A > 0, 

u E IR define x t ( 9 )  = x ( t  + 8). Let Q C 23 x C, s2 open, and let 

D ,  f : Q --* i?? be continuous functions, D is linear and 

0 

D t 4 )  = 4 c o )  - j a p i t , e i $ t e i  
-r 

where is a matrix function of bounded variation for 8 E [ -  r , O ] .  

A f u n c t i o n a l  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  n e u t r a l  t y p e  is a relation 

of the form 

(1.1) 

d Let x ( t , $ )  be the solution of dt D ( t , x t l  = 0, 4 = 0. 

We say that D is an u n i f o r m l y  s t a b l e  o p e r a t o r  if there arecon- 

stants K > 1, c1 0 such that 

- c l f t - t o f  

I z ( t , $ )  I 5 Ke > t , t o *  

The solutions of this equations describes a process U(a,tl@ = x t  l o ,  0). 
If D is an uniformly stable operator and t > P ,  U is a weak a-set 

contraction, that is, for every bounded set A C iR x C for which 
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U(Al is bounded Y(U(AI1 5 k Y f A I .  When B ( t , @ 1  = @ ( a 1  equation (1.1) 
is the equation t > rl the process U is compact 

1 9 1 .  

Another general form of a neutral equation €or which there is 

a reasonable existence and continuation of solutions theory, 1 5 1  ,is 
the equation 

x = f ( t , x t )  and if 

where ~ ~ ( 8 )  = $ ( e l  E C([-r,O],lRn), = $ ( 8 )  E L p ( [ - ~ , O ] ,  Bn) 

and f satisfies a uniform Lipchitz condition with respect to $ in 
n 

L p  ( [ -r, 0 1 ,  B I ,  1 5 p 5 m. The process described by these equations 

is also a k-set contraction. 

The following example is given in [ 2 2 1 .  

EXAMPLE 2 .  Let X be a Banach space and A : D ( A l  * X be a closedl 

densely defined linear operator in X. A is called seetoria2 if there 

are constants @ ,  M, a with 0 < 4 < n / Z ,  M .>_ I ,  a E IR such that the 

sector S = {A E C 1 X # a ,  @ < u r g  1 A - u 1 - < r3 is contained in 

pfA) the resolvent set of A ,  and 11 (A - a)-'II 5 M / ( h  - a )  for all 

A E S Q , a  . If A is sectorial, then there is a k 0 such that 

R e c r f A  f kI) > 0. Let A l  = A f k l .  For 0 < ci 1 define 

@ , a  

-a A;" is bounded and injective. Let X" be the range of AI , 

X' X = X ,  X' = D(Al. Let A; : X" + X be the inverse of A;", A' = I d  

A '  = A. X" is dense in X. Define the norm 11 1 1 "  on Xa by 

IIu II c1 = IIAYuIl where I1 11, k ,  and different choices of k yields 

equivalent norms on X". X" is a Banach space under 11 * I1 c1 . 

0 

Suppose 0 a < I, V is open in X" and f : V + X is a lo- 

cally Lupchitz continuous mapping. Consider the equation 

- d' + Au 
d t  

Let uo  E V .  By a solution of 

mean a continuous mapping u : [ O , A  

differentiable on (O,AI, u(tl E D(A 

= f ( u l .  

1.2) on ( 0 , A l  throught uo  we 

+ V such that u ( 0 l  = u o J  u is 

for t E (O,Al, t + f ( u ( t ) )  is 
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Locally H G l d e r  c o n t i n u o u s ,  l ! f r u ( t ) ) l l d t  < m f o r  some a > 0 and 

( 1 . 2 )  ho lds  f o r  t E ( 0 , A I .  I n  t h i s  d e f i n i t i o n  "t + s i t )  10- 

c a l l y  Hglder-continuous" means t h a t  f o r  eve ry  to  t h e r e  e x i s t s  

a neighbourhood W of to  and L ,  0 > 0 such  t h a t  

J: 

t l g i t , )  - g ( t 2 ) t l  5 L i t l  - tzle f o r  t l , t2  E W .  

I f  f o l l o w s  from [ 7  I t h a t  under  t h e  above a s sumpt ions ,  f o r  eve ry  

u E V t h e r e  e x i s t s  a unique s o l u t i o n  u ( u o )  of ( 1 . 2 )  t rhough  u o ,  

d e f i n e d  on a maximal i n t e r v a l  [ O , W  ) .  Def in ing  u ( t ) u o  = u ( u o , t )  

f o r  t Wu w e  o b t a i n  a l o c a l  autonomous p r o c e s s  o r  a l o c a l  s e m i -  

dynamical system. 

uO 

0 

The most impor t an t  example of a s e c t o r i a l  o p e r a t o r  arises i n t h e  

f o l l o w i n g  way: L e t  s2 be  an open, bounded s e t  i n  Rn whose boundary 

is of  class x = L ~ ( Q ) ,  D I A )  = H Z ~ ~ ( W  n ~ ( s u ,  c~~ (m an i n t e g e r ) .  L e t  

- 
where t h e  aa : l? + C a r e  con t inuous  mappings and D'u is understood 

i n  the d i s t r ibu t iona l  s e n s e .  Suppose t h a t  A is uniformly s t r o n g l y  

l i p t i c  on R ,  i . e . ,  t h e r e  i s  a Co > 0 such t h a t  

€o r  a l l  5 = ( 5  1 , 5, E lR, and a l l  x f s2. Then e q u a t i o n  

i s  c a l l e d  a s e m i l i n e a r  p a r a b o Z i c  P . D .  E .  R e s u l t s  i n  [lo] , imply 

A is  s e c t o r i a l  and R I X , A I  is compact f o r  eve ry  h E p ( A i .  

a l a l 5 m  

I n  t h e  f o l l o w i n g  w e  c o n s i d e r  a p r o c e s s  d e f i n e d  f o r  a l l  t 

b u t  it becomes q u i t e  clear t h a t  t h e  r e s u l t s  are t r u e  f o r  l o c a l  

cesses o r  l o c a l  semidynamical systems.  

e l -  

(1.2) 

t h a t  

> o  

pro- 

D E F I N I T I O N  3. Suppose u i s  a p r o c e s s  on X .  The t r a j e c t o r y  - r+io ,x )  

t h rough  (o,x) E lR x X i s  t h e  se t  i n  R x X d e f i n e d  by 

+ 
The o r b i t  y f a , x )  t h rough  ( u , x )  is t h e  se t  i n  X d e f i n e d  by 
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DEFINITION 4 .  I f  u is  a p r o c e s s  on X t h e n  a n  i n t e g r a l  of t h e  pro-  

cess on W i s  a con t inuous  f u n c t i o n  y : B + X such  t h a t  f o r  any 

5 E R, 

An i n t e g r a l  y I s  an i n t e g r a l  t h r o u g h  ( o , x )  E R  x X i f  y ( o l  = X. 

W e  assume i n  t h e  f o l l o w i n g  t h a t  t h e  i n t e g r a l  through e a c h  ( o , x l  

E R x X i s  unique.  

W e  d e f i n e  

-1 
T (21 = {(a,y) E R x X 1 3 t  > 0 such t h a t  U ( o , t ) y  = xj. 

I f  Po = ( 5 , ~ )  E R x X and z E y + ( o , x l ,  w e  d e f i n e  

3 .  MAIN RESULTS 

L e t  R be  a n  open se t  of R x X, w an open set  of R ,  w C R, 
w # @ and a w  = w n (R - w l  t h e  boundary of  w w i t h  r e s p e c t  t o  a. 
W e  p u t :  
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The points of S are cal 

called s t r i c t  e g r e s s  p o i n t s .  

Given a point P o  = (U,x 

ed e g r e s s  p o i n t s ,  the points of S* are 

+ 
E w, if the trajectory ‘I ( 0 , ~ )  of the 

process is contained in w for every t > 0, we say that the trajec- 

troy is a s y m p t o t i c  with respect to w; if the trajectory is not 

asymptotic with respect to w then there is a t > 0 such that 

(U + t ,  u t ~ , t i x )  E a w .  

Taking 

t p  = l m i n  t > 0 1  ( 0  + t ,  ~ ( a , t ) x )  E a m )  

we have 

The point C ( P o l  is called the c o n s e q u e n t  of P o .  

Define G to be the set of all Po = (u ,x)  E I*) such that there 

is C ( P o )  and C(po) E S * .  

Consider the mapping K : S* U G + S* defined by 

K I P o )  = C(Po) if Po E w, 

K ( P O l  = P o  if p0 E s* .  

The proof of the following is standard, see for example [231,[19]. 

LEMMA 1. T h e  mapping K : S* U G + S* i s  c o n t i n u o u s .  

To prove the following theorem, we will need to know the basic 

properties of the fixed point index theory as well as the extensions 

made by Nussbaum I161 for k-set contraction and condensing maps. We 

shall say that a topological space X is an a b s o l u t e  ne ighbourhood 

r e t r a c t  (ANR) if given any metric space M, a closed subspace A C M 

and a continuous map f : A --f X there exists an open neiqhbourhood 

U of A and a continuous map F : U + X such that F ( a )  = f ( a )  for 

a E A. X is called an a b s o l u t e  r e t r a c t  (AR) if F as above can be 

defined on all of M. A theorem of Dugundji [ 6  1 asserts that any 

convex subset of a locally convex topological vector space is an AR. 

Let A be the category of compact metric absolute neighbourhood retracts 
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- 
(ANRs). Let A E A, G be an open subset of A and f : G + A be a 

continuous function which has no fixed points on aG. Then there is 

a unique integer valued function i,(f,G) which satisfiesthe follow- 

ing four properties: [ 1 ] 

- 
1. Additivity property: If f : G + A has no fixed point on aG and 

the fixed points of f lie in G I  U G2 where GI and G2 are two 

disjoint open sets included in G, then 

In particular if f has no fixed points in G, this is meant to say 

that iA(f,G) = 0. 

2 .  Homotopy property: Let I denote the closed unit interval [ 0 , l l .  

If F : G X I + A ( A  belongs to A of course) is a continuous map, 

and Ft(x) = F(x,tl has no fixed points on aG for 0 5 t 5 1 then 

- 

- 
3 .  Normalization property: If G = A then i , ( f , G )  = A ( f ) ,  the 

Lefchetz number of f, equals z ( -  1 )  trace (f*,), where f * K  : HK(A) 

+ H (A) is the vector space homomorphism of HK(AI to HK(A) and 

HK(A) is the Cech homology of A with rational coefficients. 
K 

4 .  Commutativity property: Let A and B be two spaceswhichbelongs 

to A .  Let f : A -+ B be a continuous map. Let V be an open subset 

of 3 and g : V + A a continuous map. Assume fg has no fixed points 

on a V .  L e t  U = f - l f v l .  Then gf has no fixed points on a l l  and 

- 

- 
Let G be an open subset of a Banach space X and g : G -+ X a 

continuous map such that g ( x l  # x for x E aG. Assume that g is 

compact, that is, g(Gl has compact closure. Leray and Schauder [ l  1 
defined a fixed point index for g and consequently a degree for 

I - g, I the identity function. We shall denote this degree by 

d e g ( I - g , G , O I .  It turns out that the Leray-Schauder degree satisfies 

all the four properties of the fixed point index listed above. Sowe 

can define the fixed point index by 
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i , ( g  1 X n G , X  n G I  = d e g ( I  - g , G , O I  

where X = g ( G ) .  

In the following we indicated by fi the restriction of K to 

I '  z u s  

THEOREM 1. Assume t h a t  t h e r e  e x i s t s  s e t s  w open,  S 1  C S C a w  and 

Z c w U S I J  Z # @ s a t i s f y i n g  t h e  c o n d i t i o n s  

i) s = s* 

ii) Z i s  a compact  ANR. 

iii) 

iv) T h e r e  i s  a c o n t i n u o u s  map Q1 : Z S 1  + 2 n S 1  such t h a t  

T h e r e  i s  a r e t r a c t i o n  r : S 1  -P Z n SI . 

@ ( P I  # P f o r  e v e r y  P E Z r- S 1  . 

v) i z I @  * r U,Z  n w )  # 0. 

Then t h e r e  e x i s t s  a t  l e a s t  one p o i n t  p0 = ( 0 , ~ )  E z n w s u c h  
+ 

t h a t  e i t h e r  C t P o I  E S - SI o r  CIP I does  n o t  e x i s t ,  t ha t  i s  T 10,x) 

c w.  

PROOF. Assume that the theorem is not true. Then for every P E Z n w ,  

C ( P o )  E S1 and then Z n w C G .  Then 

From (i) S = S* and from Lemma 1 the map K is continuous and the 

restriction U of K to Z U S 1  is also continuous. From condition 

(iii) there is a retraction r : S I + ~ n ~ l .  

R = r - U : Z U S 1  --+ Z n S 1  
- 

Then the map is continuous and takes 

Po into C ( P o )  E Z n Sl . 
From condition (iv) the map @ takes C ( P o I  into Q1(CfPo)) = 

C' ( P o )  # C ( P o l  and then the composite map @ * r - is con- 

tinuous and @ - r  - c(P) # P for every P E Z n w.  From property 2 of 

the fixed index i z ( @  * II - fi, Z n w l  = 0, what is a contradiction with 
(v). Then there exists at least one point P o  E Z n w such that the 

trajectory through P o  is asymptotic with respect to w,  that is, 

T ( 0 , ~ )  C w, or C I P o I  E S - S l .  

: Z + Z 

+ 
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REMARK. When S = Sl the only final conclusion is that the trajec- 

tory T ( a ,x )  is asymptotic with respect to w. 
+ 

COROLLARY 1. Assume t h a t  t h e r e  e x i s t  s e t s  w open ,  S C a w  and Z C 

w U S, Z # @ s a t i s f y i n g  t h e  c o n d i t i o n s  

(a) s = s*. 

(b) Z is compact  and c o n v e x ,  

(c) Z n S i s  a r e t r a c t  of S 

(d) T h e r e  is a c o n t i n u o u s  map 0 : Z n S -+ Z S such  t h a t  

@ ( P I  # P f o r  e v e r y  P E Z n S .  

Then  t h e r e  e x i s t s  a t  l e a s t  one  p o i n t  Po  E Z n w such  t h a t  t h e  

t r a j e c t o r y  - r+(o ,x )  i s  c o n t a i n e d  i n  w. 

The proof follows easily since a compact convex set is an ANR 

and then (b) implies (ii). Since @ * r - c : Z --t Z is continuous 

@ * r * u" has a fixed point in Z and then i z ( @  - r - u", Z n W )  # 0 
what implies (v). In the applications, the following form of Theorem 

1 is more useful since we can use the Ascoli-Arzela Theorem to prove 

the compactness of E .  

THEOREM 2 .  Assume t h a t  t h e r e  e x i s t  s e t s  w open ,  SI C S C a w  and 

Z C w U S 2 # @, Z c l o s e d  c o n v e x  s a t i s f y i n g  t h e  c o n d i t i o n s  I' 

i) s = s*. 

ii) ii i s  compact .  

iii) T h e r e  is a r e t r a c t i o n  r : Sl +. Z n Sl 

iv) T h e r e  i s  a c o n t i n u o u s  map Q1 : 2 n S I  -+ Z n Sl such  t h a t  

@ ( P I  # P f o r  e v e r y  P E Z n s1 . 

V) iA (@ - r - i7, z n W )  # 0, A = 7 5 a - r  u " ( z ) .  

Then t h e r e  e x i s t s  a t  l e a s t  one p o i n t  P o  = ( 0 , ~ )  E n w such  

t h a t  e i t h e r  C ( P o I  E S - S 1  o r  C O O )  does  n o t  e x i s t ,  t h a t  i s ,  

- r + ( D , Z )  c w. 

The proof follows as in Theorem 1, since 0 and r are continuous 

and then 0 -  P is a compact map such that @ - r * c(P) # P for 
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and 

# P  

t h a t  

every P E Z 

tion. 

and then iA ( @  . r - c, Z n W )  = 0 what is a contradic- 

COROLLARY 2 .  Assume t h a t  t h e r e  e x i s t  s e t s  w open, S C a w  and 

Z c w u S, Z # 0, such t h a t  

(a) S = S * .  

(b) Z i s  c l o s e d  bounded convex and v" is compact. 

(c) Z n S i s  a r e t r a c t  of S .  

(d) There i s  a con t inuous  map CJ : 2 n S + Z n S such t h a t  

@(P) # P f o r  every  P E Z n S .  

Then t h e r e  e x i s t s  a t  l e a s t  one p o i n t  P o  = ( a , x l  E Z n G, such 

t h a t  C ( P o )  does n o t  e x i s t ,  t h a t  is, -c+(a,x) C w. 

Theorems 1 and 2 are general enough to cGver most of the ap- 

plication and if we restrict ourselves to finite dimension, Corollary 

1 is essentially equivalent to Waiewski Theorem [ 2 3 1 .  However we can 

give a more general formulation of Theorem 1 and 2 .  Actually Theorem 

1 and 2 are Corollaries of Theorems 3 and 4 respectively although we 

prefered to prove them independently. 

THEOREM 3 .  Assume t h a t  t h e r e  e x i s t s  s e t s  w open i n  52,  Sl C S C a w  

Z C w U S l ,  

i) s = s* .  

ii) Z U S l  i s  a compact A N R .  

iii) There e x i s t s  a con t inuous  map @ : S I  --t S l  such that @(PI 

f o r  every  

Z # 0 s a t i s f y i n g  t h e  c o n d i t i o n s  

P E S l  . 
iv) i sl ( @ G ,  z n W )  # 0 .  

Then t h e r e  e x i s t s  a t  l e a s t  one p o i n t  P o  = ( a , x )  E Z n w such 

e i t h e r  C ( P o )  E S - S l  or C ( P o l  does n o t  e x i s t , t h a t  is, the t r a -  

j e c t o r y  T + ( G , x )  i s  a s y m p t o t i c  w i t h  r e s p e c t  t o  w.  

The proof follows as in Theorem 1. If the theorem is not true 

C ( p 0 )  E S l  for every Po E Z n w. Then, 

z = (z n s 1 )  u (z n W )  c s u G .  
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From Lemma 1 the map K is continuous and the restriction v" of K to 

Z U S l  is also continuous. The map 0 * K : Z U S l  +. Z U S l  is con- 

Then iz " sl (@ - U,Z n w) tinuous and O * KIP) # P for every P E Z U Si . 
= 0, a contradiction and the theorem is proved. 

THEOREM 4 .  Assume t h a t  t h e r e  e x i s t  s e t s  w open i n  R, Sl C S C a w  

and Z C w U S l ,  Z # @, Z U Sl c l o s e d  convex  s a t i s f y i n g  t h e  c o n d i -  

t i o n s :  

i) s = s*. 

ii) T h e r e  e x i s t s  a c o n t i n u o u s  map 0 : Sl --* Sl such  that  U P )  

# P f o r  e v e r y  P E S I  . 

iii) v" i s  compact .  

iv) i I 0 i 7 ,  z n w # 0, A = 7 5 1 0 .  u ( z  u s l ) ) .  

Then  t h e r e  e x i s t s  a t  Leas t  one p o i n t  Po = ( 0 , ~ )  E Z n w such  

t h a t  e i t h e r ,  C(Po) E S - S I  o r  C I P  I does  n o t  e x i s t ,  t h a t  i s ,  t h e  

t r a j e c t o r y  T + ( O , P ~ )  i s  a s y m p t o t i c  w i t h  r e s p e c t  t o  w. 

PROOF. Assume that the theorem is not true. Then C(Pol E S l  for 

every Po E Z n w and then 2 n w C G. Then 

From Lemma 1 the map K is continuous and the restriction u" of K to 

Z U Sl is also continuous. Since 0 is compact the map K that takes 

Po into C(Po) is compact. The transformation O f i  is also compact 

and Ou"(P) # P for every P E Z V S l  . Hence i I @ i ,  Z n w l  = 0, what 

is a contradiction. Then there exists at least one point P o  E Z n w 

such that either C(Po) E S - S I  or the trajectory through Po is 

asymptotic with respect to w. 

For delay differential equaticns and some integral equations the 

operator 8 is compact. However most process described by neutral 

functional differential equations and differential equations of the 

evolution type as in Examples 1 or 2 of Section 2, the processis not 

compact but is an a-set contraction or a condensing map. We extend 

in the following Theorems 1 and 2 for a-set contractionor condensing 

maps. Following Nussbaum [161 we will give an outline of the theory 

of fixed index for a-set-contractions and condensing maps. 
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Let X be a closed subset of a Banach space B .  We shall say that 

X E F if we can write X = u Ci, where Ci are closed convex sets 

in B .  The metric on X will alwaysbethat which it inherites from B .  

Let G C B and g : G * B a continuous map. Assume that the 

n 

i = I  

set 

is compact. Let us write 

and 

- 
where Co denotes convex closure. It is easy to see that 

and K , ( g , G )  is closed and convex. If G is bounded and g : G + X 

is a k-set contraction, k < I, Kuratowski's results [131 also im- 

plies that K , ( f , G )  is compact. Finally, assume that g is a local 

strict set contraction. By this we mean that for every point x E G 

there is a neighbourhood N ( x )  and a real number 0 5 k z  < 1 such 

that f I N ( x )  is kz-set-contraction. Using these assumptions we can 

find a bounded open neighbourhood G I  of S such that g : G I  + X is 

a k-set contraction, k < 1. Let us write K: = K , ( ~ , G ~ I  n X .  K: is 

a compact metric ANR, G I  K: is an open subset of K L  and g : G I  

n K: + K: ia a continuous function satisfying the necessary condi- 

tion, so i K * ( f , G l  n K:) is defined. ( R .  Nussbaum [ 161 ) .  We define 

i X ( g , G )  = i * I g , G I  n K:). All the usual index property carry through 

to this setting. 

m 

Km 

Let G be a bounded open subset of a Banach space B ,  g :  c * B ,  

I the identidy on X and g : G -+ B a k-set-contraction, k < 1 .  A s -  

sume that g(xf # x on a G ,  4 = K , ( q , G )  is compact convex so we can 

define the L e r a y - S c h a u d e r  d e g r e e  for g as 

- 
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d e g ( I  - g , G , O I  = i A ( g , G  n A /  

A similar definition of index can be given for condensing maps. 

Suppose X E F, G is an open subset of X and g : G -+ X is a con- 

tinuous map. We shall say that g is an a d m i s s i b l e  map if only if 

(1) S = {a E G I g(xl = x) is closed and bounded. 

( 2 )  There exists a bounded open neighbourhood U of S with 

U c G and a locally finite covering { C j  I j E J }  of X by closed 

convex sets such that 

- 

(a) g /z is condensing, 

(b) I - g / v  is a closed map, 

(c) g t V /  n c is empty except for finitely many j E J .  
j 

If S is empty, U may be empty. If g, U and ECj I j E  J l  are 
( g, U, {C. 1 j E J } )  

NOW let g be an admissible map and let 

as above we shall say that is an admissible triple. 

( g,U, I G j  I j E J )  ) 

3 

be 

an admissible triple. Since (I - g l ( x l  # 0 for x E a U  and since 

( I  - g /  / Z  is a closed map, 

- 
If f : U + X is a continuous map we shall say that f is an admis- 

s i b l e  a p p r o x i m a t i o n  with respect to (g,U, { C j ,  j E J }  ) if: 

(1) f is a k-set-contraction, k < 1 .  

(3) F o r  all j E J and x E 3, if g l x l  E C then f(x1 E C 
j j *  

Let now G be an open subset of a space X E F and let g: G --f X 

be a continuous function which is admissible. Let ( g,U, {C . 1 j E J ) )  

be an admissible triple and let f be an admissible approxirrationwith 

respect to this triple. We define i X ( g , G 1  = i x ( f , U / .  In [161 is 

proved that this definition is well defined. 

3 

Let X be a closed convex subset of a Banach space B, G is an 

open subset of X and f : G + X is a continuous condensing mapsuch 
- 
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that g i x l  # x for x E aG. Then the fixed point index can be de- 

scribed in terms of the Leray-Schauder degree. First it is not hard 

to show that there exists 6 > 0 such that 113: - f ( x l  11 5 6 for 

x E aG. Select any fixed xo E X and define 

g t l x l  = t g l x l  + ( 1  - t l x o  for 0 < t 1 

and take t so close to 1 that Ilglx.)  - g t f x l l l  < 6 for x E aG. 

Define 

- 
Kl = Co f t l G l ,  

- 
Kn = Co ftlG n K n - l l  for n > 1 

and 

One can prove that K is compact (possibly empty) and convex and that 

g t (G  n K,l C K. If Km is empty define i X ( g , G l  = 0. If Km is not 

empty let K be any compact convex set such that K 3 Km and 

g t i G  n K l  C K. Km is itself such a set so the collection of such 

K is non empty. Let p be any retraction of B onto K. (A result 

of Dugundji [ 6 j guarantees the existence of such a retraction), and 

let H be any bounded open neighbourhood of the (compact) fixed pint 

set of g t  in G such that H C P - ' ( G  i- K). Then one can prove that 

i X ( g , G 1  = d e g ( I  - ft * P , H ,  0 1 .  In particular the integer on the right 

hand side is independent of the particular K chosen, the retraction 

p , H , t  and xo. We say that a set A is a d m i s s i b t e  i f  A C F .  For 

example A is closed convex. 

- - 

THEOREM 5 .  Assume t h a t  t h e r e  e x i s t  s e t s  w open i n  R ,  S C aw, 

S l  C S and Z C u S l ,  Z # 8, Z u Sl cZosed  c o n v e x ,  s a t i s f y i n g  

t h e  c o n d i t i o n s  

i) s = s* 

ii) T h e r e  e x i s t s  a c o n t i n u o u s  nap P : S l  -+ S l  s u c h  t h a t  @ ( P I  

# P f o r  e v e r y  P E S 1  . 

iii) fi i s  c o n d e n s i n g .  
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+ 
Then e i t h e r  Po E S - S l  o r  t h e  t r a j e c t o r y  T ia,z/ t h r o u g h  

l o , z /  i s  c o n t a i n e d  i n  w. 

The proof follows as in Theorem 2. 

THEOREM 6 .  Assume t h a t  t h e r e  e x i s t  s e t s  w open  i n  R, SI C S C a w  

and Z C w U S I J  Z # @, Z c l o s e d  c o n v e x  s a t i s f y i n g  t h e  c o n d i t i o n s  

i) s = s*. 

ii) Z n S I  i s  a r e t r a c t  o f  S I J  t h a t  i s ,  t h e r e  e x i s t s  a r e -  

t r a c t i o n  r : S 1  + Z n S l  . 
iii) T h e r e  e x i s t s  a c o n t i n u o u s  map Q : s1 -+ z s1 s u c h  

t h a t  Q ( P )  # P f o r  e v e r y  P E Z n S l  . 

iv) @ r * u" i s  condens ing  

Then  t h e r e  e x i s t s  a t  l e a s t  one  p o i n t  p 6 Z n w such tha t  e i ther  

T + ( u , x )  t h r o u g h  ( 0 , ~ )  i s  contained C ( P o )  E S - Sl 
i n  w. 

o r  t h e  t r a j e c t o r y  

The proof follows as in Theorem 2. 

COROLLARY 3 .  Assume t h a t  t h e r e  e x i s t  w open,  S C a w  and 2 C w C S, 

Z # @ such  t h a t  

(a) s = s*. 

(b) Z is c l o s e d  convex  bounded and U i s  c o n d e n s i n g .  

(c) Z n s i s  a r e t r a c t  of S. 

(d) T h e r e  i s  a c o n t i n u o u s  map Q : Z n S + Z n S such  t h a t  

Q l P l  f P f o r  e v e r y  p 6 n S .  

Then t h e r e  e x i s t s  a t  l e a s t  one  p o i n t  Po  = ( t , z )  E Z n w s u c h  

t h a t  C ( P o l  does  n o t  e x i s t ,  t h a t  i s ,  T ' ( ~ , X )  C w. 

In the applications of the theorems above we must give criteria 

to verify the condition i , ( f , G )  # 0. I n  most applications G is a 

closed convex subset of a Banach space X and the index can be de- 

scribed in terms of the Leray-Schauder degree. If D' is a closed 
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convex subset of a locally convex topological vector space X we say 

that D is a wedge if x E D implies t x  E D for t 3 0. We call 

D a cone  (with vertex at 0) if D is a wedge and x E D ,  - z # O  

implies that - - z  D. The following result is given by Nussbaum 1151. 

Assume that D is a wedge in a Banach space X ,  r and R are 

unequal positive numbers, 

- 
and f : G + D is a .condensing map. Assume that there exists h # 0 
such that z - f ( z l  # t h  for all z E D with IIx 11 = R and all t LO 
and suppose that x - t f l x l  # 0 for 3: E D, [ Ix I I  = r and 0 5 t 5 
1 .  Then: 

(a) If r < R ,  then i D ( f , U I  = - I ,  and 

(b) If r < R ,  then i i f , U I  = + I .  D 

A more general formulation is given in 1161 for local condensing 

i D C f , U )  # 0. 

Some other criteria are known. For example, suppose that h : R2 + Rz 

is of class C1, h l 0 )  = 0, and x = 0 is an isolated zero of h .  

Then i ( h , O I  = 1 + 1/2(E - H I  where E and H are integers associated 

with the flow x = hCxI ,  that is, E is equal to the number of el- 

liptic regions and H is equal to the number of hyperbolic regions. 

This formula for the index is due to Poincars. 

maps and some other condition are also given to verify 
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1. INTRODUCTION 

In a previous article [lo] we introduced the spaces of entire 

functions of order (respectively, nuclear order) k E [ I ,  + ..I and 

type (respectively, nuclear type) strictly less than A E (O,+ - 1  in 

normed spaces. The corresponding spaces for which the type is allowed 

to be equal to A were introduced for k E [ I,+ m ]  and A E [ O , + w ) .  All 

these spaces carry natural locallyconvex topologies and they are the 

infinite dimensional analogues of the spaces considered by Martineau 

in [ 8 ].We studied the Fourier-Bore1 transformations in these spaces 

andwewere able to identify algebraicaly and topologically the strong 

duals of these spaces with other spaces of the same kind. In this 

article we are qoingto study existence and approximation theorems for 

convolution operators in the cited above spaces of nuclear entire 

functions. These results generalize to normed spaces theorems ob- 

tained by Malqrange 1 7  1 , Fhrempreis [ 4 ] and Martineau [ 8 I . They 
contain as special cases results of Gupta [ 5 1  , Matos [ 9  ] and 

Colombeau-Matos [ 3 1. See Matos-Nachbin [ 111 and Colombeau-Matos [ 3 I 
for references on similar results for locally convex spaces. 

As usual there are three essential points to be studied when 

one intends to work in the solution of convolution equations: the 

Fourier-Bore1 transformation, the division theorems and the existence 

and approximation results. Since the first subject was studied in 

[lo] , we summarize the Corresponding results in Section 2 .  In the 

third Section we get the correspondence between the topological duals 

of the spaces under consideration and the set of convolution opera- 

tors. The division theorems are established in Section 4 andthe last 

Section is dedicated to prove the existence and approximation re- 

sults. 
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2. SPACES OF ENTIRE FUNCTIONS AND FOURIER-BOREL TRANSFORMATIONS 

We keep the notations fixed by Nachbin I 1 2 1  and Gupta [ 51, [ 6 I .  
Hence, if E is a complex normed space, X(El is the vector space of 

all entire functions in E, P ( ' E l  is the Banach space of all con- 

tinuous j-homogeneous polynomials in E under the natural norm 1 1 -  /I 
and P N ( j E l  is the Banach space of all continuous j-homogeneous p l y -  

nomials of nuclear type in El under the nuclear norm 1 1 .  I I N .  

Now we describe the spaces with which we are going to deal in 

this article. 

(a) If p > 0 we denote by 8 ( E I  the complex Banach space of 
P 

all f E X l E l  such that 

m 

normed by 11 * 11 . The complex Banach space of all f E X(EI such that 

a " f ( 0 )  belongs to P N l n E I  for each n E W and 
P 

m 

under the norm I1 * I1 N , p  , is denoted by B N ,  p ( E l .  If A E t o , +  m l  we 

consider the complex vector spaces 

equipped with the corresponding locally convex inductive limit topo- 

logies. We consider the projective limit topologies in the complex 

vector spaces 

It is natural to consider the complex vector spaces 
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with the locally convex inductive limit topologies, and 

with the projective limit topologies. 

k 
P 

(b) If p > 0 and k > 1 we denote by B ( E l  (respectively, 

B k  ( E l )  the Banach space of all f E 3 C l E l  such that 
N ,  P 

( 3 )  

under the norm I1 * I1 (respectively, II * II N ,  k ,  p )  . 
the complex vector spaces 

k ,  P 

I l < f r n  

are equipped with the locally convex inductive limit topologies. For 

A in [ a,+ -1 the complex vector spaces 

( E l  = n B k  ( E l  
E x p H ,  0 ,  A o > A  N , p  

are endowed with the projective limit topologies. In order to sim- 

plify the notations we also write 
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( E l .  E x p o ( E )  k = E x p k  ( E ) ,  E x p N J 0 ( E )  k = E x p  
030 N, 0,o 

k 
W e  note  t h a t  f E J C ( E )  is i n  E x p A I E l  i f  and only i f  

I t  i s  a l s o  t r u e  t h a t  f E X ( E )  belongs t o  E x p k  ( E l  i f  and only i f  

Z j f ( 0 )  is  i n  P N ? E )  for j E W and 

N ,  A 

H e r e  w e  consider  k E [ 1, + m l  and A E ( O , +  m ]  . When k E [ 1 ,  + -I and 

A i s  i n  [ O , + m l  w e  have: f X ( E )  is i n  E z p k  ( E )  i f  and only i f  
O,A 

W e  a l s o  have: 

i s  i n  P ~ ( J E I  for j E w and 

f E X ( E )  belongs t o   EX^^,^,^ * ( E )  i f  and only i f  d ^ j ~ ( 0 1  

(c )  For  A i n  [ 0,+ m) w e  denote by X , ( B  ( 0 ) )  t h e  complex 
A-l 

vec to r  space of a l l  f E X l B  ( 0 ) )  such t h a t  

Zim II ( j ~ ~ - l i ? f ( o ) l l l ”  5 A ,  

A - l  
- 
j i m  

endowed with t h e  l o c a l l y  convex topology generated by t h e  family 

seminorms ( P , , ) ~ , ~  , where 

of 
m 

W e  recall t h a t  B,(OI  denotes  t h e  open b a l l  of c e n t e r  0 and r a d i u s  

P. As usual  0 - l  = + and B (0) = E .  W e  denote by 3 C N b ( B A - , ( O ) I  

t h e  complex vec tor  space of a l l  f E 3ClB ( 0 ) )  such t h a t  Z j f ( 0 )  E 

P ~ ( J E )  and 

0-1  

A - 1  
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endowed with the loca l ly  convex topology generated by the family of 

simenorms (pa ) , where 
N , P  P'A 

m m 
( E l  f o r  the above W e  a l s o  adopt t he  notations E X ~ ~ , ~ ( E )  and Exp 

spaces, respect ively.  I n  order t o  simplify the notations we a l s o  

w r i t e :  

N ,  O,A 

m 
For A E t o , +  m ] we denote by e i t h e r  X b ( B  -I ( 0 I )  or  ExpA(El 

( respect ively,  e i t h e r  X N b  ( B A - l  (0) I o r   EX^^,^ ( E l )  t h e  l oca l ly  con- 

vex inductive l i m i t  of t h e  spaces Expo, (2) (respectively, E x p  ( E l )  

f o r  p i n  ( 0 , A ) .  W e  a l s o  set 

A 
m 

m m 

N, 0, P 

k k 2 . 1 .  D E F I N I T I O N .  The elements of E x p A  ( E l  ( respect ively,   EX^^,^ ( E l )  

a r e  ca l l ed  e n t i r e  functions of o r d e r  k ( respect ively,  n u c l e a r  order  

k )  and t y p e  ( respect ively,  n u c l e a r  t y p e )  s t r i c t l y  l e s s  t h a n  A ,  when 

k E [ 1 ,  f m ]  and A i s  i n  (0,+ m J . When k = I it is usual not t o  

wri te  "of order I" and when A i s  m w e  replace the phrase " s t r i c t l y  

l e s s  than A "  by " f i n i t e  type". For k E [ I , +  m ]  and A E [ O,+ml  the 

( E l )  are ca l l ed  e n t i r e  elements of Expo, A ( E l  ( respect ively,  

functions of order  ( respect ively,  n u c l e a r  o r d e r )  k and t y p e  ( re-  

spect ively,  nuc leap  t y p e )  l e s s  t h a n  o r  equal  t o  A .  

k 
E x : P N ,  0 , A  

W e  now l i s t  the main r e s u l t s  w e  a r e  going t o  need i n  t h i s  ar-  

t i c l e .  As w e  wrote i n  the introduction the proofs of these f a c t s  a r e  

i n  [lo]. 

k 2.2.  PROPOSITION. (1) I f  A E l o ,+ - ]  and k E [l,fm), t h e n  ExpA(B) 

and Expk ( E l  a re  DF-spaces. 
N, A 

k ( 2 )  I f  A E [ O , + m l  and k E [ I , + m ] ,  t h e n  Z X ~ ~ , ~ ( E I  and 

( E l  a r e  Frgchet  spaces .  E x P ~ J  O , A  
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2 . 3 .  REMARK. I n  a l l  spaces  in t roduced  above t h e  Taylor series a t  0 

of each of i t s  elements  f converges t o  f i n  t h e  topology of t h e  

corresponding space.  

2 . 4 .  PROPOSITION. (a) For k E ( I , f m ] ,  A E ( O , + m ]  and 9 E E ’  t h e  

f u n c t i o n  exp ( 9 )  b e l o n g s  t o  Exp;(E) and  EX^^,^ ( E l .  k 

(b) For k E (I,+ 1 ,  A E [ 0 ,+  * l  and 9 E E ’ ,  t h e  f u n c t i o n  
k 

e z p ( 9 l  beZongs t o  Expk 0 , A  ( E l  and E x p  N ,  O , A f E )  

(c) For k = I ,  A E ( O , +  a ]  and 9 E E’, t h e  f u n c t i o n  e x p ( 9 )  

b e l o n g s  t o  E x p j ( E l  and E ~ p i , ~ f E )  i f  Il9II < A. 

(d )  I f  k = I, A E [ O , + m l  and 9 E E ’ ,  t h e  f u n c t i o n  e x p ( 9 l  

(El i f  II9II 5 A .  beZongs t o  E x p o J A  ( E l  and ExpIV, O , A  
1 

2.5 .  PROPOSITION. (1) The v e c t o r  subspace  genera ted  by a l l  f u n c t i o n s  

e x p ( 9 l  w i t h  9 E E ’  i s  dense  i n  

k (a) E x p N J A f E I  f o r  k E ( l , + m ]  and A E ( O , + m ] ;  

(E l  f o r  k E ( l , + m ]  and A E [ O , + m ) ;  
(b) E x p ~ , ~ , ~  

( 2 )  The i ’ ec tor  subspace  g e n e r a t e d  by a l l  f unc t ions  exp(pl, with 

E B’ and II9lII < A ,  i s  dense  i n  E ~ p i , ~ f E )  f o r  A E ( O , +  5 3 1 .  

( 3 )  The v e c t o r  subspace  g e n e r a t e d  by a l l  f unc t ions  exppgl, with 

9 E E’ and 119 I1 5 A ,  i s  dense  i n  ExpN, I O , A  ( A )  f o r  A E t o , + - ) .  

1 2 . 6 .  DEFINITION. f a )  I f  T i s  i n o n e  of t h e  topo log ica l  duals of ErcpN(E) ,  

(E l  ( f o r  k E x p N J A ( E l  ( f o r  k E ( l , + m ]  and A E ( O , + m ] ) ,  

i n  (I,+ m ]  and A E [ 0 , +  m I ) ,  i ts  Four ie r -Bore l  t r a n s f o r m  FT i s  de- 

f i n e d  by F T f 9 l  = T ( e x p ( 9 ) )  f o r  every 9 E E ’ .  

k 
E x P ~ ,  O , A  

(b )  I f  T i s  i n  the  topo log ica l  dua l  of E ~ p k , ~ ( E l  (for A E 

( O , +  m l  ) i t s  Fourier-BoreI transform F T  is def ined  by F T f 9 )  = T ( e x p ( q l )  

f o r  every 9 E E ’  with  119 11 < A. 

(c) I f  T i s  i n  t h e  topo log ica l  d u a l  of ExpN,O,A ( E l  (for A E [O,+m))  
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i t s  Four ie r -Bore1  t r a n s f o r m  F T  i s  def ined  by 

m 

f o r  a l l  v E E '  such t h a t  ( 7 )  converges abso lu te ly .  Here T j  i s  

t h e  r e s t r i c t i o n  of T t o  B T j  E P ( j E ' 1  i s  given by B T . ( p )  

= T . ( p 3 )  f o r  a l l  9 E E'. A s  Gupta proved i n  [ 5 1  w e  have I IBT. l l=l lT.II .  
3 3 3 

I t  can be e a s i l y  proved t h a t  f o r  each T t h e r e  i s  p T  > A such t h a t  

( 7 )  Converges abso lu te ly  f o r  9 E E', 11 ip 11 < pT. I n  t h i s  case 

F T I P I  = T ( e x p ( p o ) )  because T can be considered a s  an element of t h e  

topo log ica l  dua l  of 

P,(jE) and 
3 

( E ) .  
E x p f l ,  pT 

-1 
2 . 7 .  NOTATIONS. As usual  w e  s e t ,  f o r  A = 0 and A = + m, A = + m  

and A-' - - 0 r e spec t ive ly .  I f  k E (I,+ ml w e  consider  k '  E ( 1 ,  + m l  

as being such t h a t  ( k l - '  + ( k ' ) - '  = 1 .  For k = 1 and k = + m w e  

set k '  = + m and k '  = 1 r e spec t ive ly .  W e  d e f i n e  

€or  k E ( l , + m l .  Since  l i m  A ( k )  = l i m  h ( k )  = 1 ,  w e  se t  X ( 1 )  = 1  and 

h i +  m l  = 1 .  

k +  1 k + +m 

2.8. THEOREM. The Four ie r -Bore1  t r a n s f o r m a t i o n  i s  a t o p o l o g i c a Z  iso-  

morphism b e t w e e n :  

H e r e  t h e  index R means t h a t  t h e  dua l  c a r r i e s  t h e  s t rong  topo- 

logy def ined  by t h e  space.  

3. CONVOLUTION OPERATORS 

Before w e  g ive  the  concept of convolut ion opera tor  w e  prove a 

few pre l iminary  r e s u l t s  which w i l l  be h e l p f u l  f o r  t h e  development of 

t h e  theory.  
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3.1. PROPOSITION. (1) If a E E and f E E x p k  ( E )  ( u i t h  k E 

and A in ( O , + m ]  I ,  t h e n  J n f ( . ) a  E Expk (E l  and 
N ,  A 

f l ,  A 

PROOF. First we consider k E [ 1,+ m) .  In any case 

n=O 

for every x in E ,  with the series being convergent in p ( j E )  (see 

[11] 1 .  Hence 

n=O 

for every n E IiV. If 

then €or every E 0 there is C ( E )  L 0 such that 

for n E nV. We may write 
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t h e r e  i s  d ( E )  2 0 such t h a t  

f o r  every n E lN. From (11) and ( 1 2 )  w e  g e t  

f o r  every n E lN. I t  fol lows t h a t  

f o r  every E > 0.  Therefore ,  i f  ( 9 )  ho lds ,  w e  have 

Thus i f  w e  have 

A E ( O , + m ] I ,  and i f  f E Exp 

space ( f o r  A E [ 0,+ a)). 

f E E x p k  ( E l ,  then  $ f ( - ) a  is  i n  E Z ~ ; , ~ ( E I  ( f o r  

( E )  then  d j j . ( . ) a  i s  i n  t h e  same 
N, A 

N ,  03.4 

Now w e  cons ider  t h e  case k = + a. This theorem was proved by 

A-:(O)) re- 
Gupta [ 5 I and Matos [ 9 ] f o r  t h e  spaces  X N b ( E I  and XNb ( B  

spec t ive ly .  Hence t h i s  is  a l ready  proved f o r  t h e  spaces   EX^^,^,^ ( E )  
with  A E [ 0,+ m ) .  O n  t h e  o t h e r  hand 
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m 
It follows that the result is true for E x p N J A f E )  with A E ( O , + w ] .  

We still have to prove the convergence of the series in the to- 

pology of the spaces in the case k € [ I ,  + m ) .  In order to show this 

result we consider first f E B k ( E l  for some p i 0. Then 
P 

This tends to zero when v -+ m for p o  > p and E > 0 such that 

( p  + €)(I + E) < po  . (we used here (11) and (12) with L = p ) .  Now 

convergence follows from this fact and the way the topologies arede- 

fined. 

3 . 2 .  REMARK. A s  we wrote above 3.1.(2) was proved by Gupta when k 

= + and A = 0; by Matos when k = + m and A E ( O , + - ) .  C0l-u 

and Matos proved 3.1. (1) in [ 3 ] when k = I and A = + -. 

3 . 3 .  DEFINITION. A c o n v o z u t i o n  o p e r a t o r  in ~ r p ~  ( E /  (for k E t 1,+-1 

and A in (0, + w I ) 1 respectively, E x p N ,  O , A f E )  (for k E [ I,+ m ]  and 

A E [ O , + w )  I is a continuous linear mapping 0 from this space into 

itself such that 

k N ,  A 

for every a in E and f in the space. We denote the set of all con- 

volution operators in ~ x p ~  by A: 

(respectively, A , , , )  . We also use the notations A: = Ak d Ak = A t .  

( E )  (respectively, ~ x p ~ ,  O , A  ( E l )  
N ,  A 

k 

0 3 0  
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3.4. REMARK. The above definition states that the convolution opera- 

tor commutes with all directional derivatives, thus it commutes with 

the directional derivatives of all orders. For the spaces in which 

the translation operators are well defined (i.e., T f belongs 

to the space, where T- f ( x )  = fllc + a )  for all x in E )  it is pos- 

sible to show that we may replace condition (13) by condition 

-a 

for every a in E .  This means that in these cases commutativitywith 

the directional derivatives is equivalent to commutativity with trans- 

lations. 

k 
3 .5 .  PROPOSITION. (1) F O P  k E i f  f E ExpN(EI and a E 

t h e n  T f is in E x p N ( E )  and k 
-a 

m 

i n  t h e  s e n s e  of t h e  t o p o l o g y  o f  t h i s  space  

in t h e  s e n s e  o f  t h e  topoLogy  o f  E x p N J O ( E l .  k 

PROOF. The case 3 .5 .  ( 2 )  , with k = + m3 was proved by Gupta in [ 5 1. 
For some k E [ I, + m) we suppose that 

(14) 

We know that 

and 
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W e  have 

S ince  w e  assumed (14), f o r  every E > 0 t h e r e  i s  e(E) 1. 0 such  

t h a t  

€ o r  every  n and j i n  W .  S i n c e  

for  each E > 0 ,  t h e r e  i s  d ( E l  2 0 such t h a t  

for a l l  j E W .  I f  w e  c o n s i d e r  E > 0 such t h a t  2 ~ 1 1 ~  11 I L  i E J  < I, 

t h e n ,  by ( 1 7 )  and (181, w e  g e t  

S i n c e  t h i s  ho lds  f o r  E > 0 a r b i t r a r i l y  s m a l l  w e  g e t  

l i m  (L)''~II in!)-'d^n(T-uf)i~)~~i'n - < 2L < + m .  
- 

(19) 
n + m  k e  

k Hence i f  f E E x p N I E )  w e  have (14) f o r  some L > 0 and, by (191, w e  

g e t  ~ - ~ f  E E x p N I E ) .  On t h e  o t h e r  hand, i f  f E E x p k  ( E l  w e  have 
k 

N >  0 
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(14) with L = 0 and, by (19), ~ - ~ f  E E z p k  ( E ) .  
N ,  0 

Now in order to prove the convergence results we consider f E 
E x p N ( E I  with f E g k  ( E l  for some L > 0. If p = 2 ( L  + 1 )  we con- 

sider 

k 
N, L 

where we have used (17) and (18). Hence if E > 0 is such that 

2 ( L  + E )  < 2 f L  + 1 )  and ~ E ( L  + E )  IIaII < I, we get 

Therefore 

Thus we have 3.5.  (1) . 
The same type of reasoning shows that if f E E x p k  ( E )  (hence 

k N, 0 
f is in B,, ,(EI for every L > 0) then 

for every r > 0. It is enough to consider in the above reasoning L 

= ( r  - 212-’ and p = 2 f L  f 1 )  = P. Thus 3 . 5 . ( 2 )  is proved. 

3 . 6 .  REMARK. If we use Proposition 3.5 it is not difficult to show 
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t h a t  under t h e  hypothes is  of 3 .5  

i n  t h e  sense  of t h e  topology of t h e  space under cons ide ra t ion .  

3 .1 .  THEOREM. (a) I f  k E [ I,+ and 0 i s  a c o n t i n u o u s  l i n e a r  map- 

p i n g  f rom E x p N ( E I  i n t o  i t s e Z f  t h e n  0 is a c o n v o l u t i o n  o p e r a t o r  i f ,  

and onZy i f ,  

k 

k f o r  a 2 2  a i n  E and f i n  E x p N ( E )  

(b) I f  k E [ l . + m l  and (I i s  a c o n t i n u o u s  Z inear  mapping from 

E ~ p i , ~ ( E l  i n t o  i t s e l f ,  t h e n  0 is a convoZu t ion  o p e r a t o r  if, and only 

i f ,  

PROOF. I n  any c a s e , i f  0 i s  a convolut ion o p e r a t o r ,  then 

f o r  a l l  n E W and a E E .  On t h e  o t h e r  hand 

i n  the  sense of t h e  topology of t h e  space.  Hence 

m 

I f  w e  suppose t h a t  0 i s  such t h a t  Olraf)  = r a l 0 f 1  it fo l lows  from 

3 . 6  
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Hence 0 is a convolution operator. 

3.8. DEFINITION. If k E [ I , +  m ) ,  T E [ E x p N ( E l ]  k I and f E B X p N ( E )  k 

the c o n v o l u t i o n  p r o d u c t  of T and f is defined by 

for every x in E. 

T E [ E X ~ ~ , ~ ( E ) ]  and f E Expk (E l  the con- 
N ,  0 If k E [ I , + m I ,  

volution product of P and f is also defined by ( 2 0 ) .  

We are going to show that T+ defines a convolution operator 

and that all the convolution operators are of the form T *  when we 

consider the spaces E x p N ( E l ,  for k E I , +  a), and E X P ~ , ~ ( E )  for 
k k 

k E [ I , +  a]. 

3.9. PROPOSITION. If k E [ Z , + m ]  and T E [ E x p k  ( E l ]  I ,  t h e n  there 

a r e  C > 0 and p > 0 s u c h  t h a t  
N ,  0 

ITrf)l 5 l l f l l f l , k , p  ( f o r  k E [ I , +  - ) I  

I Y ( f ) l  5 c P ; j , p ( f l  ( f o r  k = + m l  

f o r  e v e r y  f Expk ( E l .  Hence,  f o r  e v e r y  P E P N l n E l  wi th  A E  d:Ns(nEl 

s u c h  t h a t  P ( x l  = Axn f o r  x E E ,  t h e  p o l y n o m i a l  

N ,  0 

,-. 
m 

d e n o t e d  b y  T ( A .  I b e l o n g s  t o  PN(n-mEl f o r  e v e r y  rn 5 n and 

A 

I I T I A . ~ ) I I ~  5 c p-m(e)m'k I I P I I ~  ( i f  k E [ I , +  a l l ,  

PROOF. First we suppose that P E P (nEl  and A E d: I n E l .  If P is f fS 
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for every y in E so that 

We also have: (a) For k E [ I , +  

Hence: (a) For k E [ I , +  

(b) For k = + m 

(b) For k = + 

for  every P E P f i n E ) .  The result now follows from the density of 

P ( n E l  in P,(nEl. 

3.10. PROPOSITION. 

p 0 t h e r e  is C f p )  2 0 s u c h  t h a t  

f 

If k E [ I , +  m) and I E ExpN(E)I  k ' then for every 
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k 
f o r  e v e r y  P E PNlnE)  w i t h  A E  zNs?E! 

s u c h  t h a t  P = A t h e  p o l y n o m i a l  T ( A *  I E P N ( n - m E )  f o r  e v e r y  m 5 n 

and 

f E E x p N ( E ) .  Hence, f o r  e v e r y  + 

PROOF. It is an easy exercise once we know the proof of 3.9. 

T E [ Expk (El] and f E ExpN,O(El, k 
N ,  0 

3.11. THEOREM. (a) If k E t I , + - = ] ,  

k then T *f E Expk  (El and T* E A,, . 
N ,  0 

k k 
(b) I f  k E [ I,+ ” 1 ,  T E [EzpN(E)l and f E E z p N ( E ) ,  t h e n  

T +f i s  i n  E X ~ ~ I E I  k and T *  E A~ 
N ’  

where C and p are as in 3.9. If k E [ Z,+mJ and 0 < p ’  < p 
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Thus 

and for n > k e  

If follows that 

k 
for every 0 < p '  < p .  Thus T * f E ErpNJ0(E). 

A l s o ,  if p l  > 0 is arbitrary, we have 

k 
if 0 < p '  < p and p '  < p l .  Hence ip* is continuous in ExpN dE). 

simpler calculations 

since we do not have to work with multiplicative factors of the form 

> 

The case k = + m  is done in the same way with 

(- with n = O , l ,  ... ke  

(b) We work as in part (a) but we use 3.10 instead of 3.9. We 

get: for every p > 0 there is C l p )  0 such that 

IIPnIIN 5 C l p ) p n n !  I I f l l  
N ,  k ,  p 2 - I  

where P n  is as in the proof of ( a ) .  It follows that 

if p is chosen so that II f I1 < + a. Hence T * f E ExpN(E).We k 
N, k ,  PZ-' 

also get 
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whenever p i s  chosen such t h a t  p < p l  and 11 f \I < i m. This 

i m p l i e s  t h e  c o n t i n u i t y  of T* i n  Expfl(EI. 
N ,  k ,  p 2 - I  

k 

I n  any c a s e  it is  c l e a r  t h a t  T *  is  l i n e a r  and t h a t  it commutes 

w i t h  t r a n s l a t i o n s .  

3 . 1 2 .  DEFINITION. (1) For k E [ I , +  - 1  w e  d e f i n e  

k 
f o r  f i n  ExpN,,iE) and 0 E A," . 

( 2 )  For k E [I,+ m) we d e f i n e  

y k  : A k I--* (ExpN(E)I k ' 

by 

k f o r  f i n  ExpN(E) and 

3 .13 .  THEOREM. The mappings yo, f o r  k E [ l , + m l ,  and Y , f o r  

k E [ 2 , +  m), a r e  l i n e a r  bijections. 

0 E A k .  

k k 

PROOF. W e  c o n s i d e r  t h e  mappings: 

k k k 
given  by r (TI (f) = T * f f o r  every  T E (EqNiE)ir and f i n  EqN(E). 

w i t h  k E [l,+ ml. 
W e  have 
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= O(T-xf(ol = (T-xlOfli(oI = (Ofl(X1 

is k for all x E E, f E E X ~ ~ , ~ ( E I  and 0 E A: . Therefore ro o yo 

the identity mapping in A,k -  On the other hand: 

k k  k yo(ro(Tll(fl = ((ro(Tl)(fI)(Ol = (T * f ) ( O !  = Tlfl 

for all f E Expk (El and T E ( E z p k  (Eli I .  Thus y," o r: is the 

identity mapping in (Expk (EII I .  Therefore ro is the inverse of 

the linear bijection y o .  It is also easy to show that I'k is the 
k inverse of the linear bijection y . 

N ,  0 N, 0 
k 

N, 0 
k 

T E fExpk (EIl', 2 = 1 , 2 ;  (b) 3.14. REMARK. For (a) k E [ l , + m ] ,  

k E [ I,+ -I, T .  E (ExpN(EII I ,  j = 1 , 2  

N ,  0 

we define: 

(Ell I ,  

j 
k 

3 

T l  * T2 = yo(Ol  k o 0,) E (Expk 

k k 
TI * T 2  = y (0, o o2l E (ExpN(Ell I ,  

N ,  0 
ia) 

(b) 

where 0. = T * j = I ,  2. With these definitions we have the convolu- 

tion products in (Expk (Ell ' and in (ExpNIE)) k ' respectively. It is 

clear that yo and yk preserve these products since yo (O1  o 021= 

I y o i ) l l  k * iyo021 k and y k (0, o 0 2 1  = (y k O , l * l y  k ( I2) .  Accordingly these 

convolution products are associative and they have a unit element 6 
given by 6 ( f l  = fro). Thus (Ezpk (Ell' and (ExpN(EI)' k are algebras 

N ,  0 

with unit element. The Fourier-Bore1 transformations is an algebra 

isomorphism between 

3 j '  

N, 0 
k k 

(a) I E ~ ~ : , ~ ( E ) I '  and E X ~ ~ ' ( E ' I  for k E [ I , + - ]  

(b) (ExpN k (Ell and ~xp!'(~'i for k E [ I , +  m/  

since it is easy to show that FfT1 * T21 = (Ftll(FT21. 

3.15. REMARK. 

sions are continuous fo r  k E [ I,+ m I and 0 < A < B < + - It is not difficult to prove that the following inclu- 
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and 

3.16. DEFINITION. The f u n c t i o n a l  T E (Expk ( E ) ) '  ( w i t h  A E (O,+m] 

and k i n  [ I , +  a)]) is  s a i d  t o  be of t y p e  z e r o  i f  it i s  a l s o  i n  

(E))' (ExpN(E)I' ( i . e . ,  FT E Expo(E')). The f u n c t i o n a l  T E (Exp 

( w i t h  B E [ 0,+  m l  and k E [ 1,+ m ] ) i s  c a l l e d  t o  be of t y p e  z e r o  i f  

it i s  a l s o  i n  

N ,  A 

k k '  
N ,  O , B  

(EX~;(EII' ( i . e . ,  FT E EXP~'(E~)). 

Now w e  are going t o  show t h a t  f o r  f u n c t i o n a l s  l i k e  t h o s e  con- 

s i d e r e d  i n  3.16. it makes sense  t o  d e f i n e  t h e i r  convolu t ion  products  

w i t h  f u n c t i o n s  of t h e  space where they  a r e  d e f i n e d  obtainingfunct ions 

i n  t h e  same space.  

k 
By Remark 3.15 every  T E (ExpN(El) ' i s  i n  (Expk (E))' and w e  

may cons ider  T * P E Ezpk (El f o r  every  P i n  P N i n E I ,  n E iiV (see 

3 . 1 1 ( a ) ) .  

N ,  0 

N ,  0 

k 3.17. PROPOSITION. If k E  (I,+ - i ,  P E PN(E) and T E  (ExpN(E)l',then 

for e v e r y  p > 0 ,  E > 0, E c p, there are C ( p , ~ l  0 and D ( E )  2 0 

such t h a t  

C ( p , c )  and D ( E )  a r e  i n d e p e n d e n t  o f  n E iN. 

n PROOF. F i r s t  we condier  P = q with  9 E E'. We have 

S i n c e  FT E Exp!'(E') and $ ' ( F T l ( O l ( q l  = T l q ' )  f o r  every 9 E E' we 
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But w e  know t h a t  (see Gupta [ 6 1 )  

Thus, f o r  e v e r y  E > 0 t h e r e  i s  a f ~ )  2 0 such  t h a t  

f o r  j E W ,  9 E E '  and k 1. Now w e  o b s e r v e  t h a t  

Hence t h e r e  i s  B ~ E )  2 0 such  t h a t  

for a l l  j E W .  Now if w e  use  ( 2 3 )  ( 2 2 )  i n  (21) w e  g e t :  

f o r  eve ry  n k .  Hence w e  can w r i t e  

f o r  e v e r y  n i n  iT. From t h i s  f a c t  it follows t h a t  t h e  i n e q u a l i t y o f  

3.17 i s  t r u e  f o r  P E P f n E l  a n d ,  by t h e  d e n s i t y  of P InE) in P,CnEl, 

it i s  a l s o  t r u e  for 
f f 

P E P ~ P E ) .  
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1 
3.18. PROPOSITION. I f  P E P N l n E )  and  T E (ExP~(E)J' t h e n  

f o r  e v e r y  E > 0, 4 > 0, p > E and some c o n s t a n t s  C ( p , ~ l  0 and 

D ( E )  2 0 i n d e p e n d e n t  o f  n E W .  

PROOF. As in 3.17 w e  have f o r  P = 90n, 9 E E' 

* j  
n 

9 * P  = 2 ( ? ) T ( Q n - ' ) 9  . 
j = 0  J 

Hence 

But, as it w a s  remarked in the proof of 3.17, w e  know that 

Thus for e v e r y  E > 0 t h e r e  is a(€) 1. 0 such  that 

f o r  all 9 E E' and j E lN. Thus using (25) i n  (24) we get 

Hence w e  may write 
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IIT *Pl lnr ,p  5 C ( p , ~ l D l e l  n !  ( p  - E ) - ~ .  

Now t h i s  impl ies  our  r e s u l t  f o r  P E P (nEl  and, by t h e  d e n s i t y  of 

P i n E )  i n  
f 

P,lnEl, w e  g e t  t h e  r e s u l t  f o r  P E P N l n E l .  
f 

3 .19 .  PROPOSITION. If P E PNfnEl  and T E I E z p , ( E I ) ' ,  then  for  every 

E > 0 ,  p > 0, p > E t h e r e  a r e  c o n s t a n t s  C l p , ~ )  2 0 and D ( E )  2 0 

such  t h a t  

C l p , ~ )  and D ( E )  a r e  i n d e p e n d e n t  of n E W .  

PROOF. A s  i n  t h e  l a s t  two p ropos i t i ons  it is enough t o  prove there- 

s u l t  f o r  P = p wi th  9 E E ' .  I n  t h i s  case w e  have 
n 

Since FT E E z p i ( E ' )  w e  have 

and 

For every E 0 ,  t h e r e  is  CIIE) 0 such t h a t  

f o r  a l l  j E W .  Now from ( 2 7 )  and ( 2 6 )  w e  g e t  

Thus w e  may w r i t e  

m 
(2' *PI 5 Cfp,  ~ l D ( c l  1 1 ~  I l n l p  - E ) - ~  

' N , P  . 
as w e  wanted t o  prove. 
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k 3.20. THEOREM. For k E [ I ,  + m ] ,  T E ( E x p N ( E ) ) '  and f e i t h e r  i n  

( E l ,  w i t h  A E ( O , + m ]  and B E [ O , + m l ,  i f  
E Z ~ ~ , ~ ( E )  o r  i n  E x P N ,  0 ,  B 
we d e f i n e  

m 

T * f  = 2 T * ( l n ! l - l c ? n f ( O ! l  
n=O 

t h e n  u e  g e t  T * f f E x p k  ( E l  i n  t h e  f i r s t  c a s e  and T*f E E x p k  ( E l  

i n  t h e  second c a s e .  Moreover T *  d e f i n e s  a c o n v o Z u t i o n  o p e r a t o r  i n  

N ,  A N,O,B 

I E I  r e s p e c t i v e l y .  k E x P N , A  ( E )  and E x P N ,  0 ,  B 

PROOF. ( a )  k E ( I , +  m). From 3.17 w e  have 

Hence i f  p i s  a con t inuous  seminorm i n  E x p k  ( E l  w e  know t h a t  f o r  
N ,  A 

e v e r y  r i n  ( 0 , A l  t h e r e  i s  a ( r l  2 0 such  t h a t  

Thus f o r  e v e r y  p < 0 w e  c o n s i d e r  E > 0 such  t h a t  p + E < r and 

w e  g e t  

p ( T  *f! 5 a ( P , E ) I I T  * f l l N , k , p + E  - < a l p  + E)C'(P,EJD(E) I I f I I  
N,k,P - 

T h e r e f o r e  t h e  mapping f N T * f i s  c o n t i n u o u s  from E ~ p i , ~ ( E l  i n -  

t o  i t s e l f .  
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i f  E > 0 i s  such t h a t  p -. E > B w e  g e t  

( E l .  If w e  g i v e  p > B w e  choose 
N, k ,  p = ExpN, 0, B Hence T * f E n B 

P'B 

E > 0 such t h a t  p - E > B and w e  g e t  

f o r  a l l  f E Exp ( E l .  There fo re  T* i s  a con t inuous  o p e r a t o r  i n  

f b d l f  ( * l x  i s  ExPN, 0 ,  B 

cont inuous f o r  any x E E. S i n c e  d l ( ?  * P ) ( * l x  = T * ( d  P I * I x )  f o r  

a l l  d l ( T  * f ) ( * l x  = T * ( d  f ( . l x l  

f o r  eve ry  f E E z p k  ( E l  

i n  t h e  second c a s e .  

N , O , B  

( E l .  I n  any of t h e  above cases t h e  mapping 

1 

1 
P E P N ( n B l ,  n E IN (see 3.111, w e  g e t  

( E l  i n  t h e  f i r s t  case and for  every f E Exp 
N ,  A N,O,B 

- < C ( P , E J D ( E )  II f I I N , p - E  < + m  

if f i s  i n  B 1  ( E l .  Now t h e  proof of t h e  r e s u l t  f o r  k = 1 f o l -  

lows t h e  l i n e  of r e a s o n i n g  of t h e  proof  of  p a r t  ( a )  above. 
N ,  P - E  

ic) k = + a. From 3 . 1 9  w e  g e t  

m 
If f ' " P N , O , B  ( E I  w e  have f E JCNb(B - l  ( 0 1 ) .  I f  p B l e t  E > 0 

be such  t h a t  p - E > B .  T h e r e f o r e  
B 

Thus 



CONVOLUTION OPERATORS 155 

m 
- 1 -n 

T * f  = Z T * ( n ! )  d f ( O )  
n=O 

m 

converges in the topology of  EX^^,^,^ ( E l  and T* 

operator in this space. 

m 
If f E E x p  (El there is p < A such that 

N ,  A 

If E > 0 is such that p + 2~ < A we get 

m 

is a continuous 

co 
( E ) .  

N ,  0, P f E Exp 

( E ) ,  hence T * f E Exp (El .  Thus we can say that 

As we have done in part (a) it is not difficult to prove that T *  is 

a convolution operator in E x p N J A ( E l ,  thus completing the proof of 

3 . 2 0 .  

N ,  A 

3.21. DEFINITION. If 0 E for k E [ 1,+ m ]  and A E we 

say that 0 is of t y p e  z e r o  if F ( y C , * O )  k E ExpO k '  (El) where (YE,AL')(f)  

= O f ( 0 )  for all f in E X P ~ , ~ , ~ ( E ) .  k 

k If 0 E AB for k E [ I,+ - 1  and - B E t o , +  mi we say that 0 is 

of t y p e  z e r o  if F ( y B O )  E E x p O  ( E l )  where ( y B i ) ) ( f )  = a f ( 0 )  for all 
k k '  k 

f in E X ~ ~ , ~ ( E ) .  k 

k 
3.22. THEOREM. If k E [ l , + m ]  and B E t o , +  m l  t h e n  Y E  i s  a 

l i n e a r  b i j e c t i o n  b e t w e e n  t h e  space  of t h e  c o n v o l u t i o n  opmators of type 

z e r o  i n  Expk ( E I  and t h e  space  of t h e  c o n t i n u o u s  l i n e a r  f u n c t i o n a l s  

of t y p e  z e r o  i n  E X ~ ; ; ~ ( E ) .  If k E [ I , +  m ] t h e n  

is a l i n e a r  b i j e c t i o n  b e t w e e n  t h e  space  of t h e  convolution opera- 
'0, A 

t o r s  o f  t y p e  z e r o  i n   EX^^,^,^ ( E l  and t h e  space  o f  c o n t i n u o u s  l i n e a r  

f u n c t i o n a l s  of t y p e  z e r o  in ExpNJ k O , A ( E I .  

PROOF. (1) We define r B ( T ) ( f I  = T *f for T E ( E x p k  ( E ) )  of 

type zero and f E E r p k  ( E l .  Then 

N ,  B 

and A E [ 0,+ m/  

k 
N ,  B 

N ,  B 

y B ( r B ( T ) )  k k  If) = ( r B ( T ) )  k i f )  ( O )  = IT * f )  ( 0 )  

03 m 

= Z ( T * ( n ! ) - l d n f ( 0 ) l  ( O l  = T ( ( r ~ ! ) - ~ ; ~ f ( f l ) i  = T ( f ) .  
n=O n=O 
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k k  
Hence y B  o r g  = identity mapping in the subspace of ( B x p k  

the functionals of type zero. On the other hand 

( E l )  of 
N ,  B 

m 

= c (n!)-Idn(Of)(o)(x) = o f ( x ) .  

r i  o y B  = identity mapping in the subspace of 

n=O 

A: of opera- k 
Hence 

tors of type zero. 

( 2 )  We define r i , a I T l  ( f )  = T * f for T E ( E x p  N ,  03'4 ( E l l  of 

type zero and f in ( E l .  Then we prove that r k  is the 
ExPN, 0, A O,A 

inverse of by using a similar argument to that used in the 

proof of part (1). 

3.23. REMARK. (a) Since for k = + the elements of ( E x p ; ( E ) ) '  are 

all of type zero, we have that y is a linear bijection between 
m 

( E X ~ ~ ( E ) )  1 and A ~ .  

(b) If, for k E [ l , + m ] ,  A E [ U , f m J ,  we have TI, T2 E 

( E x p  ( E l )  with Tg of type zero, we may define TI * T2 E 

( ~ x p k  (E)) I in the following way: if f E ~ x p ~ , ~ , ~  (E) we set p n  

= Z ( j ! ) - ' c ? j f ( O )  for n = I, 2,. . . . Since wealso have T.E Expk  ( E l ) ' ,  

j = I, 2, we may consider 

N ,  O,A 

N ,  O , A  

n 

j=O d N,O 

TI * F a  E ( E X ~ ~ , ~ ( E )  k I '. Thus we set: 
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Thus TI * T 2  

= F ( T l )  - F ( T 2 1 .  Hence if S E ( E x p  

F ( T 1 )  * F ( T 2 1  we have F ( S I  = F ( T 1  * T 2 1  

is well defined and it is easy to show that F ( T l  * T2) 

( E l l  is such that F ( S )  = 
N ,  O,A 

and, by 2.8, S = T I  *T2. 

(c) As in part (b) if, for k f [ l , + m ] ,  B E f O , + m l  we have 

Tl and T 2  in ( E x p k  ( E l l  with T Z  of type zero, we define 

T I  * T 2 ( f )  by Tl * T2 
f ( E z p k  ( E l ) '  such that F ( T 1  *T2) = ( F P 1 1 ( F T 2 ) .  If S E ( E x p k  ( E l ) '  

N ,  B 
P l ( T Z  * f l  for every f E Expk  ( E l ,  and we get 

N ,  B 

N ,  B N ,  B 

is such that FS = ( F T l )  ( F T 2 ) ,  then S = T 1 * T 2 *  

4 .  THE D I V I S I O N  THEOREMS 

Before we study the division results we need the following Charac- 

terization of the entire functions of order k and type less than or 

equal to A .  

4.1. PROPOSITION.  If k f [ I , +  "), A f [ 0,+ m l  a n d  f 6 J C ( E l  t h e n  f 
is in Expk ( E l  if, and o n l y  if, f o r  e v e r y  B > A t h e r e  is C(B), 0 

such t h a t  
0 ,  A 

for e v e r y  x in E. 

PROOF. (a) First we suppose that f E E ~ p ! , ~ l E l .  Thus 

For B > A we condider D E (A,BI and we get C ( D l  2 0 such that 

for every n E 2 l .  Now we consider 

for every z in 8 .  From (28) and (29) we get 
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f o r  a l l  n E Lli and z E E .  From Lemma 4 . 2  be l low w e  g e t  

f o r  a l l  z i n  E and n E 1N. I t  f o l l o w s  from ( 3 0 )  and (31 )  t h a t  

f o r  eve ry  z i n  E and n E W .  Hence 

m 

I f l z ) l e e p ( - f B l l z l l I  k I 5 z I f n ! I - ' d ^ " f ( O l z  I e z p f - f B l l z l l )  k l 

n=O 

- I  
f o r  eve ry  z i n  E w i t h  C l B l  = C ( D I  - B * ( B - D )  . 

( b )  N o w  w e  suppose t h a t  f o r  eve ry  B > A there i s  C I B )  ?- 0 

such t h a t  

f o r  a l l  z i n  E. By ( 3 3 )  and t h e  Cauchy's i n e q u a l i t i e s  w e  g e t  

f o r  eve ry  n E W and p > 0 .  T h e r e f o r e ,  from ( 3 4 )  and Lemma 4 . 2 ,  

w e  g e t  

Hence 

f o r  a l l  B > A .  Thus t h e  above l i m i t  is less t h a n  o r  e q u a l  t o  A and 
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the proof is complete. 

4.2. LEMMA. 

i s  a t t a i n e d  f o r  

The  minimum of t h e  f u n c t i o n  p N p-nexp lAp)k  for  p > O  

and i t s  v a l u e  i s  (n-'ekA ) 
k n k - ' .  

p = ( T ) k - ' A - '  

The proof of this lemma follows the usual tecnique for  these 

cases. 

4.3. COROLLARY. I f  k E [ I , +  w!, A E ( O , + m ]  and f E X ( E ) ,  t h e n  f 

i s  i n  ExpA(El  i f  and o n l y  i f  t h e r e  i s  p A s u c h  t h a t  f o r  e v e r y  

B > p i t  i s  p o s s i b l e  t o  f i n d  C(BI 2 0 s a t i s f y i n g  

k 

k 
If(r) I 5 C ( B ) e x p ( B  IIxII) 

f o r  a l l  x i n  E .  

We recall the following result of Avanissian [ 11 ( see  Martinem 

[ S l  for a proof of this result). 

4.4. THEOREM [ l ] .  L e t  F and G b e  e n  

F / G  i s  e n t i r e  i n  @, G ( O I  # 0 and 

k 
I F ( z l I  5 C e x p ( A l z 1 )  , [ G l z l  

f o r  e v e r y  z E t. Then f o r  e v e r y  A '  > 

i r e  f u n c t i o n s  i n  t such  t h a t  

k 
- < D exp  ( B  I z I I 

A and B '  > B t h e r e  i s  K '0 

f o r  e v e r y  A > 0 and z E 8 s a t i s f y i n g  1 . ~ 1  2 K. 

4 . 5 .  COROLLARY. ( E l  

w i t h  A and B i n  [ 0,+ m), if f / g  is e n t i r e  i n  E ,  t h e n  i t  i s  of 

o r d e r  k and t y p e  l e s s  t h a n  o r  e q u a l  t o  

For k E [ l , + m ) ,  f E E X ~ ; , ~ ( E )  and g E Expk 
0, B 



160 MATOS 

PROOF. We have 

f o r  a l l  z E E ,  A '  > A and B '  > B .  W e  cons ider  z o  E E such t h a t  

g ( z o l  # 0. Now w e  d e f i n e  

fo r  a l l  5 E 6, A '  > A and B '  > B .  I t  i s  a l s o  t r u e  t h a t  G Z ( 0 )  # 0. 

From Theorem 4 . 4  it fol lows t h a t  t h e r e  i s  K 2 0 ,  depending only on 

A ' ,  A ,  B ' ,  B such t h a t  

I ( F Z / G Z )  ( 5 )  I 5 l G z ( o )  I - [ ( l + X ) / A l  k 2 
e x p ( [  ( A ' I I  + x ) ) ~  + ( ( 1  + X I B ' I  

- ((- l + h ) 2  - 111 k - l  I5 I x 

g ( 0 l  

f o r  a l l  z E E ,  j / z  - z /I 2 K and X > 0 .  Hence, i f  h ( z ) = ~ f / g ~ ( z - z o )  

f o r  every z i n  E l  w e  g e t  h of o rde r  k and type  less than  o r  equal  

t o  

i n f  ( ( ~ ( 1  + A ) / ~  i ( B ( I  + A/) k ((A 1 + A )2 - l))k-l* 
X > O  

Since  

f/g is  of t h e  same o rde r  and type  a s  h .  

4 . 6 .  REMARK. The method of t h e  proof of 4 . 5  is e s s e n t i a l l y  t h e  same 

used by Malgrange i n  7 1 f o r  t h e  proof of t h i s  theorem f o r  E = an 
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n 
and k = 1. When E = @ and k < + m, this result was proved by 

Ehrempreis [ 4 ] .  The case B = 0 and E = 5' is due to Polya (see 

[ 2  ] , page 191; [13]). Another division theorem we need is the fol- 

lowing 

4.6. THEOREM. L e t  f and g be holornorphic f u n c t i o n s  i n  B A ( U )  c 0 

and i n  B ( 0 1  C @ r e s p e c t i v e l y  w i t h  0 < A < B and g ( 0 )  # 0 .  If 

f / g  i s  holornorphic in BA1O) and 0 < r < A t h e n  
B 

f o r  e v e r y  E > 0 s u c h  that r + E < A. 

PROOF. If T ( r ; h )  denotes the Nevanlinna characteristic function of 

the meromorphic function h we have the following inequalities 

(i) 

(ii) If h ( 0 )  # 0, w then T ( r ; h )  = T ( r ; h - ' )  + l o g l h ( 0 l l  

(iii) T ( r ; f l  5 l o g + M ( r ; f )  5 ~ - r  R + r  T ( R ; f )  

T ( r ; h l h 2 )  5 T l r ; h l l  + T f r ; h z )  

if f is holomorphic in a neighborhood of B R ( 0 )  and M ( r ; f )  is the 

number sup{  If(zll; I z I  = r )  and Zog'x = m a x l O , t o g ( x l l .  

If in (iii) R is replaced by r + E we get 

Z + E  
(iv) l o g  M f r ; f l  5 7 T ( r  + E ; f ) .  

Now we apply (iv) to f / g  to get 

Applying (i) and (ii) it follows that 

If we use the first part of (iii) we get 
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Now the result follows if we exponentiate both sides and we use 

the inequality e x p ( l o g + x )  5 I + x for x 2 0. 

m m 
4.7. COROLLARY. L e t  f E Exp ( E l ,  g E E X ~ ~ , ~ ( E )  w i t h  B > A  2 0 and 

g ( 0 l  # 0 .  If f / g  i s  ko lomorph ic  i n  B -1(0) C E and + 00 r > B, 

t h e n  

0, B 

B 

s u p  I(f/gl(x)I 5 I g ( 0 )  I (2+EJ/-E(l + s u p  I f  ( 5 )  I I ( Z + E J / E  

II x I1 =r -1 II x II =r-'+E 

( 2 + E J / E  ' ( 1  + sup  lgixl 1 )  
I1 3: II =r-l+c 

-1  for e v e r y  E > 0 s u c k  t h a t  r + E < B-'. T h i s  i m p l i e s  t h a t  f/g i s  

i n  ExpOJBtEl. 

PROOF. It is enough to consider F x ( z l  = flzxl and G x ( z )  = g ( z x l  

for every x in E and z in 6. If we apply 4.6 we get 

/ z  I = l + E  / z  ]=I+€ 

We recall the following result proved by Gupta in [ 5 1  . 

4.8.  PROPOSITION. L e t  U be  an  open  c o n n e c t e d  s u b s e t  of E and l e t  

f and g be  hoZomorphic  i n  U w i t h  g n o t  i d e n t i c a l l y  z e r o .  I f ,  f o r  

any a f f i n e  subspace  S o f  E of d i m e n s i o n  one and f o r  any c o n n e c t e d  

component  S '  o f  S n U where g i s  n o t  i d e n t i c a l l y  zero, the res t r ic -  

t i o n  f l S '  is d i v i s i b l e  b y  glS' w i t h  t h e  q u o t i e n t  ho lomorph ic  i n  

S ' ,  t h e n  f i s  d i v i s i b Z e  b y  g w i t h  t h e  q u o t i e n t  k o l o m o r p h i c  i n  U. 

Now we will be able to prove the next three division theorems. 

4 . 9 .  THEOREM. I f  k E [ l , + m ]  and T l J T 2  E ( E q k  (E))' are such that  
N ,  0 

T 2  # 0 and T l I P e x p 9 1  = 0 whenever  T 2 * F e x p q  = 0 w i t h  Ip E E '  
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and P i n  P I V C n E I ,  n E iX, t h e n  F T l  i s  d i v i s i b l e  b y  F T 2  w i t h  t h e  

q u o t i e n t  b e i n g  an e l e m e n t  of E ~ ~ ~ ' ( E ' I .  

PROOF. We c o n s i d e r  a one-dimensional a f f i n e  subspace S of 9'. Hence 

S i s  of t h e  form " P I  + t p 2 ;  t E U ! } .  I f  k > I ,  t h e n  F T I  and F T 2  

are e n t i r e  f u n c t i o n s .  I f  k = 1 t h e r e  i s  an open b a l l  of  c e n t e r  0 

and r a d i u s  p > 0 where F T l  and F T 2  are holomorphic.  I n  any case 

i f  to is a z e r o  of  o r d e r  p of g 2 ( t )  = PT ( p  + t p 2 ) = T 2 ( e x p ( p l + t 9 2 1 )  

w e  g e t  T , ( i p i  e x p  (pl  + t o p 2 ) )  = 0 f o r  e v e r y  j p .  This  g i v e s  f o r  

each j < p :  

2 1  

Hence T l ( p i  e x p ( p l  + t o p 2 ) )  = 0 f o r  each j < p .  Thus to  i s  a 

z e r o  of  o r d e r  a t  l eas t  p of  g l ( t )  = F T l ( P l  + t p , ) .  T h e r e f o r e ,  f o r  

k > I ,  w e  have F T l ( S  d i v i s i b l e  by F T 2 1 S  w i t h  t h e  q u o t i e n t  b e i n g  

holomorphic i n  S. For k = 1 w e  have F T l ( S '  d i v i s i b l e  by FT21S' 

w i t h  t h e  q u o t i e n t  holomorphic i n  S ' ,  where S '  is  a connected com- 

ponent  of S n B p ( O I .  By 4.8 t h e r e  i s  H e X ( E ' )  such  t h a t  F T l  i s  

e q u a l  t o  H - F T 2  i n  B p ( O I ,  when k = 1 .  By 4.5 and 4 . 7 ,  s i n c e  

and F T 2  a r e  i n  E x p k ' ( E ' l  w e  g e t  H E E x p k ' ( G ' I .  

FT 1 

k 4 . 1 0 .  THEOREM. If k E [ I , +  a ]  and T 1 , T Z  E f E x p , ( E ) )  ' a r e  such t h a t  

T 2  # 0 and T l ( P  e x p 9 I  = 0 w h e n e v e r  T 2  * P  e x p p  = 0 w i t h  p E E ' ,  

P E P , ( n E l ,  n E W ,  t h e n  FTI i s  d i v i s i b l e  b y  F T 2  w i t h  t h e  quotient 

b e i n g  an  e l e m e n t  of E x p ; ' ( E ' I .  We r e m a r k  t h a t  i n  t h e  e a s e  k = + m, 

w e  m a y  w r i t e  T 2  * P e x p p  because  T 2  b e l o n g s  a l s o  to ( e x p , ,  ( E I  I I .  

PROOF. For k > 1 w e  have T I J T z  also i n  ( E x p k  ( E ) ) ' .  Hence by 

4 . 9  w e  have F T l  = h * F T 2  w i t h  h E E x p k ' ( E ' ) .  S i n c e  F T l  and F T 2  

are of t y p e  z e r o  w e  g e t  t h a t  h E E x p o  ( E ' ) ,  by 4.5.  Fo r  k = 1,  w e  

have F T 1  and F T 2  i n  E x p O ( E ' I  and,  e x a c t l y  as i n  t h e  proof of 4.9 

t h e r e  is  h E X ( E ' I  such  t h a t  F T l  = h * F T 2 .  By 4 . 7  it fo l lows  t h a t  

m 

fl, 0 

k '  

m 

h E E X ~ ~ ( E ' I .  
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4 .11 .  THEOREM. (1) For k E [ l,+m] and A E ( O , +  m) i f  T1,T2 E 

fExpk  ( E l )  ' a r e  s u c h  t h a t  T 2  # 0 i s  of t y p e  z e r o  and T1 (P e x p p )  

= 0 whenever  T 2  * P e x p p  = 0 w i t h  p E l ,  P E P N ( n E I ,  n E JV, t h e n  

FTl i s  d i v i s i b l e  by  FT2 w i t h  t h e  q u o t i e n t  b e i n g  an  e l e m e n t  of 

N ,  A 

( 2 )  For k E [ l , + m l  and B E l o , +  m l  i f  T I  and T 2  a r e  

e l e m e n t s  of ( E X ~ , , ~ , ~ ( E ) I  ' such  t h a t  T 2  # 0 i s  of t y p e  z e r o  and 

Tl(P e x p p )  = 0 whenever  T 2  * P e x p 9  = 0 w i t h  Ip E E l ,  P E P , ( n E ) ,  

n E W ,  t h e n  FT1 is d i v i s i b l e  b y  FT2 w i t h  t h e  q u o t i e n t  b e i n g  an  

k 

T 2  W e  remark t h a t  w e  may w r i t e  T 2 * P e x p p  because i n  any case 

i s  an element  of 

PROOF. (1) For  k > 1 w e  also have t h a t  T l J T 2  E (Expk  ( E ) ) '  and 

by 4 .9  t h e r e  i s  S i n c e  FT2 

i s  of t y p e  0 and FT1 i s  of t y p e  less t h a n  o r  e q u a l  t o  ( X l k I A l - ' ,  

w e  g e t  h E ~ X p k '  ( E ' I  by 4.5. 

I E X ~ ~ , ~ ( E ) I  1. 

N, 0 
h E E x : p k ' ( E ' )  such t h a t  FTl = h * FT2. 

0, (A ( k ) A ) - '  
co 

If  k = I ,  w e  have FT1,FT2 E Exp ( E l )  = Xb(BA(OII. B y r e a -  
0 ,A-1  

s o n i n g  as w e  have done i n  t h e  proof  of 4.9 w e  u s e  4.8 t o  prove t h a t  

t h e r e  i s  h E X ( B A ( 0 ) l  such t h a t  FT1 = FT2 * h .  S i n c e  FT2 E M b ( E r )  

w e  use 4 . 1  t o  prove t h a t  h E X b ( B A ( O I I  = Exp ( E l ) .  
m 

O,A 

( 2 )  For  k > 1 w e  a l s o  have t h a t  T1,T2 E (Expk  ( E l )  '. By 

4.9  t h e r e  i s  S i n c e  FT2 i s  

of t y p e  0 and FT1 is  of t y p e  s t r i c t l y  less than  (A(k1Bl-I w e  have 

h 

N ,  0 

h E E x p k r  ( B ' I  such t h a t  

of  t y p e  s t r i c t l y  less t h a t  IA(k lB l - '  by 4.5. 

FTl = h - FT2 . 

I f  k = 1 w e  have FTIJ FT2 E Exp ( E  ' I = X b  I T ) .  Hence t h e r e  

is C > B such t h a t  FTlJFT2 E X b ( B c ( 0 ) )  ( i n  f a c t  w e  have FT2 E 

X b ( E I I  s i n c e  T 2  i s  of t y p e  z e r o ) .  Hence, as i n  t h e  proof of t h e  

f i r s t  p a r t  w e  g e t  h E X b ( B C ( O I I  such t h a t  FTl 1 h FT2. 

B-1  
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5. EXISTENCE AND APPROXIMATION THEOREMS FOR CONVOLUTION EQUATIONS 

Now w e  a r e  ready t o  use  the  previous r e s u l t s  i n  order  t o  prove 

theorems about t h e  approximation and ex i s t ence  of so lu t ions  of con- 

vo lu t ion  equat ions.  

k 
5.1. THEOREM. (1) If k E [ i, + m l  and 0 E A. t h e n  t h e  vector sub- 

s p a c e  o f  Expk (E l  g e n e r a t e d  by t h e  e x p o n e n t i a l  p o l y n o m i a l  solut ions 

of t h e  homogeneous e q u a t i o n  0 0 ( i . e . ,  g e n e r a t e d  by  
N , O  

E = Cpexplp;  P E P ~ ( ~ E ) ,  lp E E ' ,  n E jiv, ( ~ e x p p l  = 01 

is d e n s e  i n  t h e  c l o s e d  subspace  o f  a l l  s o l u t i o n s  o f  t h e  homogeneous 

e q u a t i o n  ( f . e . ,  d e n s e  i n  

( 2 )  If k E [ I , +  = ]  and 0 E A k  t h e n  t h e  v e c t o r  subspace  
of ExpN(El  k g e n e r a t e d  by 

i s  d e n s e  i n  

PROOF. (1) If 0 E 0 t h e  r e s u l t  fol lows from 2 . 3 .  Now w e  assume 

0 # 0. By 3.13 t h e r e  is T E ( E r p k  ( E l  I ' such t h a t  0 = T*. Now, i f  
N ,  0 

X E (Ex:pk ( E ) ) '  i s  such t h a t  X l d :  = 0, then by 4.9 t h e r e  i s  h E 

E x p k '  ( E  ' I  such t h a t  FX = h FT. But h = FS f o r  some S E (ExpNJO(El)' 

by 2 .8 .  Since FX = FS - F T  = F(S * T )  by 3.14, w e  have X = S *T. I t  

follows t h a t  X * f = S * ( T  * f )  = 0 f o r  f E K. Hence X t f l  = (X*f)(O) 

= 0 f o r  f E K.  Thus by t h e  Hahn-Banach Theorem E is dense i n  K .  

N, 0 
k 

( 2 )  If 0 0 t h e  r e s u l t  fol lows from 2.3. N m  we assume 0 # 0. 

I f  T E ( E x p N ( E ) ) '  such t h a t  0 = T*. If k =  + m ,  

s i n c e  every element of (Exp  ( E l l '  i s  of type zero,  it follows from 

3.22 t h a t  t h e r e  is  an element T E ( E ~ p 1 f E ) l '  such t h a t  0 = T*.Now 

if X E f E x p m f E ) l  ' i s  such t h a t  X l E  = 0, then by 4 . 1 0  t h e r e  i s  h E 

k k # m ,  by 3.13 w e  g e t  
m 

N 

k 

E x p i ? E ' l  such t h a t  FX = h * F T .  By 2 .8  t h e r e  i s  S i n  ( E x p N ( E ) l ' s u c h  k 
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t h a t  h = FS. For  k # + 03 from 3.14 w e  g e t  X = S * T .  Thus as above 

i n  p a r t  (1) w e  g e t  X I K  = 0 and ,  by t h e  Hahn-Banach Theorem, wehave 

a: dense  i n  K .  For  k = + a, from 3.23 w e  have X = S *T. Thus as 

above i n  p a r t  (1) w e  g e t  XIK = 0.  Thus,  as u s u a l ,  w e  g e t  t h a t  .L i s  

dense  i n  K by t h e  Hahn-Banach Theorem. 

5.2.  THEOREM. (1) If k E [ l , + w I ,  A E (O,+ mi and 0 E A k  is of 

t y p e  z e r o ,  t h e n  t h e  v e c t o r  subspace  of 
O,A 

(E l  g e n e r a t e d  b y  E x P ~ ,  O , A  

is dense  in 

k 

t h e n  t h e  v e c t o r  subspace  o f  E z p k  ( E )  g e n e r a t e d  by 

n 

( 2 )  If k E [ I , + m ] ,  B E (O,+ m l  and 0 E A, is o f  t y p e  zero, 

N ,  B 

E = { P e x p q ;  P E P,( E ) ,  p E E ' ,  n E LV, O ( P e x p p )  = 0) 

is dense  i n  

k K = {f E E x ~ ~ , ~ ( E ) ;  Of = 01. 

PROOF. (1) I f  0 = 0 t h e  r e s u l t  f o l l o w s  from 2.3. W e  assume 0 # 0 .  

( E l )  I ,  T of t y p e  z e r o ,  such  t h a t  0 = By 3.22 t h e r e  i s  T E (Exp  

T * .  Now i f  X i n  (Exp  ( E ) )  ' i s  such  t h a t  Xld: = 0 i t  f o l l o w s  

( E ' )  such  t h a t  F X  = h  * FT. from 4 . 1 1  t h a t  t h e r e  i s  h i n  Exp 

Thus, by 2.8,  h = FS f o r  some S i n  (Expk  ( E ) ) ' .  Now from 3.23 

w e  g e t  X = S * T  and ,  f o r  f i n  K ,  w e  g e t  X i f )  = S(T * f) = S ( 0 f )  

= S ( 0 )  = 0. Hence X l K  = 0 and d: i s  d e n s e  i n  K by t h e  Hahn-Banach 

Theorem. 

N ,  0, A 

N ,  O,A 
k '  

(A ( k )  A)-' 

N ,  O , A  

( 2 )  I f  0 = 0 t h e  r e s u l t  f o l l o w s  from 2.3. W e  assume 0 # 0 .  

By 3.22 t h e r e  is T i n  ( E q k  ( E l )  ' of t y p e  z e r o  such  t h a t  0 =T*.If 

X E (Ercpk  ( E ) ) '  is such t h a t  X l d :  = 0, w e  get  from 4 . 1 1  t h a t  t h e r e  

( E l )  such  t h a t  F X  = h * FT. NOW, from 2.8, i s  h i n  E x p  

N ,  B 

N ,  B 
k '  

0, ( A  ( k )  E) - '  
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there is S in (Expk  ( E l l  such that F S  = h .  As i n  the f i r s t  part 

we prove that if f E K then X l f l  = 0 .  Hence d: i s  dense i n  K .  
N ,  B 

0 E A. k t h e n  i t s  t r a n s p o s e d  5 . 3 .  THEOREM. (1) For  k [ i f  

mapping 

i s  such  t h a t  

(a) tO(Expk ( E ) ) '  i s  t h e  o r t h o g o n a l  of  k e r o  i n  ( E q k  fl, 0 ( E ) ) ' .  

(b) tO(Expk ( E l l '  i s  c l o s e d   OF the  weaq topology i n  ( E q k  N ,  0 (E l ) '  

N ,  0 

N ,  0 
k d e f i n e d  by  ExpN,  ( E ) .  

k 
( 2 )  F o r  k E [ l , + m l ,  if 0 E A , 0 # 0 ,  t h e n  i t s  t r a n s p o s e d  

mapping 

k k 
: ( E x p N f E / I '  W ( E x p N ( E I ) '  

i s  s u c h  t h a t  

(a) 

(b) t O ( E x p N i E ) l '  i s  c l o s e d  f o r  t h e  weak topoZogy  d e f i n e d  b y  

k k 
t O ( E x p f l ( E I l  ' i s  t h e  o r t h o g o n a l  of k e r  0 i n  ( E ~ p ~ ( E l l  I .  

k 

k k 
ExpN(El  i n  ( E z p N ( E I I ' .  

k ( 3 )  For k E [ I , +  m) and A E t o , +  m ) ,  i f  0 E A O , A  is of type 

z e r o  and 0 # 0, t h e n  i t s  t r a n s p o s e d  mapping i s  such  t h a t  

( E l ) '  i s  t h e  o r t h o g o n a l  of kerC i n  ( E q k  (El)'. 

( E l l  ' i s  c l o s e d  f o r  t h e  weak t o p o l o g y  d e f i n e  

N ,  O,A N ,  0,A 

N ,  O,A 

(a) ( ~ x p  

(b) 1 Exp 

( E l l  I .  
N ,  O,A 

b y  E x p N , O , A  ( E )  i n  ( ~ x p  

(4) F o r  k E [ I , + - ]  and B E  ( O , +  m), i f  0 E A: i s  o f  t y p e  

z e r o  and 0 # 0 ,  t h e n  i t s  t r a n s p o s e d  mapping i s  such  t h a t  

(a) tO(ExpN,B(EI I  k ' i s  t h e  o r t h o g o n a l  o f  k e r O  i n  ( E ~ ~ , ~ ( E ) I  1. 

(b) tO(Expk ( E l l  ' is c l o s e d  f o r  t h e  weak t o p o l o g y  d e f i n e d  b y  
N ,  B 
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PROOF. I n  any case  t h e r e  i s  T i n  t h e  domain of such t h a t  0 = 
T * .  ( I t  fol lows from 3.13 and 3.22). Now f o r  each X i n  t h e  image of 

t 0  w e  have X = 0s f o r  some S i n  t h e  domain of Hence X ( f l  

= ( t U S l ( f l  = S i O f l  = 0 f o r  every f i n  k e r 0 .  Thus t h e  image of 

i s  contained i n  ( k e r  0)'. Conversely f o r  X E ( k e r  0)' it fo l -  

lows t h a t  X = S * T f o r  some S i n  t h e  domain of ( t h i s  is proved 

as i n  the  proofs  of 5.1 and 5 .2 ) .  Now, f o r  f i n  t h e  domain of 0 w e  
g e t  X t f l  = S ( T  * f l  = S ( 0 f l  = C t O S l ( f l ,  so t h a t  X = 0s. Thus w e  

have ( k e r 0 ) '  C image of Fu r the r ,  s i n c e  

t 

t 

( k e r  0)' = I T  E domain o f  T ( f l  = 0 V f E k e r  0 )  

w e  a l s o  have t h a t  ( k e r o l  i s  c losed  i n  t h e  weak topology. 

0 # o and 0 E .Ao, k t h e n  5 . 4 .  THEOREM. (1) For k E [ 2 , + m 1 ,  if 

O ( E x p k  ( E l )  = E z p k  ( E l .  
N ,  0 N, 0 

0 # 0 and 0 E A k , t h e n  0 i s  a ( 2 )  For k E [ 2 , + m l ,  i f  

s u r j e c t i o n  . 

k ( 3 )  F o r  k E [ Z , + m ]  and A E l o , +  m l ,  if 0 # 0 ,  0 E A O , A  is 

k 
( E l l  = Exp N ,  0, A 

of t y p e  z e r o ,  t h e n  0 ( E x p  
N, O,A 

k 
(4) F o r  k E [ 1 , +  m ]  and B E ( 0 , + m l ,  if 0 # 0, 0 E A, is 

of t y p e  z e r o  t h e n  O ( E x p k  ( E I )  = E x p k  ( E l .  
N ,  B N ,  B 

PROOF. W e  j u s t  recal l  t h e  Dieudonn&Schwartz Theorem: I f  E and F 

are e i t h e r  Frgchet  spaces  o r  DF-spaces and u : E + F i s  a l i n e a r  

continuous mapping, then t h e  fol lowing a r e  equiva len t :  

(a) u ( E l  = F 

(b) tu : F '  + E '  i s  i n j e c t i v e  and t u l F ' l  is  c losed  f o r  t he  

weak topology of E '  def ined  by E .  
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Since our spaces are either Frgchet spaces or DF-spaces (by2.2) 

and since 5.3 holds true we just need to show that is injective 

in each case. Since 0 = T* for some T in the domain of (by3.13 

and 3.22) , we have tOS = S * T for every S in the domain of 

tOS = 0 for some t 

S in the domain of we have 0 = F ( S  * T )  = F S  * FT (by 3.14 and 

3.22). Since T # 0, FT # 0 and FS = 0. Hence S = 0 and 0 is an 
injection. 

O (  ( tOS) (f) = Stof! = S ( T  * f) = ( S  * T l f l .  NOW, if 

t 

5.5. EXAMPLES. In order to complete this exposition wegive examples 

of convolution operators of type zero. 

(1) We consider H~ E ( P ~ ( ~ E ) ) ~  for n in W .  

(a) If k E [ I , +  and A E [ O , +  m) we define 

i * )  

(b) If k E [ 1,+ m) and A E 

Expk ( E l  and x in E. We get O m  E 
N, A 

m 

EXPN 

know 

use 

Then O m  E A,,, is of type zero. 

O , + m ]  we use ( * )  for f in 

A A ~  of type zero. 
(c) For k = + m and A E [ O  + m) we use ( * )  for f in 

O m  E AO,A of type zero. 
O,A 

(d) For k = + w and A E l o , +  - 1 ,  if f is in E X ~ ; ~ ~ , ~ ~ ( E I  we 

that there is 0 < p < A such that f E (E). Then we 

* )  to define Urn E A; 

m 
(El and x in E, IIxll < A- ' .  We get 

m 

m 

f 

O m ( f l  for x in E, IIxII < ( p f ) - ' .  We get 

of type zero. 

(2) We consider H n  in (PN(nEIIr for n in lN and we sup- 

pose that 
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where f is in 

type zero. 

(b) For 

where f is in 

of type zero. 

( E l  and z is in E. We have 0 E A t , A  of ExpN, 0 , A  

k = + m and A E [ 0,+ m i  

Other examples may be given by stating convenient conditions wer 

IIHnII as n varies in D .  
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0. INTRODUCTION 

Hormander [ 3 1, [ 4 ] proved that linear partial differential op- 

erators (LPDOs) P = P ( D )  with constant c o e f f i c i e n t s a r e s u r j e c t i v e  in 

D ' ( R )  if and only if the open set R C lRn is strongly P -convex. 

This property means that for each compact set K C R there is acCm- 

pact set K' C R such that the formal adjoint differential operator 

P' = P f -  D l  fulfills the following Froperties: 

( 0 . 2 )  v u  E E ' ( R J  ( s i n g  supp P ' u  C K * s i n g  s u p p  u C K'). 

The condition (0.1) is a preserving property for the support and 

states the P-convexity on R. The s i n g u Z a r i t y  c o n d i t i o n  (0 .2 )  is a 

preserving property for the singular support. This property naturally 

cannot be formulated within the smooth space V I R ) .  In the proof of 

his surjectivity theorem, Hormander makes essential use of the fact 

that VlR) is a strict inductive limit of Frgchet-Schwartz spaces. 

S4owikowski [161 established an abstract analog of Hormander's 

surjectivity theorem. He considered continuous linear operators 1 : X  

+ Y in LF-spaces and stated a characterization of the surjectivity 

of the adjoint T'. A disadvantage of his theorem is that his s i n g u -  

Z a r i t y  c o n d i t i o n ,  i.e. the abstract analog of the preserving property 

(0 .21,  is rather complicated since it has to be fulfilled for (un- 

countable) bases of continuous seminorms onthe LF-spaces under study. 

In a more general context, Palamodov [ 9 ]  initiated a homologi- 

cal characterization of the surjectivity of linear operators. A s  an 

application of his theory, he redemonstrated Hormander's surjectivity 

theorem, but only by a rather comprehensive additional argumenta- 

tion. 
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Based on Palamodov's homological r e s u l t s  i n  [ 9 I , Retah 1141 

proved a f u n c t i o n a l  a n a l y t i c  c h a r a c t e r i z a t i o n  of subspaces of LF-spaces 

t o  be wel l - loca ted .  I n  [12] Ptsk  and Retah used t h i s  c h a r a c t e r i z a t i o n  

t o  improve S3owikowski's s u r j e c t i v i t y  theorem concerning t h e  a d j o i n t s  

of continuous l i n e a r  ope ra to r s  i n  LF-spaces. Indeed, t h e i r  s i n g u -  

Z a r i t y  c o n d i t i o n  i s ,  t o  some e x t e n t ,  e a s i e r  than  t h a t  of Ssowikowski 

because it c o n s i s t s  of a requirement f o r  on ly  one continuousseminorm 

on X and Y ,  r e s p e c t i v e l y .  However, it seems t o  us  t o  be less ap- 

p r o p r i a t e  f o r  a p p l i c a t i o n s  t o  LPDOs s i n c e  it is an inc lus ion  rela- 

t i o n s h i p  of some a r t i f i c i a l  a u x i l i a r y  ope ra to r s .  The r e s u l t s  of [12] 

are p a r t i a l l y  demonstrated i n  [ 131 . 
I n  t h i s  paper w e  a r e  concerned wi th  cont inuous l i n e a r  ope ra to r s  

i n  LF-spaces and w e  s t a t e  s u f f i c i e n t  c o n d i t i o n s  which a s s u r e  t h a t t h e  

a d j o i n t s  a r e  normalZy s o Z v a b l e .  When i n  p a r t i c u l a r  t h e  ope ra to r s  i n  

the  LF-spaces are  i n j e c t i v e  , our  condi t ions  guarantee  t h e  surjectivity 

of t he  a d j o i n t s .  Thus our  s ta tements  on normal s o l v a b i l i t y  are gen- 

e r a l i z a t i o n s  and improvements of t h e  above quoted s u r j e c t i v i t y  theo-  

rems of Ssowikowski, P tsk  and Retah. Our s i n g u l a r i t y  c o n d i t i o n  i s  

s i m i l a r  t o  t h a t  of Saowikowski, t h e r e f o r e  more appropr i a t e  f o r  ap- 

p l i c a t i o n s  than  t h a t  of P t sk  and Retah, bu t  i n  add i t ion  it i s  easier 

than t h a t  of Saowikowski, because it i s  a requirement  f o r  only one 

continuous seminorm on X and Y r e s p e c t i v e l y .  The proofs  of our  re- 

s u l t s  a r e  pureZy  f u n c t i o n a l  a n a l y t i c  and do n o t  make use of any ho- 

mological methods; c f .  a l s o  [ 8 ] . 
W e  apply our  a b s t r a c t  r e s u l t s  on o p e r a t o r s  i n  LF-spaces toLPECs 

P having v a r i a b l e  c o e f f i c i e n t s  and a c t i n g  i n  D'(Q). W e  set X = Y = 

V(R), T = P' and o b t a i n  s u f f i c i e n t  cond i t ions  which a s s u r e  t h a t  t h e  

LPDOs under s tudy  are normally so lvab le  o r  even s u r j e c t i v e .  These 

condi t ions  c o n s i s t  of openness p r o p e r t i e s ,  i .e. a p r i o r i  estimates,  

t he  V'-P-convexity cond i t ion  

and a s i n g u l a r i t y  cond i t ion  of t h e  form 
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H e r e  ( a n ) ;  is a cove r ing  of R by nonempty open r e l a t i v e l y  compact 

s u b s e t s  of R w i t h  fin C f i n + I J  P '  i s  t h e  a d j o i n t  o p e r a t o r  of  P w i t h  

r e s p e c t  t o  t h e  d u a l  p a i r  ( V  (a), Cz(R)), Pi i s  t h e  r e s t r i c t i o n  of P '  

d e f i n e d  by t h e  graph 

- 

- 
and Pi i s  t h e  c l o s u r e  of Pi i n  L z ( a , i  x L Z i E l i .  

I f  P i s  a n  LPDO w i t h  c o n s t a n t  c o e f f i c i e n t s ,  t'ne propert ies  (0.31, 

( 0 . 4 )  a r e  e q u i v a l e n t  t o  t h e  "convex i ty"  c o n d i t i o n s  ( 0 . 1 )  and ( 0 . 2 )  

r e s p e c t i v e l y  so t h a t  i n  t h i s  c a s e  ou r  r e s u l t s  l e a d  t o  Hormander's 

s u r j e c t i v i t y  theorem. For  LPDOs w i t h  v a r i a b l e  c o e f f i c i e n t s  we s t a t e  

s u f f i c i e n t  c o n d i t i o n s  of geomet r i c  t y p e  f o r  t h e  9 ' -  P-convex i ty  and 

t h e  " s i n g u l a r  P-convexi ty" ,  c f .  a l s o  [ 6 I , [ 1 6 1 ,  [ 171 . I n  p a r t i c u l a r  

e l l i p t i c  LPDOs, t h e  P l i g  o p e r a t o r  [ 101 , and t h e  v e r y  e a s y ,  b u t  never- 

t h e  l e  s s i n t e r e s t i n g  " r o t  a t  i on " - o p e r a  tor  

a p = x  - -  a x -  z a x l  I axc, 

a r e  t r e a t e d .  

1. PRELIMINARIES 

I f  ( E , a )  i s  a l o c a l l y  convex s p a c e ,  i t s  topo logy  i s  d e f i n e d  by 

f a m i l i e s  of  con t inuous  seminorms which w e  c a l l  b a s e s  f o r  t h e t o -  

pology a .  I'g d e n o t e s  t h e  system of a l l  con t inuous  seminorms on 

(E,aJ. For p E r n  w e  se t  K := { x  E E : p ( x )  5 1 3  and c a l l  it t h e  

c l o s e d  p - u n i t  b a l l  i n  E .  I f  M i s  a subspace of  E and p E F a ,  w e  

d e f i n e  a con t inuous  seminorm dist Ix,M) on ( E , a )  by 
P 

ra 

P 

E prov ided  w i t h  t h e  set  of  a l l  t h e s e  seminorms, b r i e f l y  

( E , d i s t r  ( , M ) ) ,  
a 

i s  a l o c a l l y  convex s p a c e  which is  non-separated i f  M # {O}.The se t  
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is a basis for the neighborhoods of 0 in ( E , d i s t r  ( ,MI). 
a 

Let I be an arbitrary nonvoid set. The locally convex space 

( E , a )  is the inductive limit of the locally convex spaces (Ei,ail for 

i E I, briefly 

iff 

(1.2) E = span  U Ei 

and a is the finest locally convex topology on E such that the in- 

duced topology aE . := a I Ei for all i € I, cf. 

e.g. [ 5 1 , p. 157 ff. 

i € I  

is coarser than a 
2 

i 

If, for i E I, (Ei,ail  are locally convex spaces and the vec- 

tor space E is given by (1.2) then there is a locally convex t op lo -  

gy a on E such that (E,aI is the inductive limit of the spaces 

( E i , a i ) .  

(1.3) I f  (E ,a )  = Z$n(E i ,a i ) ,  ( F , B )  is an a r b i t r a r y  l o c a l l y  convex  

space  and T : E -+ F i s  a l i n e a r  mapping on E ,  t h e n  T i s  (a,B)-con- 

t i n u o u s  i f f   TI^^ i s  ( a i , $ ) - c o n t i n u o u s  for each  i E I .  

The inductive limit ( E , a )  = Z$n(Ei ,a i )  is said to be strict iff 

and = a  or a n+l I F n  = an for all n E n. I = m, 

The strict inductive limit is called an LF-space if tnespaces (E ,an)  

are Frgchet spaces. 

En En+l a ~ n  n 

n 

If I = ( 1 , 2 }  we use the notations 

and state 

(1.4) The s e t  { E l K  + K : ( p l , p 2 1  ral r a 2 ,  E > 0 1  i s  a 

b a s i s  o f  t h e  ne ighborhoods  o f  0 f o r  t h e  i n d u c t i v e  L i m i t  t o p o l o g y  

a1 A a 2  on E l  + E 2 .  

P l  p 2  

The space ( E I J a l I  A f E 2 , a  I is isomorphic to a quotient s?ace of 

the topological product ( E I , a l )  x ( E 2 , a 2 ) ,  cf. e.g. [ 5 1  , p. 174, 
2 
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whence w e  conclude:  

(1.5) I f  ( E I , a l l ,  (E2 ,a21  a r e  F r g c h e t  s p a c e s  and the topology El A a2 

i s  s e p a r a t e d  t h e n  ( E I J a I I  ( E 2 , u  ) i s  a F r g c h e t  space  t o o .  2 

T h e  f o l l o w i n g  fo rmula ,  t h e  proof  of which i s  immediate,  w i l l  be  

a p p l i e d  s e v e r a l  t i m e s :  L e t  E be a v e c t o r  s p a c e ,  fu r the rmore  A , B ,  C 

C E ,  A C C and C a v e c t o r  space .  Then 

(1.6) ( A  + B I  n c = A + ( B  n C I .  

I n  t h e  f o l l o w i n g  (E,aI , (F, 6 )  are l o c a l l y  convex s p a c e s  and S : E 

+ F i s  a l i n e a r  r e l a t i o n .  W e  d e n o t e  i t s  domain by D ( S ) ,  i t s  graph 

by G l S ) ,  i ts  range  by R ( S I  and i t s  n u l l s p a c e  o r  k e r n e l  by N ( S ) .  

The a d j o i n t  l i n e a r  r e l a t i o n  5'' : F' + E '  i s  d e f i n e d  by G ( S ' )  = 
1 ( E x F , F ' x E ' )  

I f  A ,  B C E and B + N(S) = B t h e n  obv ious ly  

G ( - S I  

L e t  ru and r g  be b a s e s  on ( E , u )  o r  ( F , B )  r e s p e c t i v e l y .  S i s  

c a l l e d  open i f f  f o r  each p E t h e r e  is  a q E r g  and P > 0 such  

t h a t  
U 

- - 
The c l o s e d  l i n e a r  r e l a t i o n  S : E + F i s  d e f i n e d  by G ( S ) : =  G(S1 and 

is c a l l e d  t h e  c l o s u r e  of S. From [ 6 1 (1.11)' (1.121, ( 2 . 1 )  and (2.61, 

u s i n g  S '  = S', w e  deduce: 
- 

- 
(1.9) If S i s  o p e n  t h e n  S i s  open  and N(sI = N ( S 7 .  

For  A C E t h e  i n c l u s i o n  

h o l d s ,  t h e  proof  of which i s  immediate.  F i n a l l y ,  w e  assert  

(1.11) L e t  a1 b e  a ZocaZly c o n v e x  t o p o l o g y  on E u i t h  a l  C u. Let 

S d e n o t e  t h e  al x f3-closure of S .  Assume t h a t  S is (uI,BI-open and 
- 
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x ro  : p l  5 p } .  For each ( p , p l )  E r PROOF. L e t  r = { ( p , p , )  E rz 
"1 

t h e r e  is  some q E I'g such  t h a t  

R ( S I  n K~ c S ( K  ), ~ ( 3 )  n x c S ( K  1. 
P l  4 P 

Using ( 1 . 9 )  and t h e  formulas  ( 1 . 7 )  and ( 1 . 1 0 )  w e  conclude 

This  proves (1.11) because of ( 1 . 4 )  s i n c e  r i s  basis f o r  t h e  to-  

pology " x . 

2.  NORMAL SOLVABILITY I N  DUALS OF LF-SPACES 

Throughout t h i s  s e c t i o n  w e  assume t h a t  (X, T )  = Z i m ( X n ,  T n )  and 

(Y,al = Zirn(Yn,an) are LF-spaces and t h a t  T E L ( X , Y ) ,  i . e .  t h a t  T 

i s  a cont inuous l i n e a r  o p e r a t o r  on X t o  Y w i t h  D(T) = X .  W e  define 

. (X T . )  -, ( Y n , a n l  by t h e  r e s t r i c t i o n s  T 

-+ 

i' 3 i , n  * 

G(Ti ,n I /  := G ( T )  n (Xi  x U,). 

i s  a c l o s e d  l i n e a r  o p e r a t o r  from X t o  Y n  w i t h  i T i, n 

9 .  ( A )  = T I A .  n x.) n y n  
J > n  3 

(2.1) 

f o r  a r b i t r a r y  A C X. For A = X t h i s  formula y i e l d s  

(2.1') R ( T $ , , )  = ~ ( x . 1  n Y . 
3 
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( 2 . 2 )  LEMMA. R(T) is s e q u e n t i a l l y  c l o s e d  iff t h e  f o l l o w i n g  proper- 

t i e s  are f u l f i l l e d :  

m 
PROOF. Suppose t h a t  ( 2 . 3 )  and ( 2 . 4 )  a r e  f u l f i l l e d .  L e t  ( y w ) o  be a 

sequence i n  R ( T )  converging t o  a y E Y .  W e  have t o  show t h a t  y E 

R ( l ' l .  Since {y, : v E lN) i s  bounded i n  (Y,o) t h e r e  is  an n E fl 

such t h a t  { y v  : w E nV} C Y n ,  c f .  [ 51, p. 1 6 1 .  By ( 2 . 4 )  w e  choose 

some j 3 n R ( T )  n Y n  C TIX.). According t o  ( 2 . 3 )  w e  can 

f i n d  a k 2 j such t h a t  T i s  ( ~ ~ , a ~ l - o p e n .  R ( T k  .I i s  c losed ,  

c f .  [ 6 ] , ( 3 . 1 )  ( B ) .  W e  conclude 

such t h a t  
3 

k,J- 33 

which y i e l d s  y E R ( T  ) C R I T ) .  
k ,  i 

Conversely,  l e t  R ( T )  be sequen t i a l ly  c losed .  Fix an n E W .  Since 

t h e r e  i s  a j 2 n such t h a t  TIX.) n Y n  i s  a non meagre subspace 

of t he  Fr6chet  space I R ( T I  n Y n , o n l  from which t h e  e q u a l i t y  
3 

R ( T )  n y n  = TIX.) n y n  " n  
3 

( 2 . 5 )  

fo l lows .  

Now w e  going t o  show t h a t  ( T ( X . I  n Yn ,un l  i s  ba r re l l ed :  L e t  B be 
- 3  - 

a b a r r e l  i n  I T ( X . 1  n Y n , u n ) .  By B w e  denote  t h e  c losu re  B a n ,  by 

t h e  i n t e r i o r  of B i n  ( R ( T 1  n Y, ,an) .  Since B i s  absorbing 

3 

T ( X . 1  n Y n  = U mB. 
rnE fl 3 

0 - 
B i s  nonempty because T(X .) n Y n  i s  non meagre i n  ( R ( T )  n Y n , u n l .  

With B a l s o  i s  abso lu te ly  convex which y i e l d s  0 E i . e .  B is  

a neighborhood of 0 .  A s  B i s  c losed  i n  ( T ( X . I  n Y n , o n )  t h e  equa- 

t i o n  

0 0 - 
3 

3 
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holds which shows that B is a neighborhood of 0 in ( T ( X . 1  n Y n , a , l .  
J 

Because of (2.1') 

is surjective and thus open by Pt6k's open mapping theorem, cf. e.g. 

[ 6  I ,  (3.1) ( B ) .  Applying [ 6 ] ,  (3.1) (B)  to the mapping T i , n  : ( X ~ , T ~ J  

* (Yn ,un l  we conclude that R I T j , n )  is on-closed. Hence, by (2.5) an3 

(2.1') I 

In the following we assume in addition that there are Banach spaces 

( B I , q )  and ( B 2 , r )  such that the canonical injections 

- 
are continuous. ( B Z J r )  is supposed to be reflexive. T denotes the 

closure of T k , k  in the product space ( X k , q )  x ( [ Y z , r )  ( Y k J u k l )  

where X ; f ,  is the closure of x k  in f B 1 , q )  and Pz the closure of 

Y n  in I B 2 , r ) ,  We set qo := q l x  and ro : = P l y  . 

k ,  
--4 

- 

( 2 . 6 )  THEOREM. Assume t h a t  t h e  f o l l o w i n g  p r o p e r t i e s  a r e  f u l f i l l e d :  

The foregoing theorem is a generalization of S*owikowski's sur- 

jectivity statement published in [16]. In S3owikowski's paper l' has 
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to be injective; the conditions B, (iii) and B, (iv) have tobeful- 

filled for systems of norms q,  and T, forming bases on ( X , T )  or 

( Y , o l  respectively. These assumptions are obviously stronger than 

ours, they imply the sequential closedness of R(T), i.e. the condi- 

tions B, (i) and B, (ii), cf. lemma ( 2 . 2 ) .  

In [12], Ptsk and Retah also obtained a surjectivity theorem. 

They require a different reflexivity property which, to some extent, 

is stronger than that in the foregoing theorem. In their paper B, 

(iii) is fulfilled a priori since they set q ,  : = r o T ;  q, is a 

norm because N(T/ = {Ol. Their singularity condition seems to be a 

bit artificial as we have already mentioned in the introduction. 

PROOF OF THEOREM (2.6) . We fix an n E W .  According to B, (iv) and 

A we choose j, n and j 2  2 j, such that 

Because D(T1 = X we have X = T - ' ( Y )  and therefore 

x = u T -1 (Y.) n x 
j 2  j 2 j 2  3 j 2  

By Baire's theorem there is a j 2 j, such that 

This leads to 

X C T-'(Y.l 
3 

( 2 . 9 )  
j 2  

since T is (~,~)-continuous and Y is closed in ( Y , o l .  
j 

We fix a k 2 j. According to B, (ii) and B, (iii) there are k > 
1 -  

k and k 2  2 k l  such that 

From (2 .lo), (2.1) and X k 2  3 X k l  we deduce that 
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( 2 . 1 2 )  R ( T I  n Y k  = R ( T k 2 , k I .  

Accord ing  t o  ( 2 . 1 1 )  

w i t h  a s u i t a b l e  y 0 .  I n t e r s e c t i n g  b o t h  s i d e s  by Y k  w e  o b t a i n  

R ( T k 2 , k )  Kro Y T k 2 J k  (K q ,  I 

w i t h  t h e  a i d  of ( 2 . 1 ) .  Hence T 

t h e r e f o r e  a l s o  t h e  mapping T 

t h e  i n j e c t i o n  ( y r  r) A ( U k , 5 k )  --f (?E,r) i s  c o n t i n u o u s .  

t h a t  

( X k 2 , q , )  + ( Y k , r o )  i s  open  and 

. ( B 1 , q )  --f (?&r), Accordirg to (1.3) 

W e  c o n c l u d e  

k 2 , k  ’ 

k 2 , k  ‘ 

n’ 

- 
L e t  T be  t h e  c l o s u r e  of T w i t h  r e s p e c t  t o  t h e  do- 

k 2 , k , n  k 2 ,  k 

main s p a c e  ( B 1 , q l  and t h e  r a n g e  s p a c e  (Y:,r) A ( U k , u k ) .  By ( 2 . 1 3 )  and 

( 1 . 9 )  t h e  r e l a t i o n  

and 

I = N ( T  j q  N(’T2, k , n  k 2 ,  k 
(2 .15 )  

S i n c e  t h e  i n j e c t i o n  ( L r , r l  A ( Y k , a k )  + ( B 2 , r )  i s  c o n t i n u o u s  (Fr r) A 

( Y k , 5 k )  i s  s e p a r a t e d  and t h u s  a F r g c h e t  s p a c e  by  ( 1 . 5 ) .  The c l o s e d  

r ange  theorem fo r  c l o s e d  l i n e a r  r e l a t i o n s ,  c f .  e .g .  [ 6 1, ( 3 . 1 )  ( B )  , 
y i e l d s  t h a t  t h e  r a n g e  

n n’ 

- 
(2 .16 )  ‘ ( “ k , ,  k ,  n I i s  c l o s e d .  

The i n c l u s i o n  C ( T k 2 , k )  c G ( T k  ), t h e  c o n t i n u i t y  of the i n -  

and t h e  q - c l o s e d n e s s  

2’ 
-r j e c t i o n  

of Xz i n  ( B I J q I  l e a d  t o  

( y n , ~ i  A ( Y k ’ 5 k )  + ( Y i , r )  A ( y k Z , o k  
2 - 
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( 2 . 1 7 )  

From ( 2 . 7 )  w e  o b t a i n  

Using ( 1 . 6 )  w e  g e t  

(2.19) 

According t o  A w e  choose some 1 2 k 2  such t h a t  

( 2 . 2 0 )  + N ( T I q O  C XI + N ( T I .  

The r e l a t i o n s h i p s  ( 2 . 1 7 ) ,  (2.181, ( 2 . 1 9 )  and ( 2 . 2 0 )  l e a d  t o  

The i n j e c t i o n  ( X j  + N ( T I q , q l  A ( X l , ~ l I  -+ ( B I J q I  i s  cont inuous  
- 1 

by ( 1 . 3 ) .  Hence, by t h e  d e f i n i t i o n  of T and ( 2 . 2 1 1 ,  
k 2 ,  k ,  n 

is a c l o s e d  l i n e a r  r e l a t i o n .  

The domain space  and t h e  range  space  i n  ( 2 . 2 2 )  a r e F r 6 c h e t  spaces 

a c c o r d i n g  t o  ( 1 . 5 ) .  Now w e  apply  t h e  c l o s e d  range theorem f o r  c l o s e d  

l i n e a r  r e l a t i o n s ,  c f .  e . g .  [ 6 1 , (3 .1)  ( B ) ,  and o b t a i n  t h a t  

i s  open. 

Next w e  prove t h a t  (2 .23)  h o l d s  t r u e  w i t h  T i n s t e a d  of 
k z ,  k 

T For t h i s  purpose w e  make use of (1.11). W e  se t  
k Z ,  k ,  n' 
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- 
From the definition of T and (2 .21)  we get 

S is (al,B)-open by ( 2 . 1 3 )  and 3 is (a,B)-open by 

( 2 . 2 3 ) .  Thus the assumptions of (1.11) are fulfilled and we conclude 

that 

k 2 , k  * k 2 ,  k ,  n and S := T 

- 
k 2 , k , n  ' 

s = ? ;  

Here we made use of the relationship 

which is immediate from ( 1 . 3 ) .  

Now we show that the canonical inclusion 

is continuous. 

According to (1.1) we have to prove that for every p l  E rCr 
there is a p 2  E I7 and an E > 0 such that 

0 
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Without loss of  g e n e r a l i t y  w e  assume K C K r  . The i n c l u s i o n  
p 2  0 

is e a s i l y  checked. I n t e r s e c t i n g  b o t h  s i d e s  by Y k  w e  o b t a i n  

w i t h  t h e  a i d  of ( 1 . 6 ) .  This  i n c l u s i o n ,  t o g e t h e r  with (2.12) and (2.28), 

y i e l d s  

D ( T k Z J k )  C Xl i m p l i e s  t h a t  

From (2.81,  ( 2 . 1 2 ) ,  ( 2 . 9 )  and (2.27) w e  f o l l o w  t h e  r e l a t i o n s h i p s  

ri whence ( 2 . 2 6 )  i s  proved w i t h  E = - 
2Y * 

W e  have proved tha t .  t h e  p r o p e r t y  ( V I )  of Theorem (1) i n  our  pa- 

p e r  [ 7  ] i s  f u l f i l l e d  w i t h  r e s p e c t  t o  R := R ( T )  and r - R I T )  i s  

s e q u e n t i a l l y  c l o s e d  by Lemma ( 2 . 2 )  . (?i,r) i s  r e f l e x i v e  s i n c e  (B2 , r )  

is r e f l e x i v e ,  c f .  e . g .  [ 5 ] , p.  2 2 9  and p.  2 7 2 .  Hence p a r t  (ii) of 

Theorem (1) i n  [ 7 ] y i e l d s  t h a t  R ( T )  i s  w e l l - l o c a t e d ,  i . e .  
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where 

The canonical injection 

is continuous by ( 1 . 3 ) .  Since R ( T I  is well-located the adjoint op- 

erator i ‘ maps Y’ into ( R ( T I , U l  ’ and is surjective by Hahn-Banach‘s  

theorem. 

Let To be defined by the following diagram 

We show that P o  is continuous. Fix a k E LV and choose j 2 k ac- 

cording to (2.9) such that T ( X k I  C R ( T )  n Y We conclude that the 

restriction 
j‘ 

is continuous. The canonical injection 

R ( T ’ i )  ( R ( T )  Yi ,o . I  c-+ l R ( T l , o  
3 

is continuous whence the composition 

is continuous. 

Since R ( T I  is sequentially closed ( R I T I  n Y n , o n )  is a Frschet 

space for each n E LV whence ( R ( T ) , D ~ ‘ ~ ) )  is an LF-space. Thus To 

is a surjective continuous linear operator acting between LF-spaces. 

According to a theorem of Dieudonn6 and Schwartz [l], p. I 2  T o  is 
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j o i n t  

( 2 . 2 9  

o p e r a t o r  TA i s  normally 

open. By Banach 's  c l o s e d  r ange  theorem, c f .  e . g .  [ 6 I ,  (3.1), t h e  ad- 

s o l v a b l e ,  i . e .  

R ( T L  = N ( T o )  1 . 

W e  have T' = T' o i '  and t h e r e f o r e  R ( T ' )  = R ( T L )  s i n c e  i' i s  s u r -  

j e c t i v e .  Furthermore N ( T o )  = N ( 9 )  as i i s  i n j e c t i v e  whence 

1 
R ( 9 ' )  = N ( T )  

h o l d s  by ( 2 . 2 9 ) .  

3 .  NORMAL SOLVABILITY O F  LPDOS I N  o'(R) 

Throughout t h i s  s e c t i o n  w e  s h a l l  u s e  t h e  n o t a t i o n s  of H6rmander 

[ 4 I and Horvsth [ 5 I . 

L e t  d E W \ 1 0 )  and Q C D d  be  an open nonempty se t .  Choose 

a sequence (R of  nonempty open r e l a t i v e l y  compact s u b s e t s  of R 

such t h a t  
n o  

( 3 . 1 )  

m 
- 

R =  u a n .  
n=l 

' n  'n+1 J 

S i n c e  D(Bn/  is  a FrGchet space  of each n E W t h e  space  

is  a n  LF-space, c f .  e . g .  [ 5 1 ,  p .  165. 

d K d e n o t e s  t h e  se t  of t empera t e  we igh t  f u n c t i o n s  on W . L e t  

1 5 p 5 m and k E K .  The norm of t h e  weighted Sobolev space  B 

i s  deno ted  by 
P J  k I I p , k  , c f .  [ 4  1 , p.  36. With p = 2 and 

(6 E IRd ,  s rn) 2 s/2 
k s ( E I  = ( 1  + 151 

w e  have t h e  u s u a l  Sobolev s p a c e s  

( H , ,  I I s )  = ( B  2 , k s J '  1 2 , k  ' ' 
For an a r b i t r a r y  s u b s e t  A C l R d  w e  set  

B' ( A )  = B n & ! ( A ) .  
P =  k P >  k 
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The f o l l o w i n g  c a n o n i c a l  i n j e c t i o n s  

a r e  con t inuous  w h e r e  D ' ( 5 2 )  i s  equipped w i t h  t h e  weak topology w i t h  

r e s p e c t  t o  t h e  d u a l  p a i r  fD'IR),D(RI), cf .  [ 4 I ,  Theorem 2 . 2 . 1 .  

If 1 p < m t hen  ( E  k l  i s  a r e f l e x i v e  Banach space ,  

see [ 4 1 , Theorem 2 .2 .9 .  

W e  f i x  1 < p I , p 2  < m and k , , k ,  E K and set  

L e t  P : D ' I R I  + D ' ( 5 2 )  be a n  LPDO w i t h  C m - c o e f f i c i e n t s ,  i . e .  

P = z: aaDa 
l a 1 9  

wi th  aa E C m ( 5 2 ) .  P' : D(RI + D ( R / ,  t h e  a d j o i n t  o p e r a t o r  of 

t h e  form 

P, h a s  

- 
tally P' is g iven  by Z (- 1 )  Ia1Daaa and t h u s  it i s  c o n t i n u o u s .  

149 
( 3 . 4 )  52 i s  called D ' - P - c o n v e x  i f  f o r  each  n E iN t h e r e  i s  a j E N 

such t h a t  
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( 3 . 5 )  R i s  c a l l e d  s i n g u l a r l y  P-convex  w i t h  r e s p e c t  t o  I q , r l  i f  f o r  

each n E W t h e r e  i s  a j E W such t h a t  for a l l  1 j 

( 3 . 6 )  R i s  c a l l e d  s t r o n g Z y  P-eonvex  w i t h  r e s p e c t  t o  ( q , r l  i f  

( i) 0 i s  D'-P-convex, 

(ii) W n E N 3 1 2 n P '  (q , r l -open ,  

(iii) 0 i s  s i n g u l a r l y  P-convex w i t h  r e s p e c t  t o  i q , r i  

1,n 

( 3 . 7 )  THEOREM. L e t  B be s t r o n g Z y  P-convex w i t h  r e s p e c t  t o  (q,r). As- 

sume t h a t  for e a c h  n E W t h e r e  i s  an such  t h a t  P i , n : D ( n l )  + 

D(Bnl i s  open .  
1 2 n 

1 
Then R ( P 1  = NIP') . 

PROOF. W e  apply  Theorem ( 2 . 6 ) .  F o r  t h i s  purpose w e  s e t  

T := P'  i s  a cont inuous l i n e a r  o p e r a t o r  on D(RI and T '  = P'' = P .  

The i n c l u s i o n  nappings from D(R) i n t o  t h e  r e f l e x i v e  Banach spaces  

( B I J q )  and ( B 2 , r l  a r e  cont inuous  by ( 3 . 3 ) .  I t  ramains t o  be proved 

t h a t  A and B ,  ( i ) - ( i v )  a r e  f u l f i l l e d :  

A .  L e t  n E W .  Choose some j t o  n accord ing  t o  (3 - 4 )  . We show t h a t  

p 1 , k l ( ' )  and such t h a t  q o ( u  + w - ul + 0 ( v  + m) .  Since  N ( P ' )  c B 

P' is  cont inuous  w e  conclude f r o m  ( 3 . 3 )  t h a t  (P ' l v  +wvl ) :  converges 

t o  P ' u  i n  D'(R). P ' ( v v  + w v l  = P ' ( v v I  and s u p p P ' v v  c s u p p  vv C Rn 

implies supp P'u c Gn . According t o  ( 3 . 4 )  t h e r e  i s  some v E CI(n.! 
such t h a t  P'u = P ' v  whence 

V V - 
V 

- 

3 

u = v + ( u  - v i  E C z ( 5 . )  + N(P'). 
3 
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B , ( i )  i s  an  e x p l i c i t  a s sumpt ion ,  B , ( i i )  and B , ( i i i )  are thecon-  

d i t i o n s  ( i)  and (ii) i n  ( 3 . 6 ) .  W e  have  t o  show t h a t  B ,  ( i v )  h o l d s .  Fix 

n E IW and choose some j t o  n a c c o r d i n g  t o  ( 3 . 5 ) .  L e t  1 L j + 1 .  

Def ine  P' as T h a s  been  d e f i n e d  i n  s e c t i o n  2 .  Obvious ly  

G ( P '  ) C GIP;). L e t  u E D ( P '  1 ;  by d e f i n i t i o n  

- - 

1,n 1,n 

1,n 1,n 

By ( 3 . 5 )  w e  c o n c l u d e  t h a t  

W e  choose  1 ' - > 1 a c c o r d i n g  t o  ( 3 . 6 )  I (ii) such  t h a t  is  

Iq , r / -open .  By ( 1 . 9 )  

(3 .8)  REMARK. T h e o r e m  ( 3 . 7 )  r e m a i n s  v a l i d  i f  w e  weaken the cond i -  
- 

t i o n  ( 3 . 5 ) ,  i . e .  the s t r o n g  P - c o n v e r x i t y  of R, by s u b s t i t u t i n g  Pi 
- 

by P '  
1 , n  

3.1.  LPDOS WITH CONSTANT COEFFICIENTS 

L e t  P be a n o n t r i v i a l  LPDO w i t h  c o n s t a n t  c o e f f i c i e n t s :  

( 3 . 9 )  PROPOSITION. For each  1 E i7V t h e r e  is a Cl > 0 s u c h  t h a t  
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PROOF. L e t  E E B Z o c  be a fundamental  s o l u t i o n  of P’. c f .  4 1 , 
m,P’ 

Theorem 3.1.1.  Then E *P’u = u f o r  u E C z f n l ) .  I f  $ E Cz t h e n  

see [ 4 ] , Theorem 1 .6 .5 .  We choose a f u n c t i o n  $ which i s  i d e n t i c a l l y  

J on a neighborhood of t h e  a l g e b r a i c  d i f f e r e n c e  R,+, - Rl . W e  f i x  

a 9 E Czfzl+,j which i s  i d e n t i c a l l y  J on a neighborhood of RI. 

( 3 . 1 0 )  y i e l d s  

- - 

which i m p l i e s  9 f ( l  - $)E * P’u) = 0 .  Hence 

u = pu = p f $ E  * P ‘ u l .  

W e  apply  [ 4 ] , Theorem 2.2.5 and Theorem 2 . 2 . 6  and o b t a i n  

(3.11) THEOREM (Hormander). L e t  s E IN. Assume t h a t  for each  n E 2Q 

t h e r e  i s  a j E W s u c h  t h a t  

j ’  
(i) u C Z t R )  and s u p p  P’u c an i m p l i e s  s u p p  u c s2 

(ii) u E H : ( R I  and  s i n g  s u p p ~ ’ u  c an implies s i n g  s u p p u  c i. 

Then P : D ’ ( R l  + 0 

PROOF. W e  a p p l y  Theorem 

( B l , q l  := ( H s J  I 

( R l  i s  s u r j e c t i v e .  

( 3 . 7 )  and d e f i n e  
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R is D'-P-convex by assumption (i). P' is iq,rl-openbyProposi- 

tion ( 3 . 9 )  ( p  = 2, k = k s l .  Thus 62 is strongly P-convex if we show 

that ( 3 . 5 )  is fulfilled: Fix n E W and choose j according to the 

assumption. Let 1 2 j + 1 and 

n, n 

- 
It follows that there is a P i u  = v .  The defi- 

nition of the singular support yields s i n g s u p p  v C an and thus 

s i n g  s u p p  u C 5 P E C o ( Q j + l )  which 

is identically 1 in a neighborhood of R If follows that 

u E HZ(S l )  such that 

by assumption (ii). We choose a 
m -  

j - 
j '  

By ( 3 . 9 )  the operator 

is open for m 6 W .  Thus the operator 

is open because of ( 3 . 3 )  and since { I I m  : rn E nV} is a basis of 

seminorms on V ( 2 n 1 ,  cf. e.g. I4 1 ,  p. 45. 

P' is injective by ( 3 . 9 ) .  Therefore the theorem is proved. 

3 . 2 .  LPDOS WITH VARIABLE COEFFICIENTS 

Let P : D r ( n )  * D'(R) be an LPDO with Cm-coefficients and as- 

sume that R '  is an open subset of R. 

P' is said to fulfil the un iqueness  of t h e  Cauchy problem (UCP) 

i n  Q' if for each x E R '  and each closed p-ball 2 ( y l  c Q r  with 

x E a K  (yl and for each open neighborhood U C R '  of x there is an 

open neighborhood V C U of x such that for all u E C i ( R r )  the 

following is true: 

P 

P 

if 

P' is said to fulfil the un iqueness  of t h e  Cauchy problem for the 

P'ulu = 0 and supp u I u  c U \ K ( y l  then uIv = 0 .  
P 

- 
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- 
s i n g u Z . a r i t i e s  (UCPS) i n  R' if for each x E 0' and for each K ( y ) C  f i r  

with x E aK f y )  and for each open neighborhood U C 0' of x there 

is an open neighborhood V C U of x such that for all u E - % ' ( f i t )  

the following is true: 

P 

P 

(3.12) PROPOSITION. Assume t h a t  R' is c o n n e c t e d  and t h a t  P' f uZ-  

fiZs t h e  p r o p e r t y  UCP i n  R'. 

T h e n  u l R r  = 0 o r  s u p p u  3 R' f o r  a l l  u E C m ( f i /  w i t h  P ' u I f i ,  
= 0. 

m - 
PROOF. Fix some u E C (a) with P ' u l f i r  = 0. Assume s u p p u n  0' =: A 

9 {@,R'}. Since R' is connected A has a boundary point x' in f i r .  

Choose K (2 ' )  C R' and y E f R '  \ A )  n K p r ( x r l .  Since dis t (y ,Al  = 

d i s t f y , A  n KZprfx')l there is an Iy -xi 

= d i s t ( y , A )  =: p > 0. Let V := KZp,fxr). Choose 9 E C : ( Q ' )  such 

that 9 is identically 1 on U. Then P'IpullU = P ' u I u  = 0 and 

s u p p  9 u  I C U \ K p  (y) . By the property UCP there is a neighborhood 

V C U of x such that uI = p u l l ,  = 0. This contradicts x E A C supp u. 

- 

Z P '  

x E A n KZpr(x') such that 

- 

- 
( 3 . 1 3 )  PROPOSITION. Assume t h a t  R' is c o n n e c t e d  and t h a t  P' fd- 

f i l s  t h e  p r o p e r t y  UCPS i n  a'. T h e n  u i Q I  E C f R ' )  or s ingsuppu 3 f i '  

for aZZ u E V'(R) w i t h  P ' u l R I  E C m ( R ' l .  

m 

- 

The proof is similar to the foregoing one and thus omitted. 

Let B be a subset of Q which is closed with respect to the 

induced topology on R. Let @ be the set of all components of R \ B .  

We set 

- 
(PI : = (Q' E Q, : R' is unbounded or R' P a}, 

and 

- 
B R  := B V lJ a' 

R' EQ2 

a - 
where a'  denotes the closure of R' in IR . 
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is a subset of R which is closed with r e spec t  t o  t h e  inducedto- 

pology on Q. Furthermore,  i f  B i s  a compact subse t  of 51 so is BR. 

W e  observe t h a t  

A 

( 3 . 1 4 )  e l  i s  t h e  set  of t h e  components of (62 \ B ) ;  . 

(3.15) LEMMA. Assume t h a t  P' f u ~ f i l l s  t h e  p r o p e r t y  UCP i n  Q \ B and 

t h a t  gS2 is t h e  u n i o n  o f  a ZocaZly f i n i t e  f a m i Z y  o f  d i s j o i n t  com- 

p a c t  s u b s e t s  o f  il. 

Then R is D'-P-convex and NIP') c c;(EQ). 

PROOF. Fix some n 6 IN. A t  f i r s t  w e  prove: There is a compact sub- 

set K of Q such t h a t  

(3.16) 

L e t  B be a l o c a l l y  f i n i t e  family of d i s j o i n t  compact subse t s  of Q 

such t h a t  

- - u B ' .  
B Q  - B ' E  €3 

Since B is l o c a l l y  f i n i t e  t h e  s e t  B k  := (B' E 8 : 3' n S k  # 01 is 

f i n i t e  f o r  each k E IN. Thus 

. -  - u B' 
Bn ' B ' E  B n  

C il Then is compact. Choose a j E A' such t h a t  B n  i- 

Zn B n  = U B '  = (gR \ R . )  U U B '  ' B ' E  B . \ B n  
3 

B ' E  B \  B n  

which proves t h a t  \ B n  i s  c losed  wi th  r e spec t  t o  Q. T h e s e t  KO:= 

f i n  U Bn 
E > 0 

such t h a t  

- 
is compact and KO n (En \ B n l  = 0. Hence t h e r e  is  an 

W e  d e f i n e  li, := KO + K E ( O ) .  L e t  Q o  denote  t h e  s e t  of allcmponents 

of R \ (zn U B l .  W e  se t  
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- 
@ := {R' E a0 : R' C R and R' i s  bounded}, 

0 3 2  

- 
@ := { a '  E @o,2 : 52' n 5in # 81, 

0 3 3  

0,4 
Q, := I n '  E Q , o , 3  : R' e U E )  

and assert t h a t  t h e  se t  

(3.18)  Q, i s  f i n i t e .  
0,4 

Thus R' n UE # n ' .  From E @ R f  E e 0 ,  4. 
0,3 

TO prove t h i s  l e t  

w e  i n f e r  

Hence R' n UE #0. S i n c e  R' i s . c o n n e c t e d  t h e r e  i s  an x E a l l  n a ' .  
The d e f i n i t i o n  of UE and (3.17) y i e l d .  

E 

KE(xJ C (KO + K , E ( O l )  \ K O  

C R \ (En U E n )  C Q \ ( B  U I n ) .  

This  and x E fl' t QO i m p l i e s  t h a t  

whence (3.18)  i s  proved s i n c e  E does n o t  depend on R' and KO + 

K Z E ( O /  i s  bounded. 

By (3.18) t h e r e  i s  a k 2 n such t h a t  

(3 .19)  u R f C U E U  u R' c E k .  
"' @0,4 Q f E  

033 

W e  assert  t h a t  

@ \ Q ,  C O 2 .  
0,2 0 , 3  

( 3 . 2 0 )  

For t h i s  l e t  R' E \ . S i n c e  R' i s  a component of R (3 u B )  

t h e  set  R '  i s  c l o s e d  w i t h  r e s p e c t  t o  R \  (En  U B l ,  i . e .  
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- 
We infer a '  = R' n /R \ B )  because of " ' @0,3 and 5 2 '  E @ is 

proved. R' O2 follows from R' E @ o , 2 .  We set 

K is a compact set and 

by (3.19) and (3.20). Hence (3.16) is proved. 

Let 8 '  = { B '  E 8 : B '  n K # 01. As above we conclude: 

is compact, \ L is closed with respect to R and there is a 

bounded neighborhood U of K U L such that U C R \ (En \ L )  . Fix 

some j E W such that U C We assert that 

- 

j- 

Let v E R I P ' )  n C : ( E n )  and fix some u E C z ( R )  such that P ' u =  

v .  We fix a component R' of R \ ( E n  U B ) ; ,  i.e. R' E a0 \ 0 by 

( 3 . 1 4 ) .  We infer s u p p u  2 R' since s u p p u  isa compact subset of R.  

By assumption P' fulfil.1~ the property UCP in R \ B and hence 

also in the set R' C ,r2 \ (zn U B l .  Thus we obtain u l R ,  = 0 from 

P ' u l R l  = 0 

0 , 2  

with the aid of Proposition (3.12). This proves 

Let ip E C z ( U )  such that ip is identically 1 in a neighborhood 

V of K U L .  In V we have u = q u  and thus P ' u  = P ' ( i p o u / .  From 

(3.22) and the definition of U we infer 
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which yields Ipu = 0 and thus P '  (9ul  = 0 in R \ (K U L l .  This proves 

P'u = P ' ( I p u l  since s u p p P ' u  C B,,, C K. Finally $7 E C z ( U l  C C Z ( 2 . )  

imp1 ies 
3 

2, = P'u = P ' ( l p u l  E P ' t c ; t n . , i .  
3 

For u E N I P ' )  the assertion (3.22) holds with K = g. Hence 

N ( P ' I  C C;(BRl .  

(3.23) LEMMA. L e t  K be  a compact s u b s e t  o f  R. Assume t h a t  P'  f u l -  

f i l s  t h e  p r o p e r t y  UCPS i n  R \ K. Then R i s  s i n g u l a r l y  P-convex with 

r e s p e c t  t o  ( q , r ) .  

PROOF. Fix some n E W .  Since (an u K); is compact there is a j e  

W such that (an U K I R  C "-I . - -  
We prove that 

holds for all 1 3 j. Let v E (Be (sn) + c;(R)) n R ( P ; I .  Hence 
- - P Z J k 2  

V = P'U = P ' u  for some u E B e  ( a l )  and s i n g s u p p P ' u  C a n .  As 

in (3.22) we obtain by using (3.13) that s i n g s u p p u  C (Sin U K); C 

is identically I in a neigh- 

borhood of Then 

1 P l '  k l  

- 
Ip E C z ( ? i . l  such that lro 

3 
. Choose 

- 

(3.24) PROPOSITION. L e t  B b e  a compact s u b s e t  o f  R. Assume that P' 

f u l f i l s  t h e  p r o p e r t y  UCP i n  0 \ B  and t h a t  P '  f u l f i l s  t h e  p r o p e r t y  

UCPS i n  R. Then  d i m N ( P ' 1  m. 

- 

PROOF. Fix some 1 E W such that 8, C El. Let u E c % ' ( R )  and P ' u =  

0. Proposition (3.13) implies that sing supp u = 0. Hence, by (3.15), 

N ( P ' )  C C:(sl) and N l P ' l  = N I P ; )  is a closed subspace of DiGl)  and 

of ( B e  ( Q l 1 ,  I I 1 .  Both topologies coincide on I V ( P ' )  by (3.3) 

and the open mapping theorem, cf. e.g. [ 6 I ,  (3.1) ( B ) .  V(cl)  is a 

Schwartz space, cf. e.g. [ 5 1 ,  p. 282. This shows that N i p ' )  is a 

normed Schwartz space. By the definition of Schwartz spaces its unit 

P l 4  P l 4  
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ball is precompact. Hence N(P’) is finite dimensional by a theorem 

of F. Riesz, cf. e.g. [ 5 1 , p. 147. 

(3.25) PROPOSITION. L e t  n ,  s ,  s ‘ ,  t E IN, s > s ’ .  Assume 

(3.26) N ( P ’ )  n ~ z ( ~ i ~ i  c cZ(3,) 

- 
PROOF. Let P; be the closure of P ’  in (H:(3n)J I ls)X(H;(Zn), I I t ) .  
PA is a restriction of the mapping PI : D ’ ( Q )  --* D’(i-2) and thus an 

operator. Since I I s ,  5 I I s  the estimation (3.27) implies 

n,n  - - 

prove that 

I t )  is open. 

IIUII, := luls + l’;ult ( u  E D f F p .  

- 
D, := ( D ( T ) ,  11 I1 ,l is complete as PA is closed. The identity map 

from D I  onto D with the T-norm is bounded because of I I s .  
From (3.27’) we conclude that 

I s ,  5 I 

IIUII, 5 ZC( 

The canonical injection 

the embedding (H: ( E n ) ,  1 
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1 4  ] , Th. 2.2.3,  whence t h e  i d e n t i t y  map from D 1  i n t o  X i s  com- 

pac t .  Therefore  R ( P h 1  i s  c losed  i n  (HZ(EnIJ I I t l  according t o  t h e  

above c i t e d  theorem. Banach's c losed  range theorem, c f .  e.g.  [ 6 1 ,  
(3 .1)  ( B ) ,  y i e l d s  ( 3 . 2 8 ) .  

L e t  K t  denote  t h e  u n i t  b a l l  i n  (HZ1En), I I t ) .  (3.28) that 

t h e r e  i s  a y 0 such t h a t  

I n t e r s e c t i n g  both  s i d e s  by w e  o b t a i n  

because GI,?;,,) C G(PA). (3.26) imp l i e s  t h a t  

which proves t h e  a s s e r t i o n  of ( 3 . 2 5 ) .  

(3.29) THEOREM. L e t  P be  a n  e l z i p t i c  LPDO on R ,  L e t  B be  a cZosed 

s u b s e t  o f  R s u c h  t h a t  E n  is t h e  union of a ZocaZZy f i n i t e  f amiZy  

o f  d i s j o i n t  compact  s u b s e t s  of R .  Assume t h a t  t h e  c o e f f i c i e n t s  o f  P 

a r e  a n a Z y t i c  f u n c t i o n s  in R \ B .  We a s s e r t :  The o p e r a t o r  P : P ' ( i l )  

* D ' ( R I  i s  normaZZy soZvabZe.  I f  B is compact  t h e n  c o d i m  R(PI < m .  

P i s  s u r j e c t i v e  i f  B i s  empty .  

PROOF. L e t  rn be t h e  o rde r  of P .  P '  i s  an e l l i p t i c  LPDO of t h e  

s a m e  o r d e r .  W e  know from [ 1 7 ] ,  p. 352 t h a t  f o r  each n E JV and each 

t E W t h e r e  

I u  

Since  N ( P I  i 

(3 .30)  PA 

by Propos i t ion  (3 .25 ) .  I t  fo l lows  t h a t  

as (3.30)  holds  f o r  a r b i t r a r y  t E W .  

P h , n  : V(znl * DIR,) is open 

Next w e  s h a l l  prove t h a t  R is  s t r o n g l y  P-convex wi th  r e s p e c t t o  

( 1  I m J  I 1,). P '  f u l f i l s  t h e  proper ty  UCP i n  R \ B a s  its coefficients 
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are analytic there, cf. [ 4 ] Th. 5.3.1. Thus R is D'-P-convex by 

(3.15). The ( 1  I m ,  I lo)-openness of P A , n  is clear by ( 3 . 3 9 ) .  P' 

fulfils the property UCPS in 0 ,  cf. [ 4 1 ,  Th. 7.4.1. Therefore R 

is singularly P-convex, see Lemma (3.23). 

- 

It follows f r o m  (3.7) that P is normally solvable. The statement 

c o d i m  R ( P I  < m is clear from (3.24). If B = 0 then B ,  = 0 which 

implies N ( P r I  = { O )  by (3.15). 

3.3. EXAMPLES 

In the following we state some LPDOs in D ' ( R )  which are nor- 

mally solvable but not surjective. 

EXAMPLE 1. In [lo], p. 610 Plig constructed an elliptic LPDO Q with 
C -coefficients in iR3 which are constant outside a compact subset. 

He showed that Q : C : ( B 3 )  -+ Cz(B I is not injective. We set P = Q '  

and conclude from (3.29) that P : Df(B3) + D'(B3) is narmally 

solvable with 0 # c o d i m R ( P 1  < m. 

m 

3 

EXAMPLE 2. By modifying the Plig operator P we can construct an 

elliptic LPDO ? : f B 3  I -+ D'(IR I with Cm-coefficients in B which 

is normally solvable with codim R ( P ^ )  = m, cf. [ 8 1 , p. 61. 

3 3 

EXAMPLE 3. Let us consider the LPDO 

on the set 

where 0 5 r I  < r 2  5 w .  

We assert: the operator P : D ' ( R I  -+ D ' l i l !  is normally solvable 

and codim R ( P I  = m .  

PROOF. Choose strictly monotone sequences ( r l  ( n ' l "  and ( r i n ) ) :  such 

It is a 
av In polar coordinates (r , lpI the operator P' becomes - 

easy to show that 
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The latter relationship implies that R(P') is closed. It follows from 

Lemma (2.2) that the openness conditions in Theorem (3.7) are ful- 

filled and that 0 is V'-P-convex. 

Next we prove 

which means that PA,n is ( 1  l o ,  I lo)-open 

fine 

9 

Then f E C z ( E n )  and P'f = g. We easily obtain I f I ,  5 2 ~ l g / ~  which 

proves (3.31). 

Finally we show that 

holds for all n f JV and 1 2  n + 2 which means that R is singu- 

larly P-convex with respect to ( 1  lo, I 1,). Let 

Choose some 

of Rn and is independent of 9 .  It is easy to see that 

Q E C z ( n n + , )  which is identically 1 in a neighborhood 
- 

and 

q g  E n R(P;I. 

A straightforward calculation yields q g  Pi(Ho(Rn+l)) which proves 
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T h e  a s s e r t i o n  is clear by T h e o r e m  ( 3 . 7 ) ;  d i m N I P ' I  = implies 

codim R l P )  = m. 

REMARK. A s s u m e  t h a t  51 i s  an open connected s u b s e t  of 1R2 { O } .  

a p = x  - - z ax, 
a x -  

I axz  

i s  n o r m a l l y  solvable i f f  the  s e t  Qr := { x  E 51 : 1x1 = r }  i s  con- 

nected f o r  a l l  r > 0.  

F o r  proof see [ 8 I ,  p. 6 1 .  
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INTRODUCTION 

W e  cons ider  t h e  fol lowing problem: “Given l o c a l l y  convex spaces  

E and F and a c losed  subspace G of E ,  under which c o n d i t i o n s a h o -  

lomorphic func t ion  f : G + F can be extended t o  a holomorphic func- 

t i o n  f : E + F?”. This  is t h e  holomorphic analogue of t h e  Hahn-Banach 

theorem. I t  w a s  proposed and s tud ied  f i r s t  by Dineen (see [ 5  I ) ,  b u t  

t h e r e  are papers  on t h i s t o p i c  a s  wel lbyAron,Berner ,  Boland, Colombeau 

and Mujica, H o l l s t e i n ,  Meise and Vogt. Our r e s u l t s  are obta ined  by 

proving f i r s t  app ropr i a t e  theorems f o r  homogeneous polynomials and 

use  of Taylor-expansions.  I n  t h i s  n o t e w e w i l l  extend some types  of 

holomorphic func t ions  $ : E  + 8 t o  holomorphic func t ions  7 : E “  + E .  

Moreover, w e  w i l l  c h a r a c t e r i z e  t h e  space of t h e  extended holomorphic 

func t ions  on E” and w i l l  s tudy  t h e  ex tens ion  mapping. 

This  r e sea rch  w a s  p a r t i a l l y  supported by a Research Scholarsh ip  

from CNPq. I want t o  express  may thanks f o r  t h i s  f i n a n c i a l  suppor t .  

NOTAT I ON 

L e t  E be  a l o c a l l y  convex space.  W e  denote  by P ( ” E I  t h e  

space P ( n E l  with  t h e  topology B of t h e  uniform convergence on t h e  

bounded s u b s e t s  of E.  

The space spanned i n  P l n E l  by 

i s  t h e  space of continuous n-homogeneous polynomials of f i n i t e  t ype ,  

denoted by P I n E l .  The c l o s u r e  of P ( n E l  i n  P ( n E ) B  is  denoted 

by 

f f 
P c l n E l .  For d e t a i l s ,  w e  r e f e r  t o  Gupta [ 8 ] . 

W e  d e f i n e  i n  [13] t h e  fol lowing spaces:  
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where B denotes the topology of uniform convergence on a l l  bounded 

subsets of E" := ( E L ) ;  

P ~ ( ' E , F I  := P ( n ~ )  8 F, closure in P ( ~ E , F ) ~ ,  f 

P w 7 d ( n E )  := CP E P l n E l  : P / B  is u(E,E')-uniformly continuous 

for every B C E bounded}; 

P ~ , ~ ( ~ E " )  := C P  E ~ ( ~ ~ 1 1 )  : P/B" is u(R~~,~:')-uniformly continuous 

for every B C E bounded}. 

If U is an open subset of E ,  we define 

where 0 = c ,  w u .  

If W is an open subset of E " ,  we define 

where 0 = c*,  w*u. 

Finally we set H O b ( E )  = H O ( E )  n H b ( ~ l  ( 0  = c ,  W U )  and H a b ( ~ I 1 )  

= H e ( E r r )  f~ H b f E 1 ' I  ( 9  = c*, w * u l .  We consider in H e b ( E I  and H e b ( E " I  

the topologies of the uniform convergence on the bounded subsets of 

E and E " ,  respectively. 

For further notation and basic results we refer to (6Jand 1131. 

51. Let E and F be Banach spaces. Given f E H ( U ; F I ,  where U is 

an open subset of E ,  and x E U, then the radius of c o n v e r g e n c e  of 

f at x is 

r c ( x , f )  = ( l i m   sup^ (I / n ! ) ; i n f ( x ) l l  l / n l  -1 

n 
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and t h e  r a d i u s  of boundedness  of f a t  x, r b ( x ,  f), is  t h e  supremum 

of a l l  r > 0 such t h a t  t h e  b a l l  of r a d i u s  r c e n t e r e d  a t  x i s  con- 

t a i n e d  i n  U and f is  bounded on i t .  W e  have (see 1141 8 7 ,  propo- 

s i t i o n  2 ) :  

LEMMA 1. If E and F a r e  Banach s p a c e s  and n E I N ,  then there e x i s t s  

for e v e r y  P” E P c , ( n E 1 f ; F 1 .  The opera- 

t o r  d e f i n e d  by  T n P  := P” has  t h e  f o l l o w i n g  p r o p e r t i e s :  

P E PclnE;FI a un ique  e x t e n s i o n  

(1) llTnll = 1 f o r  a12 n E fl; 

( 2 )  T~ i s  a n  i somorph i sm f rom P ~ ( ~ E ; F I  o n t o  P ~ , ( ~ E ~ ~ ; F I ;  

(3) f o r  e v e r y  2 ,  m E .TJ, k 5 m and P E P ~ P E ; F I ,  

i k i T m P l l y )  = T k d  -k P l y )  f o r  a l l  y E E. 

PROOF. I t  i s  enough t o  remember t h a t ,  by d e f i n i t i o n ,  

P ~ ( ~ E ; F I  := P ( n ~ ~  8 F ,  c l o s u r e  i n  P ( ~ E , F ) ~ ,  f 

P ~ , I ~ E ~ ~ , F I  := P * ( n ~ r f )  Q F ,  c l o s u r e  i n  P ( ~ E ~ , , F I ~ ,  f 

and u s e  [13] , Lemma 1 and Remark 2.  

LEMMA 2 .  I f  E i s  a normed space  t h e n  t h e r e  i s  an  un ique  isomorphisrn 

s u c h  t h a t  

PROOF. For  (1) and ( 2 ) ,  see 1131 , C o r o l l a r y  5 .  
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( 3 )  For each rn E Bv and P E P u u ( r n E l  we have by the first 

part of this lemma that TrnP E Pw*u(m.Crr )  C H I E " / .  S o ,  for each y E E 

there exists a neighbourhood Uy C E" where the Taylor series ex- 

pansion of PmP at y converges uniformly to TrnP and so we have 

rn 

k=O 
C E " .  

Y 
T , P ( ~ ~ ~ J  = 2 (I / ~ ! ) ; ~ T C ( T ~ P )  ( y ) ( x ~ "  - y )  for every xlr E u 

By (1) we have T r n P ( x )  = P ( x l  for every x E U n E, where U n E is 

a neighbourhood of y .in E .  So, there exists a neighbourhood V of 

y in E such that 

Y Y 

Y 

rn 
Z ( 1  / k ! ) 2 k p ( y l ( x  - y /  

k=O 
P ( x )  = 

for every x E V and we have for every k 5 m: 
Y, 

( * )  
Y 

As ( 1  / k ! ) z k ( T m P I  I y )  and ( 1  / k l l ~ k P ( y l  are holomorphic functions 

E l  ( * )  implies 

( l / k ! ) $ ( T r n P ) ( y ) ( x  - yl = ( l / k ! ) d k P ( y ) ( z  - y )  for every x E V . 

on 

(I / k ! ) a k ( 5 ! ' m P )  l y l  = ( 1  / k ! ) z k P ( y )  on E .  

Z k  ( T ~ P )  (Y) is 0 ( E ,  E 1 )  -uniformly continuous on 
k !  

Now, if we prove that 

the bounded subsets of E ,  we have 

k !  k !  

Let B be a bounded subset of E" . Without loss of generality, we can 
suppose B a balanced set (take the balanced hull, if necessary). We 

known that ( T r n P ) / i y  + B I  is o ( E f l ,  El)-uniformly continuous and so, 

given E > 0 there exists 6 > 0 and ( p 1 , . . . , ( p P  E E '  such that 

such that I(pi(x - z /  I < 6 for i = I,. . . , p .  Now, if we take x, z 

E B such that l ' p i l x  - z l  I < 6 we have y + Ax, y + Xz E y + B  for 

all X such that ( A  I = 1 (as B is balanced) and l iP i (h i -  Az) I = IVi(s-  2) 1 < 6 
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PROPOSITION 3 .  L e t  E and F be  Banach s p a c e s .  I f  U C E is open 

and non-empty and .f E f f , ( U ; F I  t h e n  t h e r e  e x i s t s  an open s e t  W C Err 

and a un ique  7 E Uc.IW;FI such  t h a t  U C W and 7 / U  = f. We may 

t a k e  W t o  b e  t h e  s e t  

Fur thermore ,  t h e r e  i s  an  i s o m o r p h i s m  

T : u c b ( E ; F )  + H c b  * ( E " ; F )  

s u c h  t h a t  ( T f )  I E  = f for a l l  f E f f e b l E ; F l .  

PROOF. 

f o r  a l l  y E U and k E ill. S o ,  by Lemma 1, t h e r e  e x i s t s  a u n i q u e  

e x t e n s i o n  

L e t  f E f f c l U ; F ) .  W e  have  by d e f i n i t i o n  t h a t  d -k f l y )  E P c (  k E ; F )  

k r( 
T ~ C ?  f l y )  E p C , i  E " ; F I .  

For each y E U ,  l e t  

I t  i s  clear t h a t  W = U U and tre can d e f i n e  Tyf : Uy + F by 
Y 

1 

Y E U  
m 

T f ( x )  = B ( T ~  k! a k f ( y ) ) ( x  - y i  f o r  x E u . 
Y k=O Y 

s i n c e  r c i y ; f l  2 r b ( y ; f )  r. T h e r e f o r e  T y f  i s  w e l l  d e f i n e d  and 
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holomorphic on U and we have Tyf E H e *  (U ;PI. 
Y Y 

Now suppose: 

:='yf and 
is satisfied. Then Tf : W + F may be defined by T f / U y  

Tf E He*(W;F). Furthermore the mapping T is clearly linear. 

Now we are going to show that (A) is satisfied. We define: 

r b ( Y ; f )  
u 3  := Iz E E "  : IIZ - y II < 1 for all y E u 
Y 3 

and suppose that 

is satisfied. Then ( A )  is also satisfied for the following reasons: 

For all x E Uy n Uz # Cp and w = Ay + ( 1  - h ) z ,  0 2 A 2 1 we 

have : 

I I W  - y II + I I w  - z II = IIy - z II 

So either IIw - yII < r b ( y ; f )  or IIw - zII  < r b ( z ; f I  and in either 

case w E U n f U  U Uz). Now if (B) holds then T f  is well defined 
Y 

and V n (U n U z I  # 9, (A) holds by uniqueness of analytic continua- 

tion. 
Y 

So we will proceed to show ( B ) :  

Let y,  z E U and take any x E U 3  n U," # Cp. We must show that 

rb(z;  $I 
Y 

T f (x) = T z f  ( X I  . Without loss of generality we may assume that 
- r b f y ; f ) ,  and (by translation) that z = 0. 
Y 

Let Pn = ( 1  /n!IJnf(yI and 8,  = ( 1  /n!Idf(O), n E I?. For all 

v E E ,  
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is the k-th partial sum of the Taylor series of f at y and we can 

show that 

On the other hand we use Lemma 1 ( 3 )  to obtain: 

fo r  all v E E r r .  So, we have 

Since Ilr - y I I  < ( 1 / 3 1  r b ( y ; f l ,  IIzIl < ( l / 3 1 r b ( O ; f I  and r b ( y ; f )  5 
r ( 0 ; f l  (by assumption) we can find real numbers A ,  p ,  and o such 

that 
b 

Now 11vII = A and 5 u implies 

and consequently 

Applying [ 1 4 1  Lemma 1, 5 6 ,  we have 

Therefore, by linearity of each Tm and from Lemma 1(1), we obtain: 

SO for all k E W ,  using ( C )  and (D) we obtain: 
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m m 

Since 

it follows that the first (and similarly the third) term above tends 

to 0 as k --f m. The second term is dominated by (M/a ) 2 ( /lx 11 / Aim. 

Since llxII / A  < 1 ,  the series is convergent and since u > 1 the 

second term also tends to 0 as k --f a. Therefore Tof(x)  = T f ( x /  

arid (B) is established. 

k 

m=O 

Y 

The uniqueness of 7 comes from the uniqueness of TmFm for all 

m E IN. 

Now we will consider the case U = E .  Take any integer n 2 1 

and let f E H e b ( E ; F I .  For all 3: E E” such that l ~ x l l  5 n we have 

m m 
m 

IITf(x111 = 11 x T,(l /m!ldmffO!(x)II 5 
m=O m=O 

2 I1 ( 1  / m ! l d m f ( 0 ) l l n  . 

This inequality and the Cauchy estimates imply that 

Hence 

s u p D  llrfll 5 2 s u p g  I I f I I  f o r  all f E H e b ( E ; F I ,  
n n 
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where 

Since is a fundamental sequence of bounded subsets of Err, 

and B n  is bounded, we see that T f  E H c , b ( E r r ; F l  for all f E Hcb(E;Fl 

and that T : Hcb(E;Fl + Hc,b(E";F) is continuous. On the other hand, 

the restriction to E is obviously the continuous left inverse of T. 

{ D n l n E W  

PROPOSITION 4 .  L e t  E b e  a Banach s p a c e .  If U C E i s  open  and non 

empty and f E HIJu(El t h e n  t h e r e  e x i s t s  an open  s e t  W C E" and a 

un ique  7 E Hw,u(ErrI s u c h  t h a t  U C W and y / U  = f .  We may t a k e  W 

t o  be t h e  s e t  

Fur thermore ,  t h e r e  i s  an  i somorph i sm 

such  t h a t  I l ' f l  /E = f f o r  a l l  f E H w u b ( E ) .  

PROOF. Similar to the proof of Proposition 3 ,  using Lemma 2. 

9 2 .  Let E be a bornological space which contains a fundamental se- 

quence of bounded sets ( B n l n E 1  . 'iJe may suppose that each Bn is 

convex and balanced. Let 

m 

a3 m ' ' n B n  := { B X n b n  : b n E  B n ,  m arbitrary}. 
n=l n=l 

Since a locally convex space is bornological if and only if every 

convex balanced set which absorbs every bounded set is a neighbour- 
m 

hood of zero, we find that sets of the form 2: A n B n  form a basis 
n=l 

m 
of neighbourhoods of zero in E as ( A n / n = l  ranges over all sequences 

of positive real numbers. This follows since 2: A n B n  is convexand 

balanced and absorbs every bounded set and hence is a neighbourhood 

of zero. On the other hand, if V is a convex balanced neiqhbourhood 

of zero then for every n E liV there exists an 0 such that 

m 

n=l 
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m 

anBn C V and hence V 3 x ( a n  / Z n ) B n  . 
n=l 

LEMMA 5 .  L e t  E b e  a b o r n o l o g i c a l  space  which  c o n t a i n s a  fundamentaZ 

sequence  o f  bounded s e t s  ( B n l n Z l  . If E i  i s  d i s t i n g u i s h e d ,  t h e n t h e  

s e t s  o f  the. f o rm Z h n B E o  fo rm a s e t  of ne ighbourhoods  o f  z e r o  i n  

E g  a s  ranges  o v e r  a l l  s equences  o f  p o s i t i v e  reaZ numbers .  

m 

co 

n= 1 
m 

PROOF. I f  E b  i s  d i s t ingu i shed  then ,  being i n  add i t ion  a Frsche t  

space,  t he  second dua l  Err i s  a bornologica l  (DF) -space whose bound- 

ed sets a r e  equicont inuous (see [ 7 ]  ) ,  whence contained i n  some B o o  

with B C E bounded. 

So, i f  X i s  a bounded subse t  of E", t h e r e  e x i s t s  a bounded 

se t  B C E such t h a t  X C B o o .  But t h e r e  e x i s t s  Bn such t h a t  B c 

Bn ( a s  I B n l n I 1  is a fundamental sequence of bounded sets) and so 

is a sequence of absolu te ly  convexbound- goo c B O O .  Hence, ( B ~  

ed subse t s  of Err such t h a t  each bounded se t  of E l l i s  contained i n  

some B Z o  and t h e r e f o r e  t h e  sets of t h e  form z A n  B E o  a r e  convex, 

balanced and absorb every bounded subse t  of E r r .  Since Err i s  bor- 

m 

00  

n 

m 

n=l 

nologica l  w e  f i n d  t h a t  t h e  sets of t h e  form X A n  B:O are neigh- 
n=l 

bourhoods of zero i n  E r r .  

LEMMA 6 .  Given  f E H b ( E I ,  f o r  each c > 0 and for  each no E W there 

e x i s t s  a sequence  of p o s i t i v e  r e a l  numbers such  t h a t  A = c 
Mfl " m 

and I I f I I  < m, where ( B n i n Z l  is a fundamen ta l  s equence  of 

nC1 'n *n 

convex  ba lanced  bounded s e t s .  

m m 

PROOF. As 2 A n B n  = x A a ( n i B a ( n l  f o r  every permutation 0 of 

IiV, w e  may suppose without  loss of g e n e r a l i t y  t h a t  

n=l n= 1 

no = 1 .  

Since B l  i s  bounded w e  have I l f l l  = M < m f o r  a given f E 
C B l  H b  ( E l .  

have been chosen so that 
A P  

Now suppose XI = c,X z J . . .  
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P 

n=l 

Let L := Z X n B n .  If 6 > 0 we let L ( 6 )  = L + 6 B  . It is 

clear that L ( 6 )  is bounded for all 6 > 0. We first choose any 6 o  > 

0. Then 

P + l  

< m  

m 

- 
k=O 

(this inequality is derived by using the Cauchy inequalities and the 

fact that 2 L ( 6 0 )  is bounded). So, given any E > 0 we can find a 

positive integer N such that 

-k For each k E i V l  let (1 / k ! ) d  f ( 0 )  be the symmetric k-linear form 

associated with ( 1  / k ! ) d  f ( 0 ) .  If 6 0 then k 

Since 
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< Ilfll, + E / 4  5 M' + € 1 4 .  - 

Hence 

< MI + ~ / 4  + ~ / 2  + ~ / 4  = M' + E .  - 

Hence, by i n d u c t i o n ,  w e  can  choose a sequence of p o s i t i v e  
m 

< M i l  - b e r s  such t h a t  A l  = c and I I f I I  
n=l ' ' n B n  

LEMMA 7 .  L e t  E b e  a l o c a l l y  convex  space  such  t h a t  EB 

g u i s h e d  and m e t r i z a b l e .  Then  f o r  e v e r y  n E 2N t h e r e  i s  a 

morphi sm 

r e a l  num- 

< -. 

is d i s t i n -  

un ique  iso- 

( 2 )  sup  I lTnPl (211 5 Inn / n O  sup IP(x l  I f o r  aZ1 bounded and 
x E B o o  x E  B 

a b s o l u t e l y  convex  s u b s e t s  B C E 

PROOF. See 1131, P r o p o s i t i o n  7 ( a ) .  

PROPOSITION 8 .  L e t  E b e  a b o r n o l o g i c a l  space  wh ich  c o n t a i n s  a f u n -  

darnental sequence  o f  bounded s e t s  ( B n l n Z I  and such t h a t  E i  i s  dis- 

t i n g u i s h e d .  Then  t h e r e  i s  a s t r i c t  morphism 

m 

such  t h a t  ( T f l / E  = f f o r  a l l  f E f f w u b ( E ) .  
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PROOF. We may suppose that each Bn is convex and balanced. Define 

T f  : E" + IT. for each f E H w u b f E l  by 

m 

( T f ) ( x l  := z ( T k ( l  /k!l~kf(O/l(xl f o r  all x E E " ,  
k=O 

k k 
where T k  is the isomorphism from P w u (  E l  onto P w * u f  E " 1  defined 

in Lemma 7. 

(i) Tf E HIE") for each f E H w u b f E I  C H(El. Indeed, let 

rn E {l, . . . , p  1 we have P k  := ( 1  /k!lakf(Ol and F k  := T k P k .  For all 

which is absolutely convex, and so 

P 

n=l 
as ArnB;' C ( A n  B n l o o  for all m E {I,. . . , p } .  We remark a lso  that 

P 
z h n B n  is a bounded absolutely convex subset of E.Now, for every 

n=l 
P m 

6 E ( 1  / Z n l  XnB;' we have 5 E I: ( 1  /ZnlAnBzo f o r  some p E W 
n=l n=l 

and so, using Lemma 7 ( 2 1  we obtain, for every k E IN: 

Thus 

m 

Take any y E Eft. A s  E l f  = U BZ',  y E B S o  for some no E JV. By 

Lemma 6 there exists a sequence of positive real n-s such 

n=l 0 
m 
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n 
= M < -. It is clear that y E that A n  = 2 and I I f I I  00 

0 2 ( e + l )  B An Bn 
n=l 

m a, 

z ( A n / 2 n ) B : o  (as y E and we have that y + x ( A n / z n ) B E 0  is 
n=l n=l 

a neighbourhood of y .  Using [ 6 ] , Lemma 1.13, ( * )  and the Cauchy 

inequalities, we get that 

'u 

So, Tf is a G-holomorphic function which is locally bounded and,by 

[ 6 1 Lemma 2.8, Tf is holomorphic. 

(ii) We know already that all bounded sets X in E r r  are equi- 

continuous whence contained in some B o o  with B C E bounded (in 

particular, X C B Z o  for some n )  . Hence 
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Since X is an arbitrary bounded set in E”, and each ( e  + l ) B n  is 

bounded in E l  we see that f E H w u b ( E )  and that 

T : H w u b ( E i  + f f b l E “ l  is continuous ( H V u b ( E I  and Hb(E”I  with the to- 

pology of uniform convergence on the bounded subsets of E and E ” ) .  

On the other hand, therestriction to E is clearly a continuous left 

inverse of T. Since T is obviously linear and injective, T is a 

strict morphism. 

Tf E H b ( E f r )  for all 

REMARKS. (1) If E is the strict inductive limit of Banach spaces 

E k  then (by [ 7 ] , pp. 8 6 )  E r r  is also a strict inductive limit of 

Banach spaces, in particular barrelled, whence E ’  is distinguished. 

So, this is a special case of Proposition 8. 

(2) It is clear that if we can extend a holomorphic function f 
on E to a holomorphic function 7 on E ” ,  then we canextend this f 

to every locally convex space G such that E C G and there exists 

S : G + F” linear, continuous such that SI E = i d E  . In case of Banach 

spaces we know that E is an l,-space in the sense of Lindenstrauss 

and Pelczynski if and only if for every locally convex space G which 

contains E as a subspace there exists S : G + E r r  linear, con- 

tinuous such that S I E  = i d , .  The spaces co , k,, L , ( p )  and C(KI 

are examples of such spaces. 
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0. INTRODUCTION 

In the present mostly expository text, we propose to develop a 

fairly readable introduction to the closely related subjects of ho- 

lomorphic factorization anduniform holomorphy. It appears that these 

two akin concepts were firstly studied as such by Nachbin [ 3  J (see 

also [ 4 ] I ,  and next by Ligocka [ 21 as well as by Dineen (see [ 1 I and 
the references given there). However, an embryonal approach to such 

a viewpoint goes back to Rickart [ 5 ] , with the statement that "a 

holomorphic mapping in infinitely manyvariables actuallydepends only 

on finitely many of them",an appealing assertion to be understood in 

a proper way, to be correct (see Example 17). In our exposition, the 

main concepts are in Definitions 5, 10, 19, 23, 37; the key results 

are Propositions 14, 16, 18, 22,  27, 29. Attention is called to Ex- 

amples 9, 17, 21, 30, 31, 33, 35, 36, 39, 40, in which such concepts 

and results are used. We do not have the goal of being exhaustive; 

thus we do not treat further work on holomorphic factorization and 

uniform holomorphy due to L.  Abrahamson, V. Aurich, P. Berner, J. F. 

Colombeau, S. Dineen, E. Grusell, A. Hirschowitz, R. Hollstein, B. 

Josefson, N. V.Khue, E. Ligocka, M . L .  Lourenqo, M.C. Matos, R.Meise, 

L. A. Moraes, J. Mujica, L. Nachbin, P. Noverraz, 0. T.W. Paques, C. 

E. Rickart, M. Schottenloher, R. Soraggi, D. Voyt and M. C.F. Zaine, 

to quote namesthat are present to our mind at this time even risking 

unintentional omissions. A monograph would be the case for that 

goal. Thus the Bibliography at the end is reduced to an absolute 

minimum. Our text is enhanced by two final sections on some histori- 

cal notes and open problems. 

1. NOTATION AND TERMINOLOGY 

CONVENTION 0. We set the following: 
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(a) S ( B )  denotes the set of all seminorms on a complex vector 

space E .  We say that A C S ( E )  is directed when, given ai E A, there 

are ci E A, A E lR+ , such that a. < Xa (i = 1,2). Let Ea = (E,a) 
be E seminormed by a E S(E), and E / a  = Ea / a-l(O) be the' as- 

sociated normed space. B ( X I  and Ba,? (21 are the openandclosed 

balls in Ea of center x E E and radius r 2 0, respectivelly. 

z -  

- 
a, r 

(b) C S ( E )  denotes the set of all continuous seminorms on a 

complex locally convex space E. Then COS(EI represents the set of 

all a E CS(E) such that the natural mapping E -+ E / a  is open. More- 

over, CCS(E) is the set of all a E CS(EI for which the normed space 

E / a  is complete. 

(c) Let x C F u  be a set of mappings of a topological space 

U to a complex locally convex space F .  We say that x is: (B) 

bounded on U when X ( u )  = { f ( x l ; f  E X, x E U ]  is bounded in F; 

(LB) locally bounded on U if U is covered by its open subsets V 

such that every restriction X 1 V = {f I V ;  f E X }  is bounded on V ;  (ELB) 

equilocally bounded on U if U is covered by its open subsets V 

such that every restriction f 1 V is bounded on V for f E X. We 

also say that x is: (AB) amply bounded on U if X is locally bounded 

on U as a subset of ( F 6 1 u  for every 6 E C S ( F ) ;  (EAB) equiamply 
U 

bounded on U if x is equilocally bounded on U as a subset of (F6) 

for every f3 E CS(FI. 

(d) Let E be a complex vector space. Then U C E is said to 

be finitely (or algebraically) open when U n S is open in every fi- 

nite dimensional vector subspace S C E for the natural topology of 

S. Moreover, U C E being nonvoid and finitely open, if F is a com- 

plex locally convex space, then f : U -+ F is said to be finitely 

(or algebraically) holomorphic if the restriction $ 1  (U f- S) : U n S + F 

is holomorphic for every finite dimensional vector subspace S C E 

meeting U for the natural topology of S ;  we denote by X ( U ; F I  (or 

3 C a f U ; F ) )  the vector space of all such f : U -+ F .  When both E and F 

are complex locally convex spaces, U C E being nonvoid and open, then 

f : U + F is said to be holomorphic if it is both finitely holomor- 

phic and continuous; we denote by J f ( U ; F I  the vector space of all 

such f : U -+ F .  

f 

CONVENTION 1. Let * E -+ Ei be a continuous linearmapping, called 

a projection, between the complex locally convex spaces E and Ei 
(i E I), where I is a nonvoid set, such that we have theprojective 

i '  



HOLOMORPHIC FACTORIZATION 223 

(or inverse) limit representation (PLR) F = l i m  E that is, the 

topology given on E is the smallest topology on E for which every 

1~ (i  E I )  is continuous: or, equivalently, the topology T E  given 

on E is the supremum of the inverse image 1~~ ( T E i l  by 1~~ of the 

topology T E i  given on E i ,  for all i E I, this supremum being in- 

differently in the complete lattices of all topologies, or of all 

locally convex topologies, on E ;  or, again equivalently, the carte- 

sian product mapping n 1~~ : E + n Ei is a homeomorphism between 

E and its image. For certain purposes, we may assume surjectivity 

li . I F )  = Ei  ( i  E I ) ,  as it suffices to use the projective limit repre- 

sentation E = l i m  a i ( E )  in place of the given one. 

.+ i € I  i’ 

-1 i 

i €1 iE I 

c i € I  

EXAMPLE 2. Let us list succintly some examples of projective limit 

representations: 

(a) We have the standard projective limit representations E 

and E = l i m  E / a  of a complex locally convex space 

E ,  where A C C S l E )  defines the topology of E, and often is assumed 

to be directed. 

= € A  Ea c a E A  

(b) Let 7 and T i  ( i  E I )  be locally convex topologies on a 

complex vector space, such that T is the supremum of T i ,  for all 

i E I ,  this supremum being indifferently in the complete lattices of 

all topologies, or of all locally convex topologies, on E. Then 

( E , T )  = l i m  (B,T.). In a natural sense, every projective limit 

representation of E leads to the present one. 
+ 

(c) The Cartesian product E = n E of complex locallycon- 
i € I  

vex spaces Ei (i E I) has the projective limit representation E = 

Z L m  Ei with respect to the natural projections a : E + Ei (i E I ) .  

Sometimes we need to use the projective limit representation E = 

IF J E $ ( I )  E J  by taking E J  = n E with respect to the natural 

projections 1~~ : E + E J  for J E @(I), where @ ( I )  is the set of all 

finite subsets of I .  

i 

j € J  j 

(d) Let ui : Ei + E be a continuous linear mapping, called 

an inclusion, between the complex locally convex spaces E i  ( i  E I )  

and E l  such that we have the inductive (or direct) limit representation 
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( I L R )  E = 14m iEIEi, that is, the topology given on E larg- 

est locally convex topology on E for which every oi ( i  E I) is 

continuous. If F is another complex locally convex space, by using 

vector spacesof continuous linear mappings, we may consider the pro- 

jective limit representation d: ( E ; F )  = l $m i E I d :  (E . ; F )  with respect to 

the transposed linear mapping ri = t ( u i )  : u E =C(;;.F) i-+ uo i E d: (Ei ;FI ,  

by using on every E ( E i ; F I  ( i  E I) the limit, or strong, or compact- 
open, etc., topology, and on d : ( E ; F )  the projective limit topology, 

which hopefully is its limit, or strong, or compact-open, etc. to- 

pology. Likewise, by using vector spaces of holomorphic mappings, we 

may consider the projective limit representation X(U;FI  = l in t  i c I  J f (Ui ;F)  

with respect to the transposed linear mapping T~ = t i o i l  : f E J C f U ; F I  

W fai E X ( U i ; F ) ,  where Ui= o i l ( U I ,  

by using on every X ( U i ; F )  (i E 1) the topology T6 ,  or Tw, or T o ,  

etc., and on K ( U ; F I  the p r o j e c t i v e l i m i t t o p o l o g y ,  which hopefullyis 

the topology T6, or Tu, or To, etc. 

is the 

(I C E is nonvoid and open, and 

2. HOLOMORPHIC FACTORIZATION 

DEFINITION 3 .  Following Convention 1, if U is an open nonvoid sub- 

set of E l  and F is a complex locally convex space, then we say that 

-- L . . .  . 

E 
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holornorphic  f a c t o r i z a t i o n  h o l d s  f o r  X C J C ( U ; F I  i n  t h e  g i v e n  p r o j e c -  

t i v e  l i m i t  r e p r e s e n t a t i o n  when there are i E I and a cover C of U 

by opennonvoid subsets of U, such that, to every V E c there cor- 

responds an open nonvoid subset W of Ei with r i ( V I  C W, and to 

every Y E  C and every f E X there corresponds g E J C ( W ; F )  satis- 

fying f = g v i  on V .  We may assume that such V and W are all 

connected: it suffices to replace C by the collection of allconnec- 

ted components V c  of all V E C, and with every such V c  associate 

the connected component W e  containing V c  of the corresponding W. 

Note that v.(V) is finitely open in n i ( E ) ;  and that g is unique 

if r.(E) = Ei,and W is connected, F being a Hausdorff space. 

REMARK 4 .  Note that a nonvoid subset X C J C ( U ; F )  corresponds natu- 

for rally to a mapping 

x E U. Then holomorphic factorization holds for X C J C ( U ; F I  if and 

only if it holds for f x  E J C ( U ; F  I ,  both in the given projective 

limit representation. 

X 
f EX 

f x  E J C ( U ; F  I defined by f X ( x I  = ( f ( x ) )  

X 

DEFINITION 5. Following Convention 1, we say that holomorphic factoriza-  

t i o n  h o l d s  f o r  t h e  g i v e n  p r o j e c t i v e  l i m i t  r e p r e s e n t a t i o n ,  when holo- 

morphic factorization holds for every equilocally bounded subset X 

of X ( U ; F I  in the given projective limit representation, for every 

connected open nonvoid subset U of E and every complex locally con- 

vex space F. 

REMARK 6. Note that, by Remark 4, it is equivalent to require in Defi- 

nition 5 that the indicated conditions hold when X is reduced to a 

single locally bounded mapping f E J C ( U ; F ) ,  for every such U and F .  

3. UNIFORM HOLOMORPHY 

DEFINITION I .  Following Convention 1, if u is an open nonvoid sub- 

set of E ,  and F is a complex locally convex space, then we say that 

u n i f o r m  holomorphy h o l d s  f o r  x C J C ( U ; F I  i n  t h e  given project ive  l i m i t  

r e p r e s e n t a t i o n  when holomorphic factorization holds for x C X(U;FBI  

in the given projective limit representation, for every B E C S ( F ) .  

-MARK 8 .  It is plain that, if holomorphic factorization holds for 

X ,  then uniform holomorphy holds for X too, both in the given pro- 

jective limit representation. The converse is true if F is seminormable. 



226 NACHB I N 

However, if F is not seminormable, assume E = F ,  U = E ,  x = {Id), 

where Id : E + F is the identity mapping, consider the standardpro- 

jective limit representation E = l i m  E and note that uni- 

form holomorphy holds, but holomorphic factorization fails, for X ,  

both in this projective limit representation. 

c clE C S I E )  a' 

EXAMPLE 9. E and F being complex locally convex spaces, we say 

that f E J C ( E ; F )  i5 an entire mapping of dorninatable  g r o w t h  when,for 

every B E C S I F I ,  there is a E C S ( E I  such that 

Then u : iR, -+ iR+ is increasing, and B [  f ( x ) ]  5 u [ a ( x I ]  for all 

x E E. Moreover, u is the smallest increasing function v : B +  + R+ 

for which [f (211 5 z1 1 a ( X I  ] for all x E E. It follows from the maxi- 

mum seminorm theorem that f is of dominatable growth if and only 

if, for every 6 E C S ( F ) ,  there are a E C S ( E )  and w : B+ + Z+ 

such that B [  fix)] 5 w [ a ( x ) ]  for all 3: E E ,  because then we can 

replace w by the largest increasing function v : IR+ + IR+ under 

w. If f is of dominatable growth, then uniform holomorphy holds for 

it in the standard projective limit representation E = l i m  E 
c C S I E I  aJ 

but not necessarily holomorphic factorization (seethecounterexample 

in Remark 8). An example of an entire mapping of dominatable growth 

is given by a continuous polynomial f E P ( E ; F ) ;  or by f E J C ( E ; F )  

of exponential type, meaning that, for every B E C S ( E ) ,  there are 

a E C S ( E )  and c E B+ such that B [ f ( z ) ]  5 c * e x p  [ a ( x ) ]  for all s 

E E ;  or by f E J C ( E ; F I  of finite order, meaning that for every 6 E 

C S ( F I ,  there are a E C S ( E ) ,  c E B+ , r E iR+ , r > 0 such that B [  f(x)l 
< c * e t p  [alx) ] for all t E E ;  etc. 

r 
- 

DEFINITION 10. Following Convention 1, we say that u n i f o r m  holomor-  

p h y  h o l d s  f o r  t h e  g i v e n  p r o j e c t i v e  Z i m i t  r e p r e s e n t a t i o n ,  when unifonn 

holomorphy holds for every equiamply bounded subset X of J C ( U ; F )  in 

the given projective limit representation, for every connected open 

nonvoid subset U of E and every complex locally convex space F .  

REMARK 11. It' is plain that, if holomorphic factorization holds for 

a given projective limit representation, then uniform holomrphy holds 

for it too. See Problem 4 2 .  
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4 .  HOLOMORPHIC FACTORIZATION AND UNIFORM HOLOMORPHY OVER OPEN BASIC 

PROJECTIVE LIMITS 

DEFINITION 12. Following Convention 1, we say that V C E is uni- 

formly open  in t h e  g i v e n  p r o j e c t i v e  l i m i t  r e p r e s e n t a t i o n  when there 

are i E I and an open subset Wi C Ei such that V = r i l ( W i ) .  If 

IT : E * Ei is surjective, it follows that Wi = r i ( V ) .  By assuming 

that all ri : E + Ei (i E I !  are surjective, V C E is uniformly open 

in the projective limit representation if and only if there is i E I  

such that n i ( V )  is open in Ei and V = ~r:' [ r i ( V )  1 .  The defini- 

tion of a projective limit representation of E means that the uni- 

formly open subsets of E in that projective limit representation 

form a subbase of all open subsets of E. We say that theprojective 

limit representation is b a s i c  when all uniformly open subsets of E 

in that projective limit representation form a base of all open sub- 

sets of E; equivalently, when the 'set of all ai ri E C S I E )  

(i E I, ai E C S ( E i ) )  is directed and defines the topology of E. 

i 

LEMMA 13. F o l l o w i n g  C o n v e n t i o n  I, assume t h a t  r.(E) = Ei (i  E I). 

L e t  F be a complex  l o c a l l y  c o n v e x  s p a c e ,  and f E E(E;FI b e  g i v e n .  

T h e n :  

(1) Holomorphic  f a c t o r i z a t i o n  h o l d s  for f in t h e  g i v e n  p r o -  

j e c t i v e  limit r e p r e s e n t a t i o n  i f  and o n l y  if t h e r e  a r e  i € I, fi € 

E(Ei;F), s u c h  t h a t  f = f i T i .  

( 2 )  Uni form h o l o m o r p h y  h o l d s  f o r  f i n  t h e  given p r o j e c t i v e  

l i m i t  r e p r e s e n t a t i o n  if and o n l y  i f ,  f o r  e v e r y  B E CS(F), t h e r e  a r e  

i E I ,  fi E d:(Ei;FBl, s u c h  t h a t  f = f i n i .  

PROOF. Let us prove (1). Sufficiency is clear, with c = {El, V = E, 

W = Ei, i E I ,  a 

connected open subset V of E containing 0 ,  a connected open subset 

W of Ei containing r i ( V ) ,  and g E JC(W;F), so that f = g n i  on V .  

We have f r o )  = g [ n i ( 0 ) ] ,  hence g ( 0 )  = 0. Thus x E V n n r i ' ( 0 )  im- 

plies that f ( x )  = 0. Since V is absorbing, we see that f vanishes 

on 
fi : Ei 

+ F so that f = f i n i  on E .  Then f i  = g on the finitely open sub- 

set n i ( V )  of n.fE) = E. Since W is connected, uniqueness of ho- 

lomorphic continuation gives rfi = ng  on w, where n : F --t FH is 

the natural open continuous linear mapping of F onto the Hausdorff 

g = f i .  As to necessity, by assumption there are 

-1 ni ( O i ,  and we may consider the quotient linear mapping 
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locally convex space FH = F/T associated with F .  Hence n f i  is 

continuous on W, in particular at 0, and so nfi  E LIEi;FH). There- 

fore fi € L(Ei;F). Let us prove ( 2 ) .  Sufficiency is clear with C = 

{El, V = E (independent of a ) ,  i E I ,  W = EiJ g = fi (depending on 

8 ) .  As to necessity, it follows from necessity in (l), with F re- 

placed by F B .  QED 

PROPOSITION 14. In o r d e r  t h a t  u n i f o r m  holomorphy ( i n  p a r t i c u l a r ,  ho- 

l omorph ic  f a c t o r i z a t i o n )  s h o u l d  h o l d  f o r  a p r o j e c t i v e  l i m i t  r e p r e -  

s e n t a t i o n ,  i t  is n e c e s s a r y  th‘at i t  be  b a s i c .  

PROOF. Following Convention 1, let us assume that uniform holomor- 

phy holds for E = l i m  E Then it holds also for E =limiEIriIEi). 

If either of these two projective limit representation is basic, so 

h is the other. Thus we may assume that 

X T I  E E I ,  a E CS(Ei ) Ih = 1 , 2 ) .  Set F = E * E , f = n 

d: IE;F). Since uniform holomorphy holds for the given projective limit 

representation, define B E CSIF) by B ( y l ’ y 2 )  = s u p  { a .  (yh l ;  h = 1,Zl  

€or y h  Ei ( h  = 1 , 2 ) ,  and apply 2) of Lemma 13 to find i E I, fi  

h 
E f(E .F ) such that f = f i n i .  Write fi  = g i  I x g i 2 ,  where 

gi.ni ( h  = 1 , 2 ) .  Then aih ‘ih = E f(Ei; IEi ) I, SO that TI 

(a i  g. I n i  ( h  = 1 , 2 1 .  Since a E CSIE.) I h  = 1 , 2 ) ,  we have that h ‘ h  i h g i h  

ai = sup t a i  g .  ; h = 1 , 2 )  E CS(Ei) and a . ~  ( h = 1 , 2 ) .  QED 

c i E I  i ’  

7 r . I E )  = Ei I i  E I). Fix i 

2 i ih  h i, i2 i l  

Zh 

h 

g i  i’ 6 

h aih 

ai r. h ~ h -  z i  
h ‘ h  

DEFINITION 15. Following Convention 1, we say that the projective 

limit representation is open  when all n open 

surjective mappings. 

* E + Ei ( i  E I) are i *  

PROPOSITION 16. Holomorphic  f a c t o r i z a t i o n ,  hence  uniform holomorphy, 

h o l d  f o r  e v e r y  open  b a s i c  p r o j e c t i v e  l i m i t  r e p r e s e n t a t i o n .  

PROOF. Following Convention 1, consider a connected open nonvoid 

subset U of E, a complex locally convex space F ,  and an quilocally 

bounded subset X of J e ( U ; F I .  Fix an open nonvoid subset T of U 

such that every f E X is bounded on T I  that is, 
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= sup CB[f(x)]; x E T I  < + m for every f E X, 6 E C S ( F I .  Since 

the projective limit representation is basic, there are i E I and 

an open subset Wi of Ei such that TI~'(W~) is nonvoid and con- 

tained in T I ~ ( X )  E Wi , there is ai 

E CS(Ei) for which Ba ,[TI~(x)] C W i J  and then B (x) C TI (Wi) 

C T if we set c1 = a TI E CS(E), so that (by assuming that F is a 

Hausdorff space, as we may) Cauchy's inequality gives B [ df(xl(yl1 

2 c B f a ( y i  = c Bfai [ Tri(y)].  Thus y E TI~'(O) implies B [df(x)(y)l = 0 

for every B E CS(F). Therefore 

d f ( x ) ( y )  = 0 for every f E X, x E nT1(Wil. By uniqueness of holo- 

morphic continuation, we get d f ( x l ( y )  = 0 for every f X, x u,  
y E TI~'(o). Hence, every is constant on every connected com- 

ponent of x E U. Next, if V is any open 

convex nonvoid subset so that every f E X is bounded on V, then 

W = TI.(V) is open in E i .  For every f E X, define g : W + F by 

gTi = f. It exists, that is, it is single valued because, if xl , x 2  

E  TI^ ( O ) ,  that is x 2  E E V ,  TI.(X I = ri(x2), we have that 

x [x1,x2 I joining x1 and x 2  is con- 

tained in connected 

set [xl,x21 must be contained in a connected component of U n 

[ x l  + a i l (0 ) l ,  implying f(x,l = f(x2), as needed. Since f E X is 

holomorphic on U, hence finitely holomorphic there, g is finitely 

holomorphic on V too: but then g E JC(W;FI because it is bounded on 

W, once f is bounded on V .  QED 

B f  

T. For any x E TI;' (Wi), that is 
-1  

a ,  1 i 
i' 

i i  

-1 
f E x, x E Ti1(Wi), y E  TI^ ( O ) ,  

f E x 
U n [ X  + IT; '(O)] for all 

-1 
1 x2 - x 

2 1  

+ TIT'(O), so that the segment 

-1 -1 
i 

l z  

V (1 [x, + TI (O)] C U n [x, +  TI^ (011, and the 

EXAMPLE 17. Let E = n Ei be a Cartesian product of complex lo- 

cally convex spaces Ei (i E I ) .  Then E = Z i m  E with respect 

to the projections TI . E + E (i E I ) .  This projective limit repre- 

sentation is open, but not basic (except in trivial cases), so that 

Proposition 16 does not apply to it (and actually uniform holomor- 

phy, hence holomorphic factorization, do not hold for it, except in 

trivial cases) - If we pass to the associated basic projective limit 

representation E = Z i m  = ll E for J E I, and 

@(I) is the set of all finite subsets of I, which is open too, now 

Proposition 16 does apply to it, so that holomorphic factorization, 

i G I  

+ i 

i -  i 

+ J E  $(I) EJJ where EJ ~~ j 
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hence uniform holomorphy, hold for it. This conclusion is loosely 

stated by saying that, it X C J C ( U ; F I ,  with U a connected nonvoid 

subset of E ,  and F a complex locally convex space, then X depends 

only on a finite number of variables, if X is sufficiently "small", 

which is to be understood in the technical sense that holomorphic 

factorization, hence uniform holomorphy, hold for this projective 

limit representation (to avoid dealing with multivalued mappings). 

However, in this case, we can also express this finite dependence as 

follows: if X is equilocally bounded, and F is a Hausdorff space, 

there is a finite set J C I such that d i f  = 0 for every f E X 

and i E I - J; or, if X is equiamply bounded, for every B E C S ( F ) ,  

there is a finite set J C I such that d i ( r B f )  = 0 for every f E 

X and i E I - J ,  where 1~ . F + F/$ is the quotient mapping ( d i  

denoting the differential along i E I). 
B '  

5. HOLOMORPHIC FACTORIZATION AND UNIFORM HOLOMORPHY OVER LOCALLY 

CONVEX SPACES 

PROPOSITION 18. L e t  t h e  complex  ZocalZy c o n v e x  space  E beg iven ,  and 

c o n s i d e r  t h e  foZZowing s i t u a t i o n s  of i t s  p r o j e c t i v e  L i m i t  r e p r e s e n -  

t a  t i o n s  : 

( 3 )  Some E = Z i m  i E I E i .  w i t h  compZex seminormed s p a c e s  Ei 

(i E I). 

( 4 )  A Z Z  b a s i c  E = Z i m  I Ei , w i t h  compZex seminormed spaces 

Ei , and a.(E) = E (i E I). i 

( 5 )  A Z l  E = Z i m  ( i ,a i )  I C S ( E i J  ( E i l a  for a l l  b a s i c  E = 
i 

l i m  i E  I E i J  w i t h  compLex ZocaZty eonvex  s p a c e s  Ei and T . ( E )  = Ei 

(i E I). 

( 6 )  A Z Z  b a s i c  E = l i m  i c  I Ei , w i t h  complex  L o c a l l y  convex  

s p a c e s  Ei , and TI . ( E l  = Ei (i E I ) .  

We can t h e n  a s s e r t  t h a t :  

f a )  Denot ing  by U an open  nonvoid  s u b s e t  of E ,  By F a complex 
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ZocaZZy c o n v e x  s p a c e ,  and b y  X a s u b s e t  o f  X t U ; F I ,  t h e n  hoZomorphic 

f a c t o r i z a t i o n ,  r e s p e c t i v e Z y  u n i f o r m  holomorphy ,  h o l d s  f o r  X i n  one 

of t h e s e  s i x  s i t u a t i o n s  i f  and onZy i f  i t  h o l d s  f o r  X i n  each  o f  t h e  

r e m a i n i n g  f i v e  ones.  

(b) Ho Zomorphic  f a c t o r i z a t i o n ,  r e s p e c t i v e l y  u n i f o r m  holomorphy. 

h o l d s  f o r  one o f  t h e s e  s i x  s i t u a t i o n s  i f  and o n l y  i f  i t  h o l d s  f o r  

each  o f  t h e  r e m a i n i n g  f i v e  o n e s .  

PROOF. We note that (b) follows right away from (a). To prove (a), 

note that ( 4 )  =. (5) +. ( 6 )  =r ( 2 )  =) ( 3 )  are clear; and let us prove 

that ( 3 )  * (1) =. ( 4 ) .  Assume that holomorphic factorization holds for 

X as in (a) in the situation (3). There are i E I and a cover C of 

U by open nonvoid subsets of U such that, to every V E C there 

corresponds an open nonvoid subset W of Ei with r i ( V )  C W, and 

to every V C and every f E X there corresponds g E X(W;F) satis- 

fying f = gvi on V .  Define a E C S ( E l  by a(x) = l ln . (x ) l l  for x E 

E .  For every V E C, set W = 71:' (W), which is a-open. We have V C 

W'. For every V E C and f E X, set g '  = gni E X ( W ' ; F I .  Thus f = 

g on W'. This proves that ( 3 )  * (1). Assume next that holomorphic 
factorization holds for X as in (a) in the situation (1). There are 

a E C S ( E I  and a cover C of U by open nonvoid subsets of U such 

that, to every V E C there corresponds an a-open nonvoid subset W 

of E with V C W, and to every V E C and every f E X there cor- 

responds g E X(W;FI when E is seminormed by a ,  satisfying f = g 
on V .  Since (4) is basic, there are < E I and ai E CS(Eil such 

that a 5 a.n For every V E C, we set W' = n i l W I ,  which is ai-  

open (hence open in E i ) ,  because ni : E a  + (Ei la  is surjective 

and open. Moreover B i ( V )  C W'. For every V E C and f E X I  since 

g E KfW;F) when E is seminormed by a, hence when E is seminormed 

by a i r i ,  then g is pushed ahead by ni, that is, there is g '  E 

X(Wf;F) characterized by g = g ' n i  on W. Thus f = g ' n  i on V .  

This proves that (1) * ( 4 ) .  That completes the proof for holomorphic 

factorization. As to uniform holomorphy, the proof is identical to 

the preceding one, with minor changes, such as replacing F by F B  

in some places, % E CS(F). QED 

z i '  

i 

DEFINITION 19. we say that hoZomorphic  f a c t o r i z a t i o n  (respectively, 

uniform hoZornorphy) hoZds f o r  a g i v e n  complex  ZocaZly c o n v e x  space  

E ,  when it holds for its standard projective limit representation 
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or, equivalently for the remaining five situa- = ' Z m  a E C S ( E ) E c (  ' 
tions in Proposition 18, particularly (6). 

REMARK 20. It is plain that, if holomorphic factorization holds for 

a given complex locally convex space, then uniform holomorphy holds 

for it too. 

EXAMPLE 21. We shall give firstly an example of a complex locally 

convex space E for which uniform holomorphy, hence holomorphic fac- 

torization, do not hold, before presenting interesting situations in 

which both hold (beyond the obvious case of a seminormable space E ) .  

Let E = X ( C ; C )  have the compact-open topology. Fix a E C. Then f 

E J c ( E ; C ) ,  defined by f ( u )  = u [ u ( a ) ]  for u E E, is not uniformly 

holomorphic in E = l i m  E In fact, for every r > 0, let 

a E C S I E )  be defined by a l u )  = sup(lufz)(; l z - a l  5 P I  for u E E .  

Fix t z s > r .  Define u, un E B by u ( z )  = a + t ,  u ( z )  = a + t + 

( z  - a j n / s n ,  for n E .IN, z E IT.. Then a ( u n  - u )  = rn/sn -+. 0 ,  but 

f ( u n )  = a + t + t n / s n  + m, both as f is not locally 

bounded on E,. Thus f 9 3 C ( E a ; C )  for all c1 of the above type, hmce 

for all a E C S ( E ) .  

c E C S ( E )  a '  

n + m. Hence 

6 .  THE OPENNESS CONDITION 

PROPOSITION 22.  The f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t  f o r  a g i v e n  

complex l o c a l l y  convex  space  8: 

(1) The s e t  COS(E), o f  a l l  a E C S I E )  such  t h a t  t h e  q u o t i e n t  

mapping E + E/a is open,  d e f i n e s  t h e  t o p o l o g y  o f  E and is directed. 

( 2 )  E has  some open b a s i c  p r o j e c t i v e  l i m i t  r e p r e s e n t a t i o n  E 

= l i m  i E  I Ei , w i t h  complex  seminormed s p a c e s  Ei  (i E I ) .  
t 

PROOF. We have (1) * ( 2 )  , because then E = l i m  
+ a E C O S ( E ) * / " '  which 

is basic and open, with normed spaces. We also have ( 2 )  * (1). In 

fact, define ai E C S I E )  by a i ( x l  = I I ~ ~ ( x ) l l  for x E E (i E I ) .  Then 

ai E COSIE), because 1~ is open (i E I). Moreover, a ( 5  E I) de- 

fines the topology of E and is directed, because we have a basic 

projective limit representation of E .  QED 

i i 
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DEFINITION 2 3 .  We say that the openness  c o n d i t i o n  h o l d s  f o r  a g i v e n  

complex  l o c a l l y  convex  space  E when it satisfies (1) of Proposition 

22, or equivalently its (2). 

REMARK 24. It is plain that a seminormed space E satisfiesthe o p -  

ness condition, On the other hand, if E has some continuous norm, 

but it is not seminormable, then E fails to satisfy the openness con- 

dition; otherwise E would have a continuous norm a € C O S ( E I ,  and 

then E + E/a = E ,  would be both continuous and open, that is a 

would define the topology of E .  

PROPOSITION 25. We have :  

(1) I f  T I  : E +. F i s  an open  c o n t i n u o u s  s u r j e c t i v e  linear map- 

p i n g  be tween  t h e  complex  l o c a l l y  c o n v e x  s p a c e s  E and F, and i f  E 

s a t i s f i e s  t h e  openness  c o n d i t i o n ,  t h e n  F s a t i s f i e s  i t  t o o .  

( 2 )  I f  E = l i m  i E  I E i  i s  an open  b a s i c  p r o j e c t i v e  L i m i t  repre- 

s e n t a t i o n ,  t h e n  E s a t i s f i e s  t h e  openness  c o n d i t i o n  i f  and o n l y  i f  

e v e r y  E i  ( i  E I) s a t i s f i e s  i t  t o o .  

t 

write B 

“ 1  5 a2 

S ( F ) ,  we 

Clearly 

B, E S I F  

and E 

PROOF. To prove (l), let us review some facts. If a E S I E ) ,  we de- 

fine $ E S t F l  by Bly l  = i n f { a ( x l ;  x E r - ’ ( y ) I  for y E F .  Then 6 
E S ( F )  is characterized by T I [ B  (a)] = BE,rfO) for r > 0. We 

=  TI^ (direct image of a by TT)  . Clearly n(Xnl  = h ( r a ) ,  and 

implies rial 5 nag, where a ,  a l J  a 2  E S ( E ) ,  h 1. 0. If 6 E 

a, r 

define a E S ( E )  by a = $TI (inverse image of B by 7 1 ) .  

A $ ) n = A ( $ n I ,  and 8, 5 B, implies B,lr 5 E2v, where $, B,, 

, X 2 0. We have Ilralv 5 a and IT(BITTI = 6, where a E S ( E )  

S ( F ) .  Hence TI  : S ( E )  +. S ( F )  is surjective, and 71 : S ( F )  +. 

S ( E )  is injective. We then have the surjective restriction TI : C S ( E )  

+. C S ( F ) ,  and the injective restriction ?T : C S ( F )  -+ C S f E ) .  If a E 

S ( E )  and 6 =  TI^ E S ( F I ,  introduce the quotient normed spaces E o  = 
E / a - l ( a )  and F o  = F / B - l ( O ) ,  call a. = a/a -1 (0) and 6, = $ / $ - ‘ ( O )  

their norms, also  TI^ : E +. E o  and l rB : F -+ Fo the quotient map- 

pings, respectively. There is one and only one mapping v0 : E o  +. F o  

which is necessarily linear and surjective. To so that 

prove this, it is necessary and sufficient that . rr[a-’(Ol]  C B-’(O), 

which follows from BT( a. It is clear that B = TIcy [ B  (011 

and B ,101 = r B [ B B J r  t o ) ] ,  from which we get readily that 

lroTa = l r B T 3  

a ,  21 

B O J  
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(01, for r 0, hence Bo =  IT^^^. Finally, we 

claim that a [ C O S ( E ) ]  C COS(F1. In fact, let a E G O S ( E ) ,  so that 

T~ : E -f E o  is open. Set 6 = na E C S ( F I .  If W is open in F ,  then 

V = TI (w) is open in E ,  hence v a ( V l  is open in E,, that no [ I T ~ ~ V I ]  

is open in F o  (once a, = TI a 1 ,  and thus TI ( W )  = 71 [ n f V ) l  (once TI 

is surjective) shows that IT (W) = n [ n c l ( V l l  is open in F o ,  show- 

ing that  TI^ : F + P o  is open, and therefore 8 f C O S ( F ) .  At last, 

given any 8' E C S ( F I ,  set a )  = B'n E C S ( E I ,  choose a E C O S ( E )  so 

that a '  5 a ,  define B = ncl E G O S I P ) ,  to conclude that B '  5 8. 
This proves (1). As to ( 2 1 ,  if E satisfies the openness condition, 

we use (1) to conclude that every Ei (i E I) satisfies it too (we do 

not need to use the condition of being basic). Conversely, if every 

E i  

-1  

0 0  B B 

B 

(i E I) satisfies the openness condition, we write 

and use (2) of Proposition 22, to deduce that E satisfies it 

too. QED 

COROLLARY 26. We have :  

(1) I f  IT : E + F i s  an open c o n t i n u o u s  s u r j e c t i v e  Zinear map- 

p i n g ,  and F has  some c o n t i n u o u s  norm, b u t  i t  i s  n o t  seminormable, then 

E f a i l s  t o  s a t i s f y  t h e  openness  c o n d i t i o n .  

( 2 )  A c a r t e s i a n  p r o d u c t  E = n Ei of complex  ZocaZZy convex 
i E  I 

spaces  s a t i s f i e s  t h e  openness  c o n d i t i o n  i f  and onZy i f  every 

s a t i s f i e s  i t  t o o .  

Ei (i E I) 

PROOF. (1) follows from (1) of Proposition 25 and the second half 

of Remark 24, of which it is an extension. (2) follows from (2) of 

Proposition 25 and the remark that the assertion is true if I iS fi- 

nite, by then passing to the associated open basic projective limit 

representation as in Example 17. QED 

PROPOSITION 21. Holomorphic f a c t o r i z a t i o n ,  hence  u n i f o r m  holomorphy, 

hoZd for e v e r y  compZex l o c a l l y  convex  space  E s a t i s f y i n g  t h e  openness 

c o n d i t i o n .  
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PROOF. By assumption, we have the open basic projective limit re- 

presentation E = l i m  E / a .  It suffices to apply Proposition 

16, as well as the equivalence in Proposition 18 of the situations (1) 

and (2) , from the viewpoint of (b) there. QED 

t a E COS ( E l  

7. THE GROTHENDIECK CONDITION 

DEFINITION 28. We say that the neighborhood countabZe  i n t e r s e c t i o n  

Gro thend ieck  c o n d i t i o n  h o l d s  f o r  a g i v e n  complex  locaZZy convex  space 

E when, for every sequence V n  i n  E nV) of neighborhoods of 0 in E ,  

there are r > 0 i n  E W )  such that V = n rn V n  still is a 
n E W  

neighborhood of 0 in E ;  equivalently,when, for every sequence a E n 

C S I E I  In E W l ,  there are E~ > 0 ( n  E nVl such that a = sup  E a 

E C S ( E I .  
n E W  

PROPOSITION 29. HoZomorphic f a c t o r i z a t i o n ,  hence u n i f o r m  ho Zomorphy, 

hoZd f o r  e v e r y  complex  ZocaZly convex  space E sa t i s fy ing  the Grothendieck 

c o n d i t i o n ,  and such t h a t ,  f rom e v e r y  open  c o v e r  of e v e r y  open  s u b s e t  

U of E ,  we can  e x t r a c t  a c o u n t a b l e  subcover  o f  U IL indeZS f  c o n d i -  

t i o n  f o r  U l .  Moreover,  e v e r y  open  s u b s e t  U o f  E i s  t h e n  uni formZy 

open  i n  t h e  s e n s e  t h a t  U i s  open f o r  some c o n t i n u o u s  seminorm of E .  

PROOF. Consider an equilocally bounded subset x of K I U ; F I ,  where 

U is an open nonvoid subset of E (we do not have to assume here that 

U is connected), and F is a complex locally convex space. For every 

x E U ,  there is ax E C S ( E )  such that V x  = B (x) C U, and every 

f E X is bounded on Vx. By the Lindelof condition, we can find a 

countable subset X of U such that the union of all Vx 1x E Xl is 

U. By the Grothendieck condition, we can find c1 E C S t E l  and E~ > 5 

such that E ci < a (x E X l .  Then every Vx (x E X) is a-open, from 

which it follows that U itself is also a-open. Moreover, every f E 

X is finitely holomorphic and bounded on V,, which is a-open, for 

every x E X; thus every f E X is holomorphic on V, when E is 

seminormed by a ,  for every 3 E X, which implies that every f E X 

is holomorphic on U when E is seminormed by a. QED 

ax, 1 

x x -  
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8 .  EXAMPLES OF HOLOMORPHIC FACTORIZATION AND UNIFORM HOLOMORPHY 

EXAMPLE 30. Proposition 27 applies to a Cartesian product of complex 

seminormed spaces, by Corollary 2 6 ,  ( 2 ) ,  since a seminormable space 

obviously satisfies the openness condition. 

EXAMPLE 31. Proposition 27 applies to a complex weak locally convex 

space E ,  that is, whose topology is a ( E ; E ' ) ,  either because E = 
l i m  E / S ,  where S varies over all finite codimensional (or even 

closed) vector subspaces of E l  or else if E is presented as a pro- 

jective limit of finite dimensional seminormed spaces,by Proposition 

22 (regardless of open basic, here). 

c s  

PROPOSITION 3 2 .  C o n s i d e r  a complex  v e c t o r  space  E ,  a v e c t o r  subspace 

S o f  E ,  and a c o l Z e c t i o n  N o f  v e c t o r  s u b s p a c e s  o f  E s u c h  t h a t ,  i f  

N I J  N 2  E N ,  t h e r e  i s  N E N so t h a t  N C N I J  N C N 2 .  Assume t h a t  E 

= S + N f o r  e v e r y  N E N .  F i x  a seminorm a on S, and i n t r o d u c e  the 

seminorn; 5 on E by  a,(x) = i n f  { o l t ) ;  t E S n ( x  + N ) }  f o r  a l l  

- I  
x E E ,  N E N .  We have  t h a t  and 

t h a t  aN 5 cN i f  N I J  N 2  E N ,  N i  3 N 2 .  Consider the topo logy  on E defined 

by a l l  a N ( N  E N ) .  Then u E COS(E) IN E N ) ;  t h u s  E s a t i s f i e s  t h e  

openness  c o n d i t i o n .  

N 

N C a N  ( 0 1 ,  and oN 1 S 5 0 I N  E N ) ;  

1 2 

N 

PROOF. We note that E = S + N is equivalent to S n ( x  + N )  # @ 

for every N E N; hence E. Clearly N C o i l (Ol ,  

because x E N implies - x E N, hence 0 E S I x  + N ) ,  for N E N .  

It is clear that uN 1 S 5 5, because x E S implies x E  S ( x  + N), 

for A, E N. Plainly a i f i  ' N 2  if N I J  N 2  E N ,  N l  2 N 2 .  Let now 

N I J  N 2  E N ,  r 0 ,  x E E ,  a ( x )  r: r .  There is t E S n ( x  + N l )  such 

that o ( t )  r: r .  Then aN I t )  5 o l t l  r. Moreover, t = x + n, where 

n E N l  C a ( O i ,  and x = t - n .  This proves that B ( 0 )  C B ( 0 )  

+ 0 ( 0 ) .  Thus, the quotient mapping Ea -+ E / o N  is open. We con- 

clude that the quotient mapping E -+ E / o N  is open, hence oN ECOSfE)  

I N  E N ) .  QED 

aN is a seminorm on 

N 1 

2 
-1 

N l  ONl J21 * N 2 > P  
-1 

IVl N 2  1 

EXAMPLE 3 3 .  Let X be a completely regular space, L be a complex 

normed space, E = C I X ; L I  be the vector space of all continuous mappings 
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of X to L ,  endowed with the compact-open topology. We claim that, 

if K C X is compact, and ax E C S ( E I  is defined for f E E by 
aK(f) = sup  { l l f ( x ) l l ;  x E K), then aK E C O S ( E 1 ;  hence E satisfies 

the openness condition, and Proposition 27 applies to it. In fact, 

let S = C b ( X ; L I  be the vector subspace of E of all bounded con- 

tinuous mappings of X to L ,  endowed with the norm 0 defined by 

o ( f l  = sup  IIf(x)ll; x E XI for f E S. Let K be the set of allcom- 

pact subsets of X. With X E K ,  we associate the vector subspace N 

of E of all f E E vanishing on K. Let N be the set of all such 

N .  Then K and N are naturally bijective (by excluding the trivial 

case L = 0). We have E = S + N and U N  = aK ( a N  in the notation 

of proposition 3 2 f ,  if N E N and K E K correspond to each other. 

In fact, if f E E, a,(f) 0 ,  define 9 E c ( X ; l R )  by 9 ( x )  = 

i n f {  1 , a K ( f )  / I I f (x) l l )  for x E X. Thus 0 5 P 5 I, P = 1 on K, 

9f E S, f - Pf E N ,  0lPf.J = a x ( f I ,  f = Pf + (f - P f )  E S + N ,  hence 

E = S + N (if aK(f) = 0 ,  thefi f E N C S + N ) .  Moreover a K ( f I  5 
am(f) ;  pf = f + (9f - f) E s n If + N )  gives oN(f) 5 o ( ~ f /  = aK(f). 
Thus = aK (if a K ( f I  = 0 ,  then f E N C uil(0), so o N l f l  = a). 
Apply Proposition 3 2 .  OED 

PROPOSITION 3 4 .  C o n s i d e r  a eomplex  v e c t o r  s p a c e  E ,  a v e c t o r  subspace 

S o f  E, and a c o l l e c t i o n  P of p r o j e c t i o n s  o f  E such  t h a t ,  i f  p I J  

p 2  E P, t h e r e  is p E P f o r  w h i c h  p 1  5 p a  p a  5 p ( w h e r e ,  f o r  two  

p 2 p l J  t h a t  i s ,  p l  (0) 3 p i l ( G i ,  p l ( E )  C p 2 ( E ) I .  Assume t h a t  p ( E )  C S  

f o r  e v e r y  p E P. F i x  a seminorm a on S s u c h  t h a t  ( ap )  IS 5 u f o r  

e v e r y  p E P. C o n s i d e r  t h e  t o p o l o g y  on E d e f i n e d  by aZZ up (p E PI. 

Then  U p  E & O S ( E )  ( p  E PI; t h u s  E s a t i s f i e s  t h e  o p e n n e s s  c o n d i t i o n .  

p r o j e c t i o n s  p I ,  p 2  of E ,  z ~ e  w r i t e  p I  5 p 2  t o  mean P 1  = P I P 2  = 
-1 

PROOF. we are going to apply Proposition 3 2 .  Consider the collec- 

tion N of the vector subspaces N 
E N ( P I  J P2 E PI, there is p E P for is such that, if 

N C N  . which p l  5 p ,  p 2  5 p, so that then N E N and 

We also have that E = S + N ( p  E P I ,  because, in fact, note that 

E = p ( E )  + p ( 0 )  C S + N C E .  We next claim that op = a , where 

a I x l  = i n f  { a ( t ) ;  t E S n ( x  + N for  all x E E, p E P, in the 
P 

notation of Proposition 3 2 .  In fact, if t E S n (x + N I, that is, 

t E S ,  t = x  + n, where n E N then ( o p l  1x1 = ( o p I ( t l  5 c r l t l ,  hence 

N p  = p-'(O/ ( p  E PI  of E .  Then 

N P l .  N P 2  

N P  N P I J  P P 2  P 

P 
-1  

P NP 

P 

P' 
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(CIP)(X) 5 CI (x); moreover, p ( x )  = x + [ p f x )  - X I  E S n IS + N ) gives 

CI ( X I  5 ci [p(lt-)] = ( u p i f x i .  There remains to apply Proposition 3 2 .  QED 

NP P 

NP 

EXAMPLE 35. Consider a set X ,  a complex vector space L ,  a vector 

subspace E of L x ,  a vector subspace S of E ,  and a collection K 

of subsets of X such that, if Kl, K 2  E K ,  there is K E K for which 

K I  C K ,  K 2  c K .  Assume that \ a K f  E S for every f E E ,  K E K ,  where 

\aK 
is the characteristic function of K .  Fix a seminorm ci on S such 

that o(\a,f) 5 a ( f )  for f E S, K E K.  Consider the topology on E 

defined by all f E E + O ( P K f )  E iR+ ( K  E K l .  Then each such semi- 

norm belongs to C O S ( E ) ;  thus E satisfies the openness conditionland 

Proposition 27 applies to it. This results from Proposition 3 4 ,  by 

. f E E I-+ \ a K f E E  ( K E K I  using the collection P of projections 

of E .  A noteworthy instance of this example is given by a topo- 

logical space X ,  a complex normed space L ,  a Radon measure 1-1 2 0 
on X ,  the vector space S = f p I u ; L /  with its p-seminorm, where 1 

5 p 5 a=, the collection K of all compact subsets of X ,  and thevec- 

tor space E = f p  ( u ; L )  of all u-measurable f : X + L such that 

f I K E l p ( u  I K ; L I  for every K E K ,  the topology on E being defined 

by all f E E + 11 f I K 11 E l7? (K E K ) ,  each of which belongs to COS(E), 

so that E satisfies the openness condition, and Proposition 27 ap- 

plies to it. 

' K  ' 

zoc 

P 

EXAMPLE 3 6 .  Let X and L be real normed spaces; we shall restrict 

ourselves to the case when X is of finite dimension n > 0. Let 

ls( X ; L )  be the normed space of all continuous k-linear 

mappings of E k  to F (k E W ) .  Fix m E { O , l  ,..., a] = W u { m } .  Set 

W m  = { k  E W ,  k 5 m } .  Note that am = W .  We represent by Cm(U;Ll 

the vector space of all continuously m-differentiable mappings f: U 

* L of an open nonvoid subset U of X, to L .  We have the k-dif- 

ferential dkf E Cm-k(U;ls( X ; L ) )  ( k  E Wm). With every compact sub- 

set K C U and k € W m ,  we associate the seminorm aUm on Cm(U;F), 

defined by for f ECrn(U;LI .  

The compact-open topology Tm on Cm(U;FI is defined by the directed 

family ( a K k l K k .  An m-smooth closed subset of X is a closed proper 

nonvoid subset C of X ,  such that, for every point a in its boundaq 

k symmetric 

k 

Kk 
Urn i 

aKk{f) = s u p  {Ild ffx)l l; LI: E R ,  i E INk 1 

Urn 
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aC, there are an open neighborhood V of a in X ,  and a dn-diffeomor- 

phism 0 of iRn onto v, such that @ ( O )  = a, O(x l  > 0) = (C - aC) 

n v, @(x, = 0) = (ac) n v, 0(x1 < 0) = ( X  - C) n V, where (x, O), 

is, = 0 1 ,  denote the sets of all (x , , . . . , xn )  E lRn satis- 

fying the respective condition on xl. For any compact subset K of 

every open subset U of X I  there is an m-smooth compact subset J 

of U containing K. If K is an m-smooth compact subset of X, we 

denote by C"(K;L) the vector space of all continuously m-differen- 

tiable mappings f : K + L, that is, for each such f, there are an 

open subset V of X containing K ,  and g E Cm(V;LI , so that the 

restriction f; then we define d k f E  ?-k(K;.fs(kX;L)) 

(x, < 0 1 ,  

g I K coincides with 
to be the 

choice of 

associate 

sup l id i f  

top0 logy 

We are qo 

k restriction i d  g )  I K ( k  E W m  I ,  which is independent of the 
such V and g, once K is m-smooth. With every k E W m , w e  

m rn 
the seminorm aKk on Cm(K;L), defined by clKk(f) = 

x l l l ;  x E K, i E LZrk 1 

Tm on C"(K;L) is defined by the directed family 

for f E Cm(K;L). The compact - open 

ng to appeal to Whitney's extension theorem, without using 

its full force, as we shall extend starting from compact m-smooth 

subsets of X. If K C U are, respectively, m-smooth compact, and 

open nonvoid, subsets of X, we have the continuous linear restric- 

tion mapping TIrn . f E Cm(U;L) f I K E Cm(K;L), called a pro- 

If Kl C K2 are 
aKk 'UK Kk jection mapping; note that 

UK * 

rn = clUm ( k  E D m ) .  

m-smooth compact subsets of X, we have the continuous linearrestric- 

tion mapping T"' : f E ?(K2;L) + f I K l  E Cm(K,;LI1 called a 
KlK2 

m m  m connecting mapping; note that 
c1 K l k ~ K l K 2  = c1 

( k  E n V m ) .  Then, each 
K2 

rn 
such T is surjective, because each such rm UK is surjective, 

is open (both and each such T:~ is open, because each such TI 

assertions resulting from Whitney's extension theorem). We then have, 

for every open nonvoid subset U of XI the 3pen basic projective 

limit representation 

K 1 K 2  
m 

KlK2 

with respect to the projection mapping  TI^ (K E K m ( U l l ,  where k?(U) 

is the set of all in-smooth compact subsets of U. Therefore] if rn is 

UK 
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m finite, every Cm(K;L) is normed by aKm (K E K m ( U ) l ,  and Proposi- 

tion 22, (2) shows that C"fU;L) satisfies the openness condition, 

hence Proposition 27 applies to it. However, if m = m , L # 0 ,  and 

but it is K E Km(X), note that 

not seminormable, hence it fails to satisfy the openness condition, 

by the second half of Remark 24 .  Moreover, if U 2 K is an open 

nonvoid subset of X, the open continuous surjective linear mapping 

n . CmIU;L) * CmlK;Ll implies that CmlU;Ll fails to satisfy the 

openness condition, by Corollary 26, (1). Hence, Proposition 27 does 

not apply to Cm(K;L) and CmfU;L) under the indicated assumptions 

on L, K and U. 

m m 

K O  ' C I K ; L )  has a continuous norm a 

m 

uv . 

DEFINITION 37. We say that the comple t e  q u o t i e n t  c o n d i t i o n  holds for 

a g i v e n  complex  l o c a l l y  convex  space  E when the set CCS(E), of all 

a E CSIEI such that the quotient normed space E / a  is complete, de- 

fines the topology of E and is directed. 

PROPOSITION 38. If a complex  l o c a l l y  convex  space  E s a t i s f i e s  t h e  

c o m p l e t e  q u o t i e n t  c o n d i t i o n ,  t h e n  CCStEl C C O S f E ) ,  and t h u s  E sa t i s -  

f i e s  a l s o  t h e  openness  c o n d i t i o n .  

PROOF. In fact, let al E CCS(El and c1 E CS(E) be given. We shall 

prove that the surjective linear quotient mapping : Ea + E/al is 

open. To this end, choose a2 E CCSlEl so that al 5 a 2 ,  a 5 a 2 .  We 

then have that the surjective linear quotient mapping n 2  :Ea * E/a2 

is open. On the other hand, we have the continuous surjective linear 

mapping T~~ : E / a Z . +  E / a l  characterized by rl = n 1 2 ~ 2  . Since both 
E/al and E/a2 are Banach spaces, then K~~ is open, hence is 

open too. This proves that a l  E C O S l E l .  The rest of the Proposition 

is the clear. QED 

r1  

EXAMPLE 3 9 .  We shall simply comment on some of the previous examples, 

from the viewpoint of Definition 37 and Proposition 3 8 .  A Cartesian 

product of complex normed spaces satisfies the complete quotientmn- 

dition if and only if every factor space is complete (Example 3 0 ) .  A 

weak complex locally convex space satisfies the complete quotient 

condition (Example 31). C ( X ; L )  satisfies the complete quotient con- 

dition if and only if L is complete (Example 3 3 ) .  L p  (p;LI satis- 

fies the complete quotient condition if and only if L is complete, 

l o c  
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o r  p = 0 (Example 3 5 ) .  C m ( U ; L )  s a t i s f i e s  t h e  complete q u o t i e n t  eon- 

d i t i o n  i f  and o n l y  i f  L i s  complete and rn is  f i n i t e ,  or L = O  (Ex- 

ample 3 6 ) .  

EXAMPLE 4 0 .  Consider  a complex m e t r i z a b l e  l o c a l l y  convex space  x, 
i t s  d u a l  space  E = X' endowed w i t h  t h e  compact open topology de- 

f i n e d  by a l l  seminorms on E each of which aL  i s  g iven  by a,(9) = 
SUP{)~(X) 1; x E L ) ,  f o r  every  compact s u b s e t  L of X and every  9 E 

E. N o t e  t h a t ,  if Ln ( n  E nV) are compact s u b s e t s  of X I  w e  can  

choose E~ > 0 ( n  E nV) so t h a t  t h e  union L of  1 0 1  and a l l  E , L ~  

i n  E IN) i s  compact i n  X. It t h e n  f o l l o w s  t h a t  E a < a ( n  E a ) ,  

showing t h a t  E s a t i s f i e s  t h e  Grothendieck c o n d i t i o n .  W e  c l a i m  t h a t  

every  open s u b s e t  U of E s a t i s f i e s  t h e  Lindelof  condition (see Propo- 

s i t i o n  2 9 )  i f  and o n l y  i f  X is  s e p a r a b l e .  I n  f ac t ,  n o t e  f i r s t l y  that 

t h e  p o l a r  set i n  E of every  neighborhood of  0 i n  X is  compact i n  

E ,  by t h e  A r z e l & A s c o l i ' s  theorem. T h e r e f o r e ,  if w e  f i x  a c o u n t a b l e  

b a s e  of neighborhoods of 0 i n  X. t h e i r  compact p o l a r  sets K (m  E R )  

i n  E have a union e q u a l  t o  E .  L e t  now X b e  s e p a r a b l e .  I f  x E X 

fn E lN) are dense  i n  X I  w e  can f i n d  E 0 ( n  E a71 so t h a t  t h e  

set L formed by 0 and a l l  E x i n  E IN) i s  compact i n  X. Since  L 

g e n e r a t e s  a dense  v e c t o r  subspace of X ,  t h e n  a = a i s  a con- 

t i n u o u s  norm on X. If then  U i s  any f i x e d  open s u b s e t  of E l  w e  

l e t  K,, be t h e  compact i n t e r s e c t i o n  of  K, and t h e  c l o s e d  comple- 

ment of t h e  union of a l l  a-open b a l l s  w i t h  c e n t e r s  belonging t o  Km n 

( E  - U) and r a d i u s  l / n  ( n  E nV). Once E i s  t h e  union of a l l  K r n ,  

and every  i s  compact, hence a-compact, w e  see 

t h a t  U i s  t h e  union of a l l  K m n  (m,n E IN), t h u s  U s a t i s f i e s  t h e  

Lindelof  c o n d i t i o n .  fo l lowing  

g e n e r a l  topology remark: i f  a t o p o l o g i c a l  space  E i s  a countable  

union of compact s u b s e t s ,  and E h a s  a cont inuous  metric, t h e n  every  

open s u b s e t  U of E is a countable  union of compact s u b s e t s ,  hence U 

satisfies t h e  Lindelof  c o n d i t i o n . )  Conversely,  l e t  t h e  complement 

U = E - iO), which is  open, s a t i s f y  t h e  Lindel6f  c o n d i t i o n .  Thus,there 

are compact s u b s e t s  L ,  ( n  E lN) of X such t h a t ,  i f  ip E E vanishes 

on e v e r y  of them, t h e n  ip = 0 ,  t h a t  is ,  t h e i r  union g e n e r a t e s  adense 

v e c t o r  subspace of  X. S i n c e  a m e t r i z a b l e  compact space  i s  separa-  

b l e ,  t h e n  X i s  s e p a r a b l e .  Therefore ,  P r o p o s i t i o n  29  a p p l i e s  t o  E i f  

and o n l y  i f  X i s  s e p a r a b l e .  I n  p a r t i c u l a r ,  i f  X i s  a Frgchet-Montel 

space  (FM s p a c e ) ,  it i s  s e p a r a b l e ,  and w e  have e q u a l i t y  o f t h e s t r o n g  

(bounded-open) and compact-open t o p o l o g i e s  on i t s  d u a l  space 

n L n  - 

rn 

n n  

Krn n ( E  - U) (m E nVl 

( W e  have adapted  h e r e  a proof of t h e  
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E = X' = Xi = Xi (a DFM space). Accordingly, Proposition 2 9  applies 

to every complex DFM space. The preceding considerations bearing on 

X and E = X' may be equivalently reformulated in an isomorphic and 

homeomorphic setting, to show that Proposition 29  applies to a com- 

plex DFC space E if and only if separability holds for its Frgchet 

dual space E '  = E d  = E 6 ,  on which the bounded-open (strong) and 

compact-open topologies coincide. Specifically, such considerations 

applies to holomorphic germs as follows. Consider a complex metriza- 

ble locally convex space Y. For every open nonvoid subset V of Y, 

endow the vector space J C ( V )  = J C ( V ; C l  with the compact-open topology. 

Fix a compact nonvoid subset K of Y. Endow the vector space X ( K )  

= X ( K ; S l  with the compact-open topology obtained by looking at X ( K I  

as the inductive limit of X ( V )  with respect to the natural linear 

mapping X i U )  * J C ( K I ,  for all V 3 K .  By a theorem due to Mujica, we 

have the Frgchet dual space X = [ X ( K I ] ;  = [ X ( K l l L ,  on which the 

bounded-open (strong) and compact-open topologies coincide. For the 

dual space XL of X, the natural linear mapping X ( K I  + XI. = 

{[  J C ( K ) ]  is bijective and a homeomorphism. Accordingly, the pre- 

ceding considerations allows us to assert that Proposition 29 applies 

to X ( K /  if and only if its Frgchet dual space X is separable, which 

is equivalent to separability of Y, as it can be seen. 

REMARK 41. It is relevant to point out that Propositions 27  and 29 

may each apply to a concrete situation not subsumed by the other. 

Proposition 2 9  cannot be, but Proposition 27  was, applied to the fol- 

lowing cases: Example 30, if the Cartesian product is infinite, and 

each factor is a normed space not reduced to its origin: Example 31, 

if E is an infinite dimensional space: Example 33, if X contains a 

sequence of compact subsets whose union is not relatively compact, 

and L # 0; Example 35, if X contains a sequence of compact subsets 

whose union is not u-compact, and L # 0; and Example 36, if rn is 

finite, and L # 0. Proposition 27  cannot be, in a case in which 

Proposition 2 9  was, used, say of Example 40, when X is separableand 

infinite dimensional, as then E has a continuous norm but is not 

seminormable. 

9. SOME HISTORICAL NOTES 

Proposition 27  was stated in Nachbin [ 3 ]  without proof: butour 

original proof of it applies "ipsis litteris" to establish the more 
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general Proposition 1 6 .  

Examples 21, 3 0 ,  3 1 ,  3 3 ,  35 ,  3 6 ,  39 were given also in Nachbin 

1 3 1 ,  without the details provided here. 

What we call "basic projective limit representation" (Defini- 

i tion 12) is, with the additional surjective condition n i ( E )  = E 

( i  E I), given the name of "Surjective limit representation" in Dineen 

[ 1 1 .  On the other hand, a "basic system" according to Ligocka [ 2 1 , 
is what we call "basic projective limit representation", with that 

surjection condition, and the following further condition: if nil(TEil 

denotes the inverse image by ri of the topology T E i  given on Ei 

(i E I), then the family of topologies n i 7 ( T E i )  ( i  E I) on E is 

directed, that is, given i h  E I, there is i E I  such that ri,lTEi ) 

C n (TEi) ( h  = 1,2). However, there are examples of "open basic 

projective limit representations" (Definitions 12 and 1 5 ) ,  with that 

surjection condition, such that we do have TI l T E i  ) 9 7 i i i ( T E i  ) 

for every i1 , i2 E I, i1 # i,, thus the family nil(TEi) (i E I) 

fails to be directed (I being not reduced to a single element); it 

follows that I cannot be semiordered so as to become directed, and 

also to lead to a "basic system". 

-1 

n h  
-1  
i 

- 1  

i l  1 2 2  

Concerning Definition 23 of the openness condition, we might ask 

if COSlEl is necessarily directed when it defines the topology of 

E. A negative answer to this question has been recently given by 

Valdivia [ 6 ] . 

1 0 .  SOME OPEN PROBLEMS 

PROBLEM 42. By Remark 11, if holomorphic factorization holds for a 

given projective limit representation, then uniform holomorphy holds 

for it too. Is the converse valid? 

PROBLEM 43. Find necessary and/or sufficient conditions for holo- 

morphic factorization, respectively uniform holomorphy, to hold for 

a given projective limit representation. 

PROBLEM 44. By Remark 6, it is equivalent to require in Definition 

5, of holomorphic factorization for a given projective limit repre- 

sentation, that the indicated conditions holds when x is reduced to 

a single locally bounded mapping f E J C ( U ; F ) ,  for every U and F. 



244 NACHB I N 

IS it also equivalent to require in Definition 10, of uniform holo- 

morphy for a given projective limit representation, that the idicated 

conditions hold when X is reduced to a single amply bounded mapping 

f E X ( U ; F ) ,  for every U and F ? 

PROBLEM 4 5 .  Definition 10, of uniform holomorphy for a given projec- 

tive limit representation, amounts to Definition 5, of holomosphic 

factorization for a given projective limit representation, when F is 

restricted to being seminormed, instead of being allowed to be locally 

convex. If we take F = 6 in Definition 10, will the concept of uni- 

form holomorphy for the given projective limit representation remain 

unaltered? More strongly, if we take F = 6 in Definition 5, will 

the concept of holomorphic factorization for the qiven projective 

limit representation remain unaltered ? A positive answer to the 

second question implies a positive answer to the first, and also a 

positive answer to Problem 42. 

PROBLEM 4 6 .  Holomorphic factorization, hence uniform holomorphy, 

(Definition 19), hold for a complex seminormed space E ,  to which 

Proposition 2 7  applies, trivially. However, when it comes to Propo- 

sition 29,  E satisfies trivially the Grothendieck condition,but does 

not always satisfy the Lindelof condition (which is then equivalent 

to separability of E )  . Which improvement of Proposition 29 will apply 

trivially to complex seminormed spaces (as Proposition 2 7  does) ? 

PROBLEM 47 .  Proposition 27,  applying to holomorphic factorization 

and uniform holomorphy over complex locally convex spaces, is a na- 

tural consequence of Proposition 16, which applies to holomorphic 

factorization and uniform holomorphy over projective limits. Can we 

obtain Proposition 29 (and its prospective extension hintedatproblem 

4 6 ) ,  applying to holomorphic factorization and uniform holomorphy 

over complex locally convex spaces, as a similarly natural cons+ 

quence of a proposition, which applies to holomorphic factorization 

and uniform holomorphy over project limits? 
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ABSTRACT. 

The i n t i m a t e  i n t e r a c t i o n  between t h r e e  seemingly d i s j o i n t  topics, 

namely, t h e  t h e o r y  of (LF) - spaces ,  B a i r e - l i k e  c o v e r i n g  p r o p e r t i e s 4  

t h e  c l a s s i c a l  S e p a r a b l e  Q u o t i e n t  Problem i s  b rough t  f o r t h  i n  t h i s  

pape r .  W e  f i r s t  r e l a t e  t h e  s t u d y  of  (LF) - spaces  ( an  i n d u c t i v e  l i m i t  

of a sequence of  F r g c h e t  s p a c e s )  w i t h  s e v e r a l  c o v e r i n g  p r o p e r t i e s  of 

l o c a l l y  convex s p a c e s  a r i s i n g  from t h e  c l a s s i c a l  B a i r e  Category Theo- 

r e m .  W e  c l a s s i f y  a l l  (LF)-spaces  i n t o  t h r e e  mutua l ly  d i s j o i n t ,  non- 

empty and s u f f i c i e n t l y  r i c h  c l a s s e s  c a l l e d  ( L F l I ,  ( L F ) Z , ( L F ) 3 - s p a c e s  

r e s p e c t i v e l y .  These classes a r e  t h e n  shown t o  be p r e c i s e l y  t h e  c lass  

o f  (LF) - spaces  which distinguish between t h e  s e v e r a l  Baire-l ike cover- 
i n g  p r o p e r t i e s .  The s p a c e  +, an H,-dimensional l i n e a r  s p a c e  w i t h t h e  

s t r o n g e s t  l o c a l l y  convex topology p l a y s  an impor t an t  r o l e  i n  t h i s  

c l a s s i f i c a t i o n .  The c l a s s i c a l  S e p a r a b l e  Q u o t i e n t  Problem f o r  Banacii 

and F r s c h e t  s p a c e s  is  i n t i m a t e l y  related t o  ou r  d i s c u s s i o n s .  Whilewe 

g i v e  s e v e r a l  e q u i v a l e n t  f o r m u l a t i o n s  of t h i s  famous "unsolved prob- 

l e m " ,  w e  g i v e  a n  a f f i r m a t i v e  s o l u t i o n  t o t h e s e p a r a b l e  Q u o t i e n t  Prob- 

l e m  f o r  t h e  class of  a l l  (LF) - spaces .  Even t h r o u g h a s t r i c t  (LF)-space 

and an (LB)-space a r e  never  m e t r i z a b l e ,  m e t r i z a b l e  as w e l l  as norm- 

a b l e  (LF) - spaces  e x i s t  i n  abundance. 

1. BASIC DEFINITIONS 

A space  is  a l o c a l l y  convex Hausdorff t o p o l o g i c a l  v e c t o r  s p a c e  

o v e r  t h e  f i e l d  B o f  r e a l  numbers or t h e  f i e l d  5 of complex num- 

b e r s .  A complete  m e t r i z a b l e  space  i s  a Frgchet s p a c e .  L e t  ( E n , ? , ) ,  

n = 1 , 2 , .  . . be  a c o u n t a b l e  f a m i l y  of F r s c h e t  s p a c e s  such t h a t  f o r  

e a c h  n ,  En C+ En+lJ E = U En, and T ~ + ~ ~ E ~  is  c o a r s e r  t h a n  t h e  

topology r n .  I f  T i s  t h e  f i n e s t  l o c a l l y  convex Hausdorff topology 

m 

n=l 
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on E such t h a t   TIE^ i s  coa r se r  than T~ f o r  each n ,  then  ( E , T )  

is  s a i d  t o  be  an (LFl-space [ i n d u c t i v e  l i m i t  of Frgchet  s p a c e s ] .  W e  

express  t h i s  s i t u a t i o n  by w r i t i n g  

m 
The family t ( E n ,  T n )  i s  c a l l e d  a d e f i n i n g  sequence f o r  t h e  in-  

duc t ive  l i m i t  space.  I f  each f E n , ~ n )  i s  a Banach space,  then (E ,T)  

i s  an ( L B I - s p a c e .  If T ~ + ~  \ E n  = T~ f o r  each n ,  it fol lows t h a t  T I E n  

= T f o r  each n ,  a n d t h e n t h e  (LFbspace i s  c a l l e d  a s t r i c t  (LFI-space. 

In  such a case ,  t h e  de f in ing  sequence { ( E  T ~ ) }  i s  c a l l e d  a s t r i c t  

i n d u c t i v e  sequence  f o r  t h e  (LF) space ( E ,  T). S imi l a r ly  a s t r i c t  (LBl-space 

i s  def ined .  

n 

n J  

The space 4 is  t h e  induc t ive  l i m i t  of t h e  sequence {Bn  1 of 

n-dimensional spaces  wi th  the  usua l  topology. The space @ can be 

cha rac t e r i zed  a s  an Ho-dimensional space endowed wi th  t h e  s t r o n g e s t  

l o c a l l y  convex topology. One r e a d i l y  sees t h a t  @ i s  an example of a 

b a r r e l l e d ,  bornologica l ,  r e f l e x i v e ,  (LF)-,  ( L B ) - ,  nuc lea r ,  Schwartz, 

Monte1 and P tgk  space.  W e  observe t h a t  @ is  not  met r izable ,  and i t s  

dua l  space is t h e  Frsche t  space w, a countable  product  of r e a l s  with 

t h e  product  topology. Also, @ appears i n  " l a r g e  products"  (see Saxon 

[ 181 1 .  I t  i s  t h e  only " s t r i c t l y "  s t r ic t  (LF)-space, i n  t h e  sense t h a t  

every de f in ing  sequence f o r  4 i s  s t r ic t .  Only spaces  of t h e  form 

F x 4 ,  where F is a Frgchet  spacehave every d e f i n i n g  sequence a h o s t  

s t r i c t  ( i . e . ,  T ~ + ~ I E ~ = T ~  f o r  almost a l l  n ) . F o r  a s t r i c t  (Wkspace ,  

not  every de f in ing  sequence need be s t r i c t . E v e n i f  ( E , T )  is  a s t r ic t  

(LB)-space, a de f in ing  sequence need not  c o n s i s t  of Banach spaces  

only.  Here is  a quick Example. 

EXAMPLE 1. L e t  6 denote  t h e  non-normable nuc lear  Frsche t  space of 

a l l  r ap id ly  decreas ing  sequences ( i .e .  { ( x n )  : i s  bounded f o r  

each k E JV}, equ ippedwi th the  Fr6chet  topology de f inedby  t h e  s e m i -  

norms p k ,  ( k  = 1 , 2  ,... ), where p k ( ( x n ) )  = s u p  { n k x n ) .  Clear ly ,  6 is 

continuously included i n  'I . Define 
n 

and 
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We equip with the respective product topologies T ~ , Q ~ .  Then 

Ex is continuously included in F n  and F, is continuously in- 

cluded in and they both generate the same (LF)-space. We thus 

have two "equivalent" inductive sequences for a strict (LB) -space 

& , T I  = I i r n ( E n , - r n l  = Iim(F ,,q,), one of which is a strict inductive 

sequence of Banach spaces, while the other is a non-strict inductive 

sequence of non-Banach spaces. 

E n ,  F n  

En+*, 

EXAMPLE 2. Replacing L ,  by e ,  and b by 1 ,  in Example 1, we 

obtain a strict (LB) space with a non-strict inductive sequence of 

Banach spaces. 

We observe that 

i) No (LF)-space is both metrizable and comFlete; 

ii) No strict (LF)-space is metrizable; 

iii) No (LB)-space is metrizable; 

iv) But there exist non-strict (LF) , non- (LB) -spaces which are 
not metrizable. 

EXAMPLE 3 .  Let p > I ,  and choose N such that p - 1 /i N+n)  > 1 for 

each n . Let k - denote the (LB) space I ~ r n 8 ( p -  I +ni , .  Then the 

(LF) space w X k? = 17:m [ w  x / i N + n , , ]  is a non-strict (LF)-, 
P -  

non (LB) -, non-metrizable (LF) -space. 

P 

EXAMPLE 4. 4 x L P -  is an (LB) space which is a non-strict(LJ3) space. 

2 - BAIRE-LIKE COVERING PROPERTIES 
The question arises: When is an (LF) space metrizable? The defi- 

nition of an (LF) space obviously reminds us of some "covering" proper- 

ties of spaces. In 1968 Amerniya-Komura 1 1 1  observed that if E is a 

metrizable barrelled space, then E cannot be expressed as the union 

of an increasing sequence of nowhere dense absolutely convex sets.The 

modern terminology for this property is Baire-likeness and adetailed 

account of Baire-like spaces can be found in [18]. While all Baire- 

like spaces are barrelled, it is true that a barrelled space that 
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does not contain an isomorphic copy of c$ is Baire-like [MI. 

THEOREM 1 1221. An ( L F I  s p a c e  is m e t r i z a b L e  if a v d  o n l y  i f  i t  i s  

b a i r e -  L i k e .  

We now consider several covering properties of a locally convex 

space, similar to the classical Baire Category results: 

A locally convex space ( E , T I  is 

B a i r e  if E is n o t  the union of a sequenceofnowhere dense sets; 

u n o r d e r e d  B a i r e - l i k e  [25] if E is n o t  the union of a sequence 

of nowhere dense, absolutely convex sets: 

if and only if it has p r o p e r t y  ( R - R I  [Robertson and Robertson] 

[14], 1251: if E is covered by a sequence of subspaces, at least 

one of the subspaces is both dense and barrelled; 

a i d b l - s p a c e  if it has p r o p e r t y  ( R - T - Y )  [Robertson, Tweddle and 

Yeomans] [ 151 : if E is covered by an i n c r e a s i n g  sequence of subspaces, 

at least one of the subspaces is (and hence almost all of them are) both 

dense and barrelled; 

(Note. unordered Baire-like property is the same as "unordered" 

(db) -property. ) 

B a i r e - l i k e  1181 if F is n o t  the union of an inareasing sequence 

of nowhere dense absolutely convex sets; 

q u a s i - B a i r e  [181, [221 if E is barrelled and is n o t  the union 

of an i n c r e a s i n g  sequence of nowhere dense subspaces. 

All these classes of spaces, except Baire spaces, are well-behaved 

for reasonable constructions; i.e., they are stable for arbitrary 

products, quotients and countable-codimensional subspaces ([13],[181, 

1221). 

THE WILANSKY-KLEE CONJECTURE. (see [ 171 , 1251 ) . E v e r y  d e n s e  o n e  - co- 
d i m e n s i o n a l  s u b s p a c e  of a Banach s p a c e  is B a i r e .  

This conjecture was resolved in the negative by Arias de Reyna 

[2], who showed (using Martin's Axiom) that every separable Banach 

space contains a dense, one-codimensional subspace that isnot Baire. 
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He a l s o  showed 131  (us ing  t h e  continuum hypothes is )  t h a t  t h e r e  e x i s t  

two pre-Hi lber t ion  spaces ,  whose product  i s  n o t  B a i r e .  

C lea r ly  

B a i r e  'unordered Ba i r e - l ike  * (db)'Baire-like jquasi-Baire ' ba r r e l l ed .  

W e  want t o  show t h a t  none of t hese  arrows i s  r eve r sab le .  I n f a c t  

t h e r e  e x i s t  r i c h  c l a s s e s  of spaces  which d i s t i n g u i s h  between t h e s e  

covering p r o p e r t i e s .  F i r s t ,  w e  s ta te  someins tanceswhere  some of t h e s e  

c l a s s e s  co inc ide .  The Amemiya-Komura r e s u l t  [l], t oge the r  wi th  a re- 

s u l t  of D e  Wilde and Houet [ 6 ]  and/or Saxon 1181 asserts t h a t  i n  t h e  

class of me t r i zab le  spaces ,  all t h e  p r o p e r t i e s  from Baire-like through 

b a r r e l i e d  are equ iva len t .  Vald iv ia  [26]generalizedtheAmemiya-Komura 

r e s u l t  by showing t h a t  a Hausdorff b a r r e l l e d  space whose completion 

i s  a R a i r e  space  must i t s e l f  be Ba i r e - l ike .  I t  then  t u r n s  o u t t h a t  

i n  t h e  "smallest  v a r i e t y "  of l o c a l l y  convex spaces  , namely t h e  variety 

of r e a l  Hausdorff l o c a l l y  convex spaces  with t h e i r  weak topology 

( D i e s t e l ,  Morr is ,  Saxon [ 8 ]  ) ,  t h e  completion of any member i s  a p r o -  

d u c t  of reals, and hence a Bai re  space ,  so ir, t h e  " s m a i l e s t  variety", 

a l l  t h e  concepts  between Ba i re - l ike  and b a r r e l l e d  i n c l u s i v e  a r e  

equ iva len t .  I t  i s  shown i n  1181 t h a t  b a r r e l l e d  spaces  a r e  Bai re - l ike  

i n  t h e  wider c l a s s  of spaces  n o t  ( i somorphica l ly)  conta in ing  a copy 

of @. Also, i n  a s t i l l  wider  c l a s s  of l o c a l l y  convex spaces  whichdo 

n o t  con ta in  a complemented copy of @, t h e  n o t i o n s o f b e i n g  b a r r e l l e d  

and quasi-Baire  co inc ide  [ 2 2 ] .  I n  f a c t ,  a b a r r e l l e d  space  is quas i -  

B a i r e  i f  and only  i f  i t  does not  con ta in  a complemented copy of @. 
(see [221 ) . 

There e x i s t  p l en ty  of examples of spaces  which a r e  unordered 

Ba i r e - l ike  bu t  n o t  B a i r e .  (see [ 7 3 , 1171,  118 I ) . The e x i s t e n c e  of 

(db)-spaces  which are not  unordered Ba i r e - l ike  i s  demons t r a t edby the  

f ol lowinq 

THEOREM 2 [ 2 0 1 .  Every  i n f i n i t e - d i r n e n s i o n a Z  F r e c h e t  space  F has  a 

dense  subspace  wh ich  is a [ m e t r i z a b l e ]  i d b ) - s p a c e  b u t  n o t  unordered  

Baire- l i k e .  

W e  observe t h a t  

i) All (LF)-spaces are b a r r e l l e d ;  

ii) N o  (LF)-space i s  a (db)-space (by P t s k ' s  Open Mapping 

Theorem) ; 



iii) No (LB)-space is Baire-like; 

iv) No strict (LF)-space is quasi-Baire. 

These observations enable us to make a "nice" classification of 

all (LF) spaces into three disjoint classes. 

3 .  CLASSIFICATION OF (LF) -SPACES 

We now classify all (LF)-spaces into three mutually disjoint, 

non-empty classes ( L F J i ,  i = 1 ,2 ,3  as follows: 

An (LF) space ( E , T )  is an 

( L F )  - space  if ( b ' , ~ )  nas a defining sequence none of whose mem- 1 
bers is dense in ( E , T ) ;  

i L F )  2 -space  if ( E ,  T )  is non-metrizabie and has a defining sequence 

each of whose members is dense in {E,T) [equivalently, at least one 

member is dense ( E ,  ~ ) l ;  

( L F )  3-space if ( E ,  T) is metrizable. 

The following theorem yields "nice" characterizations of these 

three types of (LF)-spaces in terms of the presence of the space @ 

as a subspace. 

THEOREM 3 i 2 2 1 .  An f L F ) - s p a c e  (E ,Tc)  i s  an 

( L F ) l - s p a c e  * i t  c o n t a i n s  a complemented copy of @; 

ILFi2-space  * it c o n t a i n s  4, b u t  n o t  @ complemented;  

(LFI3-space  * it d o e s  n o t  c o n t a i n  i$ a t  aZi. 

Next, we characterize these three classes of (LFIspaces in terms 

of the dis t inquish in .gproper t ies  of the several Baire-like covering 

properties we considered earlier. 

THEOREM 4 1 2 2 1 .  An ( L F )  space  ( E , T )  is an 

( L F j  - space  * i t  i s  n o t  q u a s i - B a i r e  ( b u t  i s  aZways barreZZedl; 

(LFJ2-space  d i t  i s  q u a s i - B a i r e ,  b u t  n o t  B a i r e - Z i k e ;  

1 
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(LF)3-space * i t  is Baire-Like but n o t  ( d b l .  

Sach of t h e s e  c l a s s e s  is  s u f f i c i e n t l y  r i c h :  

Every s t r ic t  (LF)-space i s  of type  (1); 

Every {LBj-spacewith a de f in ing  sequence of dense subspaces,  f o r  

example t h e  space l p -  = 2 4 m  L p - l / i f l + n )  i s  of type ( 2 ) ;  

Every met r izable  and normable (LF)-space 1s of type ( 3 ) .  it i s  

demonstrated i n  [21] t i a t  t h e r e  e x i s t  p l en ty  of met r izable  and nor- 

mable (LF)-spaces ,and  t h i s  has f a r  reaching consequences i n  the  s tudy 

and p o s s i b l e  s o l u t i o n  of t h e  c l a s s i c a l  Separable  Quotient  Problem f o r  

t h e  c l a s s  of Prsche t  and Banach spaces .  

Thus, 

(LF),-spaces  a r e  p r e c i s e l y  those  (LF)-spaces which d i s t i n g u i s h  

between b a r r e i l e d  and quasi-Baire  spaces;  

(LF),-spaces  a r e  p r e c i s e l y  those  (Lk’)-spaces which d i s t i n g u i s h  2 
between quasi-Baire  and Ba i r e - l ike  spaces ;  

(LF15-spaces a r e  p rec i se ly  those  (LF)-spaces which d i s t i n g u i s h  

between Bai re - l ike  and (db)-spaces .  

REMARKS. 

1. W e  have no t  only d i s t ingu i shed  between unordered Baire-like, 

(db) and Ba i r e - l ike  spaces  i n  t h e  c l a s s  of met r izable  spaces ,  bu t  

a l s o  i n  t h e  sma l l e s t  non- t r iv id l  “ v a r i e t y ” ,  rramely che v a r i e t y  

genera ted  by a l l  l o c a l l y  convex spaces  wi th  t h e i r  weak topology. 

2 .  Apart  from providing a c i a s s  of Ba i i e - l i ke ,  non- idb) - spaces ,  

me t r i zab le  (LF) spaces  a l s o  c o n s t i t u t e  incomplete q u o t i e n t s  Of com- 

p l e t e  spaces .  (See Kothe [ll] page 2 2 5 ) .  

I n  [ 2 1 ]  and [ 2 2 ] ,  w e  s tudy t h e  var ious  permanance p rope r t i e s  of 

t h e s e  t h r e e  c l a s s e s  of (LF) spaces .  For i, j ,  k { 1 , 2 , 3 1 ,  it is shown 

t h a t  d f in i te -codimens iona l  subspace of an (LF)i space i s  an (LF) 

space i f  and only i f  i = j; a countable-codimensionai subspaceofan  

(LF) space i s  an {LFj space i f  and only i f  it i s  c losed  and is not  

conrained I n  any member of t h e  de f in ing  sequence; Ehe cartesiax Froduct 
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of an (LF)i space  w i t h  an (LF) space  i s  an (LFjk space, where k = 
minimum of {i ,  j 1; an i n f i n i t e  p r o d u c t  of an (LF) space  i s  never  an 

(LF) space ;  a Hausdorff i n d u c t i v e  i i m i t  of an i n c r e a s i n g  sequence of 

(LF) spaces  i s  a g a i n  an (LF) space ;  i f  M is a c l o s e d  subspaces of an 

( L F ) i  space ,  t h e  q u o t i e n t  E / M  i s  e i t h e r  a Prgchet  space  ( i f  E = 
En + M f o r  some n) o r  an  (LF) space  f o r  some j 1. i .  This  r e s u l t  

on q u o t i e n t s  i s  f a s c i n a t i n g ,  s i n c e  it is  p o s s i b l e  f o r  a F r k h e t s p c e  

t o  b e  t h e  q u o t i e n t  of an (LF) space  of t y p e s  (1) , ( 2 )  or ( 3 ) .  Hence, 

by r e l a x i n g  t h e  requi rement  t h a t  t h e  i n d u c t i v e  sequences are s t r i c t l y  

increasing i n  t h e  d e f i n i t i o n  of an  (LF) s p a c e ,  w e  c a n  r e g a r d t h e  class 

of F r k h e t  spaces  as  t h e  remaining c l a s s  of (LF) spaces  of t y p e  ( 4 / ,  

i n  r e s p e c t  of t h e  above r e s u l t  on q u o t i e n t s .  

j 

j 

4 .  THE SEPARABLE QUOTIENT PROBLEM AND THE SPLITTING PROBLEM 

The e x i s t e n c e  of m e t r i z a b l e  and normable (LF)-spaces  i s  i n t i -  

mate ly  r e l a t e d  t o  t h e  Classical:  

SEPARABLE QUOTIENT PROBLEM. Does e v e r y  F r z c h e t  Banach]  space  (aZ- 

ways assumed i n f i n i t e - d i m e n s i o n a Z /  a d m i t  a q u o t i e n t  ( b y  a cZosed sub- 

s p a c e )  which  i s  separabZe  and i n f i n i t e - d i m e n s i o n a z  ? 

The problem has  been around s i n c e  1932, b u t  n o t  e x p l i c i t l y  men- 

t i o n e d  e a r l i e r  t h a n  1962.  The answer is  “ y e s ” ,  i f  t h e  space  is sepa- 

r a b l e .  Thus a l l  t h e  s t a n d a r d  Banach spaces  ico,L ( p  2 i, C [ 9, l ] I, 
t h e  n u c l e a r  Frgchet  spaces  6 and w admit a s e p a r a b l e  q u o t i e n t .  I f  

X is  compact and Hausdorff ,  t h e n  t h e  Banach space  C(X) admits a 

s e p a r a b l e  q u o t i e n t .  The Sanach space  tm i s  k n o w n t o h a v e a s e p a r a b l e  

q u o t i e n t .  I n  [ 2 0 ]  , w e  proved t h e  f i r s t  s i g n i f i c a n t  p o s i t i v e  r e s u l t  

i n  t h i s  d i r e c t i o n  f o r  t h e  c l a s s  of  a l l  (LF)-spaces ,  namely t h e  f o l -  

lowing : 

P’ 

THEOREM 5 [ 2 0 ] .  Every  (LFj - space  h a s  a s e p a r a b l e  q u o t i e n t .  

While t h e  problem remains wide open f o r  t h e  class of Banach and 

Frgchet  spaces ,  w e  g i v e  several e q u i v a l e n t  formula t ions  of t h i s  prob- 

l e m  f o r  t h e s e  classes of spaces  i n  t h e  fo l lowing  theorem. ( A  Banach 

space  v e r s i o n  of t h e  fo l lowing  theorem appeared i n  [ 2 4 1 ) .  

THEOREM 6 [ 2 1 1  . For a g i v e n  Frdche t  [ Banach] space  F ,  t h e  f o l l o w i n g  

s t a t e m e n t s  a r e  e q u i v a l e n t :  
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( a )  F has  a s e p a r a b l e  ( i n f i n i t e - d i m e n s i o n a l j  q u o t i e n t  ( b y  a 

c l o s e d  s u b s p a c e ) ;  

(b)  F has  a d e n s e ,  n o n - b a r r e l l e d  subspace ;  

( c )  F has  a d e n s e ,  n o n - f d b ) - s u b s p a c e ;  

(d )  F has  a d e n s e  s u b s p a c e ,  wh ich ,  w i t h  a t o p o l o g y  s t r o n g e r  

t h a n  t h e  r e l a t i v e  t o p o i o g y  i s  a m e t r i z a b l e  [ normable  ] f L F ) - s p a c e ;  

(e)  F has  a dense  p r o p e r  s u b s p a c e  wh ich  with a topology stronger 

t h a n  t h e  r e l a t i v e  t o p o l o g y  i s  a F r g c h e t  [ Banach] space (Bennett-Kalton 

I 4 J ) .  

THEOREM 6 [ 2 0 ] .  A F r g c h e t  space  F c o n t a i n s  a dense  s u b s p a c e ,  wh ich  

i s  B a i r e - l i k e  ( e q u i v a l e n t l y  b a r r e l l e d )  b u t  n o t  ( a b )  i f  and o n l y  if F 

c o n t a i n s  a d e n s e  b a r r e l l e d  s u b s p a c e ,  w h i c h  w i t h  a t o p o l o g y  s t r o n g e r  

t h a n  t h e  r e l a t i v e  t o p o l o g y  i s  a ( m e t r i z a b l e l  (LFI - space .  

QUESTION. Can we r e p l a c e  t h e  p h r a s e  " w i t h  a t o p o l o g y  s t r o n g e r  t h a n  

t h e  r e l a t i v e  t o p o l o g y "  w i t h  " w i t h  t h e  r e l a t i v e  topolo , -y"  i n  the above 

theorems  ? 

W e  cannot a p r i o r i  omit t he  phrase " s t ronge r  than t h e  r e l a t i v e  

topology".  I t  may be ( ? ? )  t r u e  t h a t  every i n f i n i t e  dimensional Frgchet 

space has  a dense (LF)-subspace. I f  t h i s  i s  t h e  case ,  then every in-  

f i n i t e  dimensional Fr6chet  space would con ta in  a dense subspacewhich 

i s  Bai re- l ike  b u t  no t  ( d b ) ,  y i e id ing  v i a  the  above Theorem, an a i -  

f i rma t ive  s o l u t i o n  t o  t h e  Separable  Quo t i en t  Problem f o r  t h e  c l a s s  

of Fr6chet  spaces .  So w e  r a i s e  t h e  fol lowing 

OPEN QUESTIONS. 

1. F o r  each  F r e c h e t  space  F ,  i s  i t  t r u e  t h a t  F has  a d e n s e  

B a i r e - l i k e  i e q u i v a l e n t l y  b a r r e l l e d ) ,  n o n - ( d b l  - subspace  i f  and o n l y  

i f  F has a d e n s e  ( L F )  subspace  ? 

2 .  which c l a s s e s  o f  s p a c e s  a d m i t  a S e p a r a b l e  Q u o t i e n t  ? 

W e  have a l ready  proved t h a t  t h e  class of a l i  (LF)-spaces admit 

Separable  Quo t i en t s .  (Theorem 4 above) .  Our proof [ 2 0 1  a c t u a l l y  con- 

s t r u c t s  t he  separable  q u o t i e n t .  
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The f o l l o w i n g a r e s o m e  i n t e r e s t i n g  r e s u l t s i n  t h i s  d i r e c r i o n  1201: 

(a) Every  (LFI3 - space  a d m i t s  a q u o t i e n t  wh ich  is a s e p a r a b l e ,  

i n f i n i t e - d i m e n s i o n a l  F r z c h e t  s p a c e .  

(b) Every  iLFl and ( L F I  3 -space  (more  g e n e r a l l y  non-  s t r i c t  

i L F ) - s p a c e s )  have a d e f i n i n g  sequence  each  of whose members a d m i t  a 

S e p a r a b l e  Q u o t i e n t .  

(c) Therae e x i s t s  a d e f i n i n g  sequence  f o r  an  iLFj-space  E each  

of whose members has  a S e p a r a b l e  Q u o t i e n t  if and o n l y  if E P F x $, 

where F i s  a F r e c h e t  space  n o t  hav ing  a S e p a r a b l e  Q u o t i e n t .  

THE SPLITTING PROBLEM. Does e v e r y  E’rechet  1 Banach] space  s p l i t  i n t o  

i n f i n i t e l y  many p a r t s  ? 

A E’rGchet s p a c e  F s p l i t s  i f  t h e r e  e x i s t  c l o s e d  subspaces M and 

N such t h a t  M + N F and M n IV = { a } .  W e  w r i t e  F = M 03 N .  The 

space F s p l i t s  i n t o  i n f i n i t e l y  many p a r t s  i f  t h e r e  e x i s t  sequences 

{M,}, i N n )  of subspaces of F such t h a t  

F = Ml @I N I J  N l  M2 03 iV2,  iV2 = M 3  N 3  ,..., 

This  happens i f  and only i f  t h e r e  ex i s t  a sequence 

n a l  p r o j e c t i o n s  w i t h  i n f i n i t e - d i m e n s i o n a l  ranges .  

{ P , }  of or thogo-  

THEOREM 7 [ 2 1 ] .  A F r e c h e t  space  F has  a d e n s e  subspuce  w h i c h ,  w i t h  

t h e  r e l a t i v e  t o p o l o g y  i s  a [ m e t r i z a b l e ]  (LFj - space  i f  

e i t h e r  F s p l i t s  i n t o  i n f i n i t e l y  many p a r t s ,  and each  p a r t  has 

a separabZe  q u o t i e n t ;  

o r  F has  a separabZe  q u o t i e n t ,  wh ich  s p l i t s  i n t o  i n f i n i t e l y  many 

p a r t s .  

Thus, i f  t h e  S p l i t t i n g  and Separable  Quot ien t  Problems have af- 

f i r m a t i v e  s o l u t i o n s  i n  F r s c h e t  [ B a n a c h l  s p a c e s ,  t h e n  e v e r y  i n f i n i t e  

d imens iona l  Frgchet  [Banachl  space  is t h e  complet ion of some m e t r i -  

z a b l e  [ normable 1 (LF)  -space.  Independent ly  of t h e  s o l u t i o n  t o  t h e  

s e p a r a b l e  q u o t i e n t  and s p l i t t i n g  problems, it i s  shown i n  1 2 1 1  t h a t  

w e  can o b t a i n  a r i c h  class of m e t r i z a b l e  and normable (LF)-spaces .  

C [ O , I I .  L [ a , b I , p 2 1  
P 

The f a m i l i a r  aanach spaces  L p J  1 5 p 5 m, C0”  
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and t h e  f a m i l i a r  ( n u c l e a r )  F r g c h e t  s p a c e s  b and o a l l  have dense  

subspaces  which,  w i t h  t h e i r  r e l a t i v e  t o p o l o g i e s  are [ m e t r i z a b l e h o r -  

mable] (LF)-spaces .  Indeed so  do a l i  F r g c h e t  s p a c e s  w i t h  an uncondi- 

t i o n a l  b a s i s .  Thus, c h e l e  are l o t s  of non-isomorphic m e t r i z a b i e  and 

normable (LP) - spaces .  

CONJECTURE. Every FrGchet [ B a n a c h ]  space  has d e n s e  s u b s p a c e s  wh ich  

a r e  rne t r i zabze  [ normab le]  ( L F I - s p a c e s .  

SUMMARY 

B a i r e  

examples are p l e n t y  

eve ry  F r g c h e t  s p a c e  

c o n t a i n s  a dense  

subspace which i s  

(db )  b u t  n o t  U.B.L. 

r U 
unordered 

B a i r e - l i k e  

(db )  - space  

(LF) 3:  m e t r i z a b l e  (LF)  : 

n o t  c o n t a i n i n g  a: 
f a r  r e a c h i n g  consequences 

t o  S e p a r a b l e  Quo t i en t  

Problem 

B a i r e - l i k e  

( L F j  2: c o n t a i n i n g  

b u t  n o t  4 complemented; 
non-metr izable  and has  - 
a d e f i n i n g  sequence each 

of whose members i s  dense 

i n  E ;  some (LB)-space 

q u a s i - B a i r e  

(LF! c o n t a i n s  a 

complemented copy of 

a ;  h a s  a d e f i n i n g  

sequence none of  whose - 
members i s  dense  i n  E ;  

e v e r y  s t r i c t  (LF)-space 
V 

b a r r e l l e d  
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SUMMARY 

This is a study of an extension of the notion of gDF-space to 

the nonarchimedean case. We deal with the localized topologies (Sl), 

present the extended definition and its principal properties (9.2) and 

finally we apply these studies to the space of continuous functions, 

extending results of Warner, Noureddine and Hollstein. 

9 1. LOCALIZATION 

Let IF,I 1 )  denote a nonarchimedean-valued field, E a locally 

F-convex topological vector space, that is a t.v.s over F which has 

a basis of F-convex 0-neighborhoods. A set S is called F-convex when 

it verifies AS + US 5 S for every A ,  u in F with 1 x 1  5 1 and 

l U l  5 1 .  

1.1. NOTATION. We denote by A the family of all bounded F-convex and 

closed subsets of E. 

1.2. DEFINITION. (a) We say that a subset T of E is an F-barrel in 

E if T is F-convex, closed and absorbing. 

(b) We say that E is b-F-barrelled if it verifies: every 

F-barrel T in E is a 0-neighborhood in E whenever T n B is a 

* P a r t i a l l y  supported by COSTED 
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0-neighborhood in B for every B E A .  

1 . 3 .  REMARK. It is clear that every F-barrelled space is b-F-bar- 

relled. 

1.4. DEFINITION. A locally F-convex space E is a b'-F-space if every 

linear form on E is continuous wherever its restriction to every 

B E A is continuous on B .  

1.5. REMARK. It is clear that every F-bornological space is a b'-F-space. 

1.6. DEFINITION. A locally F-convex space ( E , T )  is a b-F-space if T 

is the inductive topology relative to the family f B ,  T B ,  i B i  I B  A 

where T~ is the relative topology and iB is the canonical map.We 
can say that a b-F-space is a space with a localized topology in the 

family of bounded, F-convex and closed sets. 

1.7. =MARK. It is easy to prove that the following properties are 

equivalent: 

(i) E is a b-F-space. 

(ii) If W is an F-convex subset of E such that W n B is a 

0-neighborhood in B for every B E A ,  then W is a 0-neighborhood 

in E .  

With this observation, one proves easily that 

(a) Every b-P-space is a b'-F-space. 

(b) Every b-F-space is b'-F-barrelled. 

1.8. PROPOSITION. If E i s  a b'-F-space and  a b-F-barreZZed apace 

then: 

( * )  For every ZocalZy F-convex space G, every linear map f :  E + G 

is cont inuous if every f l B ,  B E A ,  is cont inuous on B .  

PROOF. Since f l B  is continuous whenever B E A ,  for each y '  E G' 

and B E A we obtain that 

fy'oflIB = y ' o f o i g  
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is continuous. As E is b-F-barrelled, y '  o f  is continuous. This 

implies that f-'({y')lo = { y ' o  fj' and then f : E0 + G, is con- 

tinuous and f '  : GI-' E'  is weakly continuous. Now consider f: (E,Tcl 

+ ( G , T ~ ) .  If A - C G '  is a weakly c-compact, F-convex and bounded set 

then f ' I A l  has the same properties. On the other hand A* is a 

0-neighborhood for T~ (G, G ' I and (f ' ( A /  ) is a 0-neighborhood in 

( E , T ~ ) .  Then f : ( E , - r c )  + ( G , T ~ )  is continuous. If W is an F-convex 

0-neighborhood in ( G , T ~ ) ,  then f - l ( W l  is a 0-neighborhood with the 

same property in ( E , - r c I  and consequently in E B .  Hence there exists 

a weak F-barrel W I  in E such that Wl 5 f - l ( W ) .  

Now if B E A ,  f - ' ( V J  n B is a 0-neighborhood in B ,  and there 

fore f is continuous. 

1.9. COROLLARY. I f  ( E , - r c )  i s  a b ' - F - s p a c e  t h e n  (E,rc) has property ( * ) .  

1-10. REMARK. We state some consequences of the preceding results. 

(1) Every locally F-convex space that verifies property ( * )  is 

a b-F-space. 

( 2 )  If ( E , T ~ )  is a bI-F-space then ( E , T ~ )  is a b-F-space. 

( 3 )  Every b-F-barrelled b'-F-space is a b-F-space. 

( 4 )  A locally F-convex space is a b-F-space if and only if it 

has property ( * I .  

1.11. PROPOSITION. If E i s  l o c a l l y  F-convex and F i s  s p h e r i c a l l y  

c o m p l e t e ,  t h e n  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  

(i) E i s  b -F-barre l  Zed 

(ii) H 5 E' i s  e q u i c o n t i n u o u s  whenever  H r e s t r i c t e d  t o  B i s  

e q u i c o n t i n u o u s  for e v e r y  B E A .  

-1 PROOF. Let V be an F-convex 0-neighborhood in F. Then H ( V l  = 

h-' I V )  is F-convex, closed and absorbing in E ,  hence H-' ( V )  is 
i z E H  

an F-barrel in E verifying that 



264 NAVARRO AND SEGUEL 

is a 0-neighborhood in B ,  for every B in A .  

Conversely, let U be an F-barrel in E such that U n B is a 

0-neighborhood for every D is the unit 

ball in F. Since U i  is equicontinuous in B fo r  every B E A ,  Uo 

is equicontinuous in E ' .  Then there exists a 0-neighborhood W such 

that 

B E A .  Then Uo (UI - C D, where 

U O t W I  5 D. 

Hence there exists a E F, la1 > 1 such that 

and so U is a 0-neighborhood in E .  

1.12. PROPOSITION. L e t  E b e  a b - F - b a r r e l l e d  s p a c e s .  If H 5 E A  i s  

precompact  t h e n  H i s  e q u i c o n t i n u o u s  in E ' .  

PROOF. If B E A and E > 0, there exists X E F ,  0 < I h j  < E and 

there exists P 5 E d , ,  with c a r d  ( P I  m such that 

H C C ( P )  + X B O .  - 

But if x E h P o  and f E G I P I  then 

Hence for x' E H I  there exist f E C I P I ,  g E Bo such that x '  

= f + X g  and Ix '(x1 I < E if x E V n B .  Thus we obtain HB equi- 

continuous for each B E A and then H is equicontinuous. 

1.13. PROPOSITION. L e t  E be  b -F-barre l zed  and  H be  precompact  i n  

E i .  T h e n :  

ii) H i s  r e l a t i v e l y  w e a k l y  c -compact .  

(ii) I f  F i s  a ZocaZ f i e l d  t h e n  H i s  r e Z a t i v e Z y  weakly compact. 
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PROOF. If H is precompact in Eb then H and r(H) (the F-convex 

hull of H) are equicontinuous. By Van Tie1 [ 8 1 ,  m/' is weakly 
c-compact, and hence (i) . Furthermore, r ( H 1 '  is weakly compact when- 

ever F is a local field, and hence (ii). 

1.14. PROPOSITION. E is a b ' - F - s p a c e  if and o n l y  if h h  is com- 

p Z e t e .  

PROOF. If f E E* and f I  B is continuous for every B E A ,  there 

exists an F-convex 0-neighborhood U such that h E F ,  

Ih l  > 1 ,  V = X - ' U  and D = A - l B ,  then 

f E (U n B I o .  Let 

f E XVo + ADo. 

Hence f is a cluster point of somecauchy sequence in E A .  Then f E  E l .  

Conversely, let F be a Cauchy filter in E L .  If CI E F and 

x E E, then there exists M E F such that M - M  a { x } O .  Then tbere 

is a Cauchy sequence of the form { f n ( x l  1 in F. 

We define f ( x )  = l i m  f n ( x ) ,  f E E * .  If B E A then there ex- 

ists g € E' such that g E f + B o .  

Let D be the unit ball in F. Then g - ' ( D )  B is a O-neigh- 

borhood in B and f l g - ' ( D )  fl B) 5 D. Hence f B  is continuous for 

every B E A and then f E E ' ,  because E; is a b'-F- space. 

1.15. COROLLARY. If E is c o m p l e t e  t h e n  ( E ' , T ~ )  i s  a b ' - F - s p a c e .  

1.16. COROLLARY. If F is a l o c a l  f i e l d  and E is c o m p l e t e  t h e n  

( E ' , T )  i s  a b ' - F - s p a c e .  

5 2  NONARCHIMEDEAN gDF-SPACES 

Now we give an extension of the classical definition of K. 

Nouredinne [ 5 1 and W. Ruess [ 6 1 for gDF-spaces. 

2.1. DEFINITION. A locally F-convex space E is a n o n a r c h i m e d e a n  

gDF-space (n.a. gDF-space) if 

(a) There exists a fundamental sequence of bounded sets, and 

(b) E is a b-F-barrelled space. 
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2.2. PROPOSITION. If E i s  a n . a .  gDF-space and F i s  s p h e r i c a l l y  

c o m p l e t e  t h e n  t h e  s t r o n g  d u a l  o f  B i s  a n , a .  F r g c h e t  s p a c e .  

PROOF. If { B n }  is a fundamental sequence of bounded sets then the 

polar sets { B Z }  form a countable basis of 0-neighborhoods for E L .  

Now we will prove (a) that every Cauchy sequence in E b  is u-con- 

verqent and (b) every Cauchy sequence in o-convergent is B-con- 

verqent. 
E b  

Let l x n }  be a Cauchy sequence in E i .  Then the F-convex hull 

H of { x n }  is an F-convex and precompact subset of E L .  Hence by 

1.13, H is a-c-compact and 0-closed. Thus Cx,} is weaklyconvergent. 

Now let be the basis of 0-neighborhoods in 8 ( E ' , E I  consist- 

ing of the a-F-barrels. If $ is the elementary filter associated 

to { x n }  and V E v ,  then there exists M E $ such that M - M  5 V .  

Then, as 4 converges to x ,  x belongs to M 5 y + V for each y E  M. 

Hence M 5 x + V ,  and thus $ is convergent to x in . 

- 

-a 

E b  
2 . 3 .  COROLLARY. A n . a .  gDF-space i s  a b ' -F- space .  

PROOF. It is a consequence of 1.14. 

2.4. COROLLARY. A n . a .  gDF-space i s  a b-F-space. 

PROOF. It is a consequence of 1.10. 

2 . 5 .  COROLLARY. E i s  a n . a .  gDF-space i f  and o n l y  if i t s  t o p o l o g y  

i s  L o c a l i z e d  i n  a f u n d a m e n t a l  s equence  of bounded F-convex and closed 

s e t .  

2 . 6 .  PROPOSITION. Every  n . a .  DF-space i s  a n . a .  gDF-space. 

PROOF. Let E be a n.a. DF-space. We assume that { B n }  is an in- 

creasing fundamental sequence of bounded F-convex and closed sets. 

If W 5 E verifies W n B n  is a 0-neighborhood in Bn for 

each n E ZV, then there exists a 0-neighborhood V n  such that 

We define V = n V and obtain V 5 W. 
n 
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On the other hand, for each n lN, there exists A E P, 1x1 < 1 

such that aBn 5 V n  for every CY F with 1x1 > ( a ( .  But 

i n v k i  n B~ = vn n B~ 
n <k 

and since Bn is F-convex we obtain 

I n v k )  n ( C X B ~ )  = v n ( C I B  ) = O . B  . 
n n < k  - 

Theref ore 

and hence V is bornivorous. Since E is a n.a. DF-space, V is a 

0-neighborhood and then W is a 0-neighborhood. Thus we obtain that 

the topology is localized in { B , ) .  

Other examples of n.a. gDF-spaces are the n.a. Banach spaces. 

Here the fundamental family of bounded sets has one element. 

In general every n.a. gDF-space where the fundamental family has 

one element is called s i m p l e .  

Therefore we can announce a consequence of the above proposi- 

tion. 

2.7. COROLLARY. If E i s  a s i m p l e  n . a .  gDF-spacP t h e n  Ei i s  a n.a. 

Banach s p a c e .  

PROOF. Let B be an F-convex, bounded closed and bornivorous set in 

E .  If A is a bounded subset of E then there exists X E F suchthat 

if 1 x 1  < l a / ,  then A 5 aB hence B o  C - nAo. Then Bo is a bounded 

0-neighborhood in . 5 
An extremal necessary condition for E being a gDF-space is found 

using the continuous linear mappings to metrizable spaces. We denote 

by L ( E ; G I  the continuous linear mappings from E to G. 

2.8. PROPOSITION. If E -is n n . a .  gDF-space a n d  G i? a i ' ~ . t ~ ~ i ' : : n ! ~ 7 e  

7scuZl i?  F - c o n v e x  s p a c e  t h e n  e v e r y  f 6 L ( E , G )  i s  b o u n d e d .  

PROOF. 

borhoods. Then there exists a scalar sequence ~~ such that 

Let {Wn} be a countable fundamental syste:n of F-convex O-neigh- 
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is a 0-neighborhood on E (Navarro 1 4 ] ) . Hence f (Vl is absorbed by 
every 'n. 

We recall that T. A. Springer [7] defined a c-compact set as a 

subset S of a locally F-convex space where every filter having a 

filterbasis of translations of F-convex sets, has a cluster point 

on S. 

It is possible toshow that the space co is a n.a. Banach space 

not locally c-compact, since a normed space is locally c-compact if 

and only if it is finite dimensional (De Grande-De Kimpe [ l ]  ) .  

2.9. PROPOSITION. The space (c;,Tc) is a n . a .  gDF-space, where T 

is the topoZogy of uniform convergence over the u-c-compact, bounded 

and  F-convex sets. 

PROOF. We have that ( c o ) l  is a n.a. Banach space but co is also 

semi-flexive. Then f3(cL;c J = T (cA;c i. Hence ( c A ; T c )  is a n.a. 

gDF-space. 

Finally an important property of n.a. gDF-spaces is the per- 

manence for separated quotients. 

2.10. PROPOSITION. If E is a n . a .  gDF-space and M 5 E is a cZosed 

subspace then E / M  is a n.a. gDF-space. 

PROOF. A slight modification of Noureddine's results [ 4  I allow as 

to conclude that b-F-barrelled spaces are invariant under inductive 

topologies. 

On the other hand, following Navarro [ 4  1 ,  1.7,we can prove that 
there exists a fundamental sequence of bounded sets in the quotient. 

$ 3 .  THE SPACE OF CONTINUOUS FUNCTIONS 

We suppose that X is an ultraregular space, that is a Hausdorff 

topological spacewhere every pointhas a filterbase of clopen neigh- 

borhoods. We call a topological space W-compact if every countable 

union of compact sets is relatively compact (Warner I101 ) .  

In [41 ,  2.1, we showed that C(XI, the space of scalar continuous 



NONARCHIMEDEAN gDF-SPACES 269 

functions with the compact-open topology, is a n.a. DF-Space if and 

only if X is an ultraregular W-compact topological space. It is clear 

that if C(XI is a n-a. DF-space then C(X) is a n.a. gDF-space. If 

C(Xl is a n.a. gDF-space then, following the proof for the DF-case, 

it can be shown that: 

3.1.  PROPOSITION.  C(X) i s  a n . a .  DF-space i f  and onZy i f  C(Xl i s  a 

n . a .  gDF-space i f  and o n l y  i f  X i s  W-compact. 

3 .2 .  COROLLARY. If ( F , ]  1 )  i s  a l o c a l  f i e l d  t h e n  t h e  f o l l o w i n g  con- 

d i t i o n s  are  e q u i v a l e n t :  

(a) C(X) i s  a c-Monte2 n .a .  gDF-space. 

(b) C(Xl is a r e f l e x i v e  n . a .  gDF-space. 

(c) ClXl i s  a Monte1 n.a. gDF-space. 

(d) C(Xl i s  a semi-Monte2 n . a .  gDF-space. 

(e) C(XI i s  a semi-c-Monte1 n . a .  gDF-space. 

(f) ClXI i s  a s e m i - r e f l e x i v e  n.a.  gDF-space. 

( g )  X i s  f i n i t e .  

PROOF. That (a) implies (b) follows from Van Tiel [ 9 1 Th. 4.28, COr. 

1. 

That (b) implies (c) follows from De Grande - De Kimpe [ 11 , p. 
178. 

It is clear that (c) implies (d) and (d) implies (e). 

That (e) implies (f) follows from Van Tiel 1 9 1  Th. 4. 26. 

Now we suppose that CfXl is a semi-reflexive n.a. gDF-space. We 

will show that every compact subset K of X is finite. 

If K is an infinite compact set let { k i }  be a sequenceof dif- 

ferent points in K. Let k be a cluster point of l k i ) .  Without 

loss  of generality we assume ki # k .  Then there exists a sequence 

{ f i )  of functions in C(Xl such that 

(ii) f n ( k l  = 0; 



270 NAVARRO AND SEGUEL 

(iii) Ifn(xl I 5 I for every x E X. 

Clearly If,) is bounded. Since C t X )  is semi-reflexive, there 

exists f E C(X/, a cluster point of If,} (Van Tie1 [ 9 ] Th. 4.25). 

For every m E W there exists 6 > 0, n E W ,  n 2 m such that 

and hence If(km)I = 1 for every m E W .  Similarly, we obtain f l k )  

= 0, this contradiction implies that K is finite. Now as X is W-com- 

pact, X must be finite, then (f) implies (9). 

That (9) implies (a) follow from the invariance under products 

of the property of being c-Monte1 and n.a. gDF-space. 

Now we will consider the vectorial case. Let {A,} be anincreasing 

fundamental sequence of F-convex bounded sets of E. For each sequence 

(Un} of 0-neighborhood of E we denote by r(An n Unl the F-convex 

hull of {An n UnIn. If follows from Garling [ 2  ] that the family 

IrfA, n Un)l. where is a sequence of 0-neighborhoods is a fil- 

ter basis of F-convex 0-neighborhood for the b-topology of E. Here 

we call b-topology the finest locally F-convex topology which agrees 

with the topology of E on the sets An, for every n E iB. 

{Un) 

3 . 3 .  PROPOSITION. The family { n (Ai + V i l j ,  where {Vi) is a se- 

quence of F-convex 0-neighborhoods of E ,  is a filter baseof F-eonvex 

0-neighborhoods f o r  the b-topoZogy. 

PROOF. 

#-neighborhoods of 

borhoods of E such that 

It is sufficient to show for each sequence {Ui} of F-convex 

E there exists a sequence {Vi} of F-convex O-neigh- 
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We claim that { V . )  verifies the inclusion required. Let x be an 

element of f' ( A i  + V .) .  Then x = a + v where a E Ai , vi E Vi. 

If we call b l  = a l  , bi = a i - a i - 1  if i > 1 and u 1  = v l J  ui = 

v - u  if i > 1 ,  we obtain that 

i i i 

i i-1 

i i 
x =  B b j i  B u  

j = l  j=] i .  

But bi E A i  and b .  E U i J  since A i  and U i  are F-convex, hence 

bi E A i  n Ui  for i = I,. . .,j also ui E Ai n Ui for i = I  .,... , j 
then 

2 '  

x E ri(Ai n U i l .  

The following is an extension of Hollstein's results [3] for 

the vectorial case. 

3.4. PROPOSITION. L e t  X be  an  u l t r a r e g u l a r  t o p o l o g i c a l  s p a c e .  Then  

ClX) and E a r e  n . a .  gDF-spaces if and onZy if C ( X ; S l  i s  a n . a .  

gDF-space. 

PROOF. If C ( X ; E )  is a n.a. gDF-space, then, since C(X) and E can 

be considered as complemented subspaces of C(X;E) and the n.a. 

gDF-spaces are invariant under separated quotients, it follows that 

C(Xl and E are n.a. gDF-spaces. 

Conversely we assume that C ( X l  and E are n.a. gDF-spaces. By 

Navarro [ 4 I , it is obtained that {M(X,Anl 1 is a fundamental se- 

quence of bounded sets for C ( X ; E l  whenever { A n }  is a fundamental 

sequence of bounded sets in E .  We can assume each M(X;A I as F-con- 
vex and the sequence can be assumed increasing. If A is the se- 

quence IM(xx;A~) I n  then will show that T~ is the compact-open 

topology. Let U be a TA-neighborhood of zero. By Proposition 3.3 

there exists a sequence of compact sets CK,} in X and a sequence 

{V,} of F-convex 0-neighborhood of E such that 

By Navarro [4] , 2.1, it follows that 

n M(Kn;Vn + An) 5 U. 
n 

As C(Xl is a n-a. gDF-space then X is W-compact, then there exists 
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a compact s e t  K such that U Kn 5 K then 
n 

If w e  denote V = n ( V  + A I then V is a 0-neighborhood of then.a. 

gDF-space E .  

n n  n 

Finally we obtain M ( K , V l  C - U. Then U is a 0-neighborhood in 

the compact open topology for ClX; E l .  
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By using the concept of uniform holomorphy ibtroduced by L. 

Nachbin in [ 3 ] ,  we define domains of u-holomorphy and u-holomorph- 

ically convex domains. Relationships between these concepts and those 

of domain of holomorphy and pseudo-convex domains will be obtained. 

We would like tothank Professor Mzrio C. Matos and Jorge Mujica 

for many helpful discussions on the subject of this paper. 

1. NOTATIONS AND PRELIMINAIRES 

Throughout this paper, E will denote locally convex Hausdorff 

space over d', c s i E l  is the set of all continuous seminorms on E. 

X i U I  will denote the space of all holomorphic functions from U (an 

open subset of E )  to d'. If a E c s ( E l ,  will denote by ( E , a I  the 

space F endowed with the topology generated by ci and by E ,  the 

normed space associated to ( E , a l .  Let ia : E + E ,  denote the ca- 

nonical surjection. 

DEFINITION 1. Let U be a non-void open subset of E .  U is un i fomZy  

open  if there is a E c s l E )  such that U is open in ( E , a i .  Let I be 

the set of such a .  We remark that I is a directed subset of c s ( E l  

and generates the topology of E .  We refer to Nachbin [ 3 ]  for ex- 

amples of uniformly open sets. 

REMARKS. 

(I) If U and V are uniformly open, then so is U n V .  

( 2 )  If U is uniformly open, then so is each connected com- 

ponent of U. 

From now on, U will denote a connected uniforly open subset 

of E .  
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DEFINITION 2 .  A function f E K ( U l  is UniformZy ho lomorph ic  if there 

are a 6 I and f, E J C f U , )  such that f = f, o i a ,  where Ua = i a ( U I .  

X u f U l  will denote the space of all uniformly holomorphic functions 

on U. 

EXAMPLES 

(1) If E = F A  , where F if isa separable Frdchet space, that 

is, the dual of F endowed with the topology of compact convergence, 

then every open subset U of E is uniformly open and K u ( U l  = K f U I  

(see Mujica [ 2 1 ) .  

( 2 )  If E = JC(gI with the compact-open, topology Nachbin in 

[ 3  I shows that the function defined by f ( 9 I  = 9 ( 9 ( 0 l l ,  for q E E ,  

is holomorphic, but not uniformly holomorphic. 

DEFINITION 3. U is a domain of u-holomorphy if there are no con- 

nected uniformly open sets Ul and U 2  in E ,  with @ f U 2  C U n Ul 
and U 1  $2 U, and such that for each f E J C u ( U I ,  there exists g E 

Xu(Ull with f = g 

DEFINITION 4 .  U 

J c u ( U I  if there are 

E l  and a function 

and g = f on U 2  

on U 2  

s the domain of  u - e x i s t e n c e  of a function f E 

no connected uniformly open sets U l  and U g  in 

g E X U ( U l ,  such that 9 # U 2  C U n U I J  Ul g U 

U is a domain of u-existence if U is the do- 

main of u-existence of some function f € J e u t U l .  

Clearly every domain of u-existence is adomain of u-holomorphy. 

For definitions and properties of holomorphically convex dcsnains, 

polynomially convex domains, pseudo-convex domains, Runge domans, 

domain of holomorphy and domain of existence, see Noverraz 111. 

If E = F E  , as in example (1) , then U is a domain of holomor- 

phy if and only if U is a domain of u-holomorphy. Later on we will 

see that if E is a nuclear space, then U is a domain of holomorphy 

if and only if U is a domain of u-holomorphy. 

PROPOSITION 5. L e t  f E J C u f U l .  Then U i s  t h e  domain of  u - e x i s t e n c e  

of f i f  and onZy i f  U i s  t h e  domain of  e x i s t e n c e  of f. 

PROOF. To prove the non-trivial implication, suppose U is not the 



DOMAINS OF U-HOLOMORPHY 275 

domain of existence of f. Then there are connected open sets Uz and 

U 2  in E ,  and g E K ( U l ) ,  such that Ul U, 0 # U 2  C U ill and 

g = f  on U 2 .  Without loss of generality we may assume that U 2  is 

a connected component of U n Ul . Take a point a E UI n a U  11 ai l ,  

(see Mujica [ 2 ] ) , and choose a E I and r > 0 such that B a ( a ; r l  

C Ul B " ( a ; r l .  Let b E U 2  n B a ( a ; r l ,  and choose 

B E I and s > 0 such that B R ( b ; s l  C U 2  n B a ( a ; r l .  Then V l  = 

B " ( a ; r l  and V 2  = B ( b ; s l  are uniformly open and g E J C u ( V , l .  Since 

V I I  F u, @ # U 2  C U n V 1  and g = f on U 2 ,  U is not the domain 

of u-existence of f- 

and g is bounded on 

B 

PROPOSITION 6 .  L e t  f E xu(U) and 

A = { U  E I; f = f o i w i t h  f, E J € ( U , ) } ,  f u u '  

T h e n  U is the domain of existence of f if a n d  o n l y  if Ua is the do- 

m a i n  of e x i s t e n c e  o f  f,, f o r  every u E A f' 

PROOF. Firstly suppose that there is u in Af such that U, isnot 

a domain of existence of fa. Then there are connected open subsets 

U i  and il: in E, and fi in JCClJil such that 

2 1 2 U: UaJ 0 # U, C U, n V i  and f, = f, on U, . 

We remark that 

open sets in ( E , u ) .  Furthermore, 

U = i-'(U,) and Ui = i-' (U,), i = 1 , 2 ,  are connected 
U a 

Uz U, @ # U2 C U n U1 and f1 = f on U2, 

where f1 = fi ia and f = f, o i,. If follows from this, that U is 

not the domain of existence of f. 

Conversely, if U is not the domain of existence of f, then 

there are connected uniformly open subsets U', U2 in E and f1 in 

Ku(U l such that 1 

2 U1 U, 0 # U 2  C U n U1 and f = f, on U . 

It is possible to find a E Af such that U, U1 and U 2  are open 

JC(UiI.Then U, = i , ( U l  and Ud = i , ( U i ) ,  i = 1 , 2 ,  are connected open 

in (E,uI, f = f, oi, and f1 = f , o i , ,  1 with f, E K I U , )  and fi E 
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sets in E ,  and 

a' where f = f, o i  

Then, we can conclude that Ua is not the domain of existence 

of f .  

DEFINITION 7. U is s e q u e n t i a l l y  u-ho lomorph ica l l y  convex (Sequentially 

h o l o m o r p h i c a l l y  c o n v e x )  if for each sequence ( x n )  in U ,  which con- 

verges to a point x € al l ,  there exists a function f e J c u ( U /  ( K ( U l )  

with s u p  I f ( x n l I  = + m .  

It is clear that if U is sequentially u-holomorphically convex, 

then U is sequentially holomorphically convex. 

PROPOSITION 8. I f  for some a E I ,  Uu i s  sequmt ia l ly  hoZomorphically 

convex ,  t h e n  U i s  s e q u e n t i a l l y  u -ho lomorph ica l l y  convex .  

PROOF. Let ( x  ) be a sequence in U which converges to a point xo 

in a l l .  Then ( i a ( x n l i  is a sequence in U,, converging to i a ( x o i  in 

aU,. Therefore there exists f, in WU,) such that supIf,,oi,(x,)l = + m .  

If we take f = f, o i , ,  we have that U is sequentially u-holomor- 

phically convex. 

n 

PROPOSITION 9. If U i s  s e q u e n t i a l l y  u -ho lomorph ica l l y  convex ,  t h e n  

U i s  a domain of u-hoZomorphy. 

PROOF. Suppose that there are connected uniformly open sets Ul and 

U 2  in E, with U l  e U, @ # U 2  C U n Ul , and such that to each f 

E . K u t U l  there corresponds a function f l  in J c u ( U I ) ,  with fl = f 

on U2. Without loss  of generality we may assume that U2 is a con- 

nected component of ( x n l  in U2 

which converges to a point x in aU n U l  n aU2 (see Mujica [ 2 1  ) .  

By hypothesis there exists f 3 C u ( U I  with s u p l f ( x n l  I = + m. Then, 

on one hand the sequence I f l ( x n ) l  converges to f l l x o /  and on the 

other hand ( f l f x n ) )  = ( f ( x n ) )  is unbounded. This is impossible. 

Let K be a compact subset of U. We will denote by: 

U n Ul. Then we can find a sequence 
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DEFINITION 10. U is u-hoZomorphically c o n v e x  if for every com- 

pact subset K of U there is a 0-neighborhood V in E such that 

i i + v c u .  

PROPOSITION 11. I f  t h e r e  i s  a i n  I ,  s u c h  t h a t  Uu i s  holornor- 

p h i c a l l y  c o n v e x ,  t h e n  U i s  u - h o l o m o r p h i c a l l y  c o n v e x .  

PROOF. Let ir' be a compact subset of U. Then i u ( K 1  = K u  is com- 

pact in Uu. By hypothesis, there is an open ball B , ( 0 , 6 /  in E,, 

such that 

-1  

2 C i a l ( z u ) ,  we have the result. 
Then 

Since 

i ,  ( z a )  + B ' ( O ,  6 1  C U, where B' denotes the open ball in (E,a/. 

PROPOSITION 12. If U i s  a domain  07 u-holomorphy ,  t h e n  U i s  u-ha-  

l o m o r p h i c a l  ly c o n v e x .  

The proof of this proposition is similar to the proof of Theo- 

rem 3.5 in Noverraz [ 5 ] . 

DEFINITION 13. U is u-Runge if the space of the continuous pOlyn0- 

mials on E l  P ( E J ,  is dense in J c u ( U I  endowed with the compact-open 

tipology T ~ .  

If for each ci I, Ua is Runqe, then U is u-Runge. 

If U is a Runge uniformly open subset of E, then xu(U) is 

X ( U ) .  We don't know if this is true ingeneral. 

The following result, whose proof we omit, parallels a result 

obviously .r0-dense in 

of Aron and Schottenloher [ 1 I .  

PROPOSITION 14. L e t  E b e  a ZocaZly  c o n v e x  s p a c e  w i t h  t h e  a p p r o x i -  

m a t i o n  p r o p e r t y .  If U i s  u - h o l o m o r p h i c a l Z y  c o n v e x ,  t h e n  the  fol lowing 

c o n d i t i o n s  a r e  e q u i v a l e n t :  

i) U i s  u-Runge;  

ii) U is Runge; 

iii) U i s  p o l y n o m i a l l y  c o n v e x .  
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2 .  O W ' S  THEOREM 

OKA'S THEOREM. L e t  E be  a l o c a l l y  c c n v e x  space  which  has  a funda-  

men ta l  s y s t e m  J of  c o n t i n u o u s  seminorms, such  t h a t ,  f o r  each  CL i n  

J, E a  has an e q u i c o n t i n u o u s  Schauder  b a s i s .  Then  e v e r y  connec ted  

pseudo-convex  u n i f o r m l y  open  s u b s e t  of E,  is s e q u e n t i a l l y  u-holomor- 

p h i c a l l y  convex .  

PROOF. Let U be a pseudo-convex, connected uniformly opensubset of 

is pseudo-convex. E .  Then there is a. in I n J such that 

is sequentially By Levi-Oka's Theorem (see Noverraz [ 5 1 ) , 
holomorphically convex. Then by Proposition 6, U is sequentially 

u-holomorphically convex. 

u a O  

U,O 

COROLLARY. L e t  E be  a l o c a l l y  convex  space  which  s a t i s f i e s  t h e  hy- 

p o t h e s i s  i n  O k a ' s  Theorem. L e t  U be  a c o n n e c t e d  u n i f o r m l y  open subset 

o f  E .  Then t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  

(1) U i s  a domain o f  u-hclomorphy; 

(2) U i s  a damain of hoZomorphy;  

( 3 )  U i s  s e q u e n t i a l l y  hoZomorph ica l l y  convex ;  

( 4 )  U i s  s e q u e n t i a Z Z y  u-hoZornorphicaZ Zy convex ;  

(5) U i s  p seudo  convex;  

(6) U i s  hoZomorph ica l l y  convex ;  

( 7 )  U i s  u-hoZomorphicalZy c o n v e x .  

Observe that every nuclear space satisfies the hypothesis in 

Oka's Theorem. 

REFERENCES 

[ I ]  R. M. ARON and M. SCHOTTENLOHER, Compact ho lomorphic  mappings on 

Banach s p a c e s  and t h e  a p p r o x i m a t i o n  p r o p e r t y .  J. Funct. 

Anal. 21 (1976), 7- 30. 



DOMAINS OF U-HOLOMORPHY 279 

[ 2 ] J. MUJICA, Domains o f  hoLornorphy i n  DFC-spaces. Functional 
Analysis, Holomorphy and Approximation Theory, pp.500-533. 

Lectures Notes in Math. Vol. 843. Springer, Berlin, 1981. 

[ 3 1 L. NACHBIN, U n i f o r m i t ;  d ' h o l o m o r p h i e  e t  t y p e  e x p o n e n t i a l .  Semi- 

naire Pierre Lelong 1970, pp. 216- 224. Lectures Notes in 

Mat., Vol. 205. Springer, Berlin, 1971. 

[ 4 ] L. NACHBIN, R e c e n t  d e v e l o p m e n t s  i n  i n f i n i t e  d i m e n s i o n a l  holomor- 

p h y .  Bul1:Amer. Math. SOC. 79 (1973), 625-640. 

[ 5 I P. NOVERRAZ, Pseudo-Convex i t ; ,  C o n v e x i t ;  Po lynomia le  e t  Domaines 

d 'HoZomorphie  e n  Dimens ion  I n f i n i e .  North-Holland Math. 

Studies, V o l .  3. North-Holland, Amsterdam, 1973. 



This Page Intentionally Left Blank



COMPLEX ANALYSIS, FUNCTIONAL ANALYSIS 
AND APPROXIMATION THEORY, J. Mujica (Editor) 
0 Elsevier Science Publishers B.V. (North-Holland). 1986 281 

THE PROOF OF THE INVERSION MAPPING THEOREM 

IN A BANACH SCALE 

Domingos Pisanelli 
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INTRODUCTION 

In a previous paper 1 2 1  we proved an inversion mapping theorem 

in a Banach space using power series. This theorem cannot beextended, 

ipsis litteris, in a Banach Scale. We gave a counter example in 1 3 1 .  

In [ 4  J we enunciated that, using our generalized Frobenius theorem, 

one can obtain a "right" inversion theorem [ 5 1 .  We want now to give 

complete proofs and prove that one can obtain an inversion theorem 

("right" and "left") . 
The classical inversion theorem in a Banach Space is a particu- 

lar case of such situation. 

For some applications see [ 1 1 .  

DEFINITION. A Banach S c a l e  is a complex vector space X = U XsJ 
O < S < l  - - 

where Xs is a Banach subspace, xs, 2 XSJ II I I s r  2 II I I s  ( W S '  < s l .  

We suppose X endowed with the injective limit topology in the 1.c.s. 

category is equal to the injective limit topology in the topological 

spaces category. We suppose also that X is sequentially complete. 

Examples of such situations are the Silva spaces, i.e. Banach Scales 

where the canonical mappings Xs + Xs , f W  s 5 - s l  are compact, and 

trivially, Banach spaces, i.e. Xs = X, 11 11 = I1 11 ( W  s l  . 

PROPERTIES 

I. L e t  A C X .  A i s  open  ( c l o s e d )  i f f  A n Xs i s  open (cZosed) 

( W  s ) .  

COROLLARY 1. X i s  H a u s d o r f f  

COROLLARY 2. L e t  Sl c X o p e n  and f : Sl + Y ( a  t o p o l o g i c a l  space). 

f i s  c o n t i n u o u s  i f f  f I R n xS i s  c o n t i n u o u s  ( w s ) .  
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11. L e t  L C X. L i s  bounded i f f  t h e r e  i s  s such  t h a t  L c 
Xs and L i s  bounded i n  Xs ( G r o t h e n d i c k ) .  

COROLLARY. The LF-anaZy t i c  mappings .Cn a n  o p e n  sub- se t  o f  X are con- 

t i n u o u s ,  t h e n  a n a l y t i c  ( G - a n a l y t i c  + c o n t i n u o u s ) .  

THE INVERSE MAPPING THEOREM 

L e t  X and Y be Banach S c a l e s  and f a n a l y t i c  i n  A =  U Bs(xoJR)  
( * I  O < S l  

C X,valued i n  Y . 
W e  suppose 

(1) ( f r ( x ) ) - '  e x i s t s  ~x E A .  

( 2 )  The r e s t r i c t i o n  of t h e  mapping A x X + Y, d e f i n e d  by 

( x , h )  + f ' ( x j h ,  t o  Bs(xoJR) x Xs is V v a l u e d ,  G-ana ly t i c  (Ws' < s )  

and 

where c 0 i s  a c o n s t a n t .  

Then t h e r e  are neighbourhoods V(xo)  and V ( y o l  ( y o )  = f ( z o l /  

: V(xo) + V ( y o l  is a n  a n a l y t i c  homeomorphismwith such  t h a t  

a n a l y t i c  i n v e r s e .  
f I V ( x o )  

PROOF. The system 

s a t i s f i e s  t h e  h y p o t h e s i s  of Theorem 2 ( F r o b e n i u s ) ,  p .  384 1 5 1  : 

(1) L e t  F ( g ) h  = ( f ' ( g ) ) - ' h .  Then 

i s  symmetric i n  ( h , k )  E X x X ( V g  E A). 

( * )  A s  always Bs(xo,R) (B(xo,R)) means the open ball xo-centered and radius R z D  

in the normed space Xs(X). 
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There i s  only one so lu t ion  g of t h e  system (l), a n a l y t i c  i n  t h e  

open connected subse t  B C Y, B = U B s ( x o J K R )  ( K  0 )  [ 5 1 . 
O<S$l 

B: ( a )  W e  have f o g  = id 

and 

If o g H y , )  = y o .  

f o g  and i d B  s a t i s f y  t h e  same system: 

B '  
so f o g  = id 

(b) g 0 f, = i d A  where A ,  i s  t h e  xo-connected componentof 
0 

f - ' f B )  and fo = f 1 A,:  

and ( g  o f l (x , )  = xo . 
g o  (flf-'(B)) and id s a t i s f y  t h e  same system: 

f - ' ( B )  

so g o  f, = i d A  . 
0 

(b)  impl ies  t h a t  fo is i n j e c t i v e .  g ( B )  is connected, conta ins  
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-1 
x and from (a) g(Bl C A .  , that implies f(A = B. Then fo =g. 

REMARK. When X = Y = X 11 11 = 11 I I s  , i.e. X and Y are Banach 

spaces, the existence of If'Ix0))-' implies the existence of the lo- 

cal inverse of f: 

S J  

Let LIX), the complex Banach Space of linear and continuous 

transformations of X, and GllXl C LlXl the open Lie group of in- 

vertible transformations, endowed with the composition law group. 

is analytic and f'(xol E G l t X ) .  There is p > 0 such that f'(xl E 

GlIX) when x E Blxo,pJ. Then 

is analytic and there is M > 0 and p '  with 0 < p '  - - < p such that 

i.e. 
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The l i n e a r  spaces  w e  s h a l l  use  a r e  def ined  over t h e  f i e l d  iK of 

r e a l  o r  complex numbers. The word "space" w i l l  mean "Hausdorff lo- 

c a l l y  convex space".  I f  E i s  a space ,  E '  i s  i t s  topologicaldual  and 

o ( E ' , E ) ,  v ( E ' , E )  and B ( E ' , E )  a r e  t h e  weak, Mackey and s t rong  topo- 

logics on E '  r e spec t ive ly .  I f  A i s  a subse t  of E , A i s  the closure 

of A , A' and A a r e  t h e  polar  and or thogonal  sets of A i n  E' respec- 

t i v e l y .  I f  B i s  a subse t  of E l ,  B" i s  t h e  po la r  se t  of B i n  E .  I f  

A is an abso lu te ly  convex bounded subse t  of E ,  E A  i s  t h e  normed 

space on t h e  l i n e a r  h u l l  of A whose norm is  t h e  gauge of A .  IN is 

t h e  set  of p o s i t i v e  i n t e g e r s  and En i s  the  topo log ica l  product  of 

an i n f i n i t e  countable  family of copies  of E .  

- 

1 

Given a dua l  p a i r  E,F ), w e  se t  - , - ) t o  denote  t h e  asso- 

c i a t e d  b i l i n e a r  form. 

W e  say t h a t  a set  A of continuous seminorms on a space E i s  

d i r e c t e d  whenever, given a I  and a 2  i n  A t h e r e  a r e  a i n  A and 

A > 0 such t h a t  a I  5 X a ,  i = 1 , 2 .  I f  6 is  a continuous seminorm 

on E ,  w e  denote  by E B  = ( E , B I  t h e  space E endowed wi th  t h e  unique 

seminorm B and by E / B E B  / B- ' (O)  t h e  normed space a s soc ia t ed  t o  

E6 . 
Following Nachbin, w e  denote by C O S ( E )  the s e t  of a l l  continuous 

seminorms c1 on a space E such t h a t  t h e  canonica l  mapping E - E / a  

i s  open: and C C  S l E l  t h e  se t  of a l l  continuous seminorms a on E 

such t h a t  E / a  is  complete, [ 5 1. 

PROPOSITION 1. L e t  U be  a ne ighbourhood  of t h e  o r i g i n  in a space E.  

If A i s  a b a r r e 2  in E wh ich  i s  n o t  a ne ighbourhood  of t h e  origin and 

F is a cZosed  subspace  of f i n i t e  c o d i m e n s i o n  i n  E '  [ o l E ' , E I  I ,  t h e n  

Uo r-? F does  n o t  c o n t a i n  A' n F .  

PROOF. F n E '  i s  a f i n i t e  codimensional c losed  subspace of t h e  
A" 
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normed space E '  , and t h e r e f o r e  w e  can f i n d  a f i n i t e  subse t  J of 

E' and A > 0 such t h a t  t h e  abso lu te ly  convex h u l l  W of J U 

X ( A o  n F I  conta ins  A .  

A 0  

A D  

Suppose t h a t  Uo n F conta in  A' n F .  Then A' n F is  equi-  

continuous hence W i s  a l s o  equicontinuous.  Since Wo i s  contained 

i n  A ,  it fol lows t h a t  A is a neighbourhood of t h e  o r i g i n ,  a con- 

t r a d i c t i o n .  

THEOREM 1. L e t  E be  a m e t r i z a b Z e  s p a c e .  I f  E i s  n o t  barrelled, then 

t h e r e  i s  n c l o s e d  subspace  F of E such  t h a t  F and E / F  a r e  n o t  

b a r r e  1 Zed .  

PROOF. L e t  {Un : n = 1 , 2 ,  ...I be a fundamental system of neigh- 

bourhoods of t h e  o r i g i n  i n  E .  L e t  A be a b a r r e l  i n  E which is not  

a neighbourhood of t h e  o r i g i n .  W e  t ake  

I f  M l  is t h e  subspace of E '  orthogonal  t o  {xl}, w e  apply the  

former p ropos i t i on  t o  o b t a i n  

Then 

Proceeding by recur rence ,  w e  suppose t h a t  for  a p o s i t i v e  i n t e g e r  n 

w e  have found 

(1) X I  E uIJ xi g A ,  u .  9 u;, u .  E AO, ( x . , u . )  = 0, i, j = 1,2,. ..,n. 
3 3 z 3  

I f  Ln is t h e  subspace of E orthogonal  t o  { u l J u  2 J . . . J u n l ,  it is 

immediate t h a t  A n L ,  is not  a neighbourhood of t h e  o r i g i n  i n  Ln. 

Therefore  t h e r e  i s  

If Mn+l is t h e  subspace of E '  orthogonal  t o  ~ x l , x 2 J . . . J x n J x n + l ~ J  

w e  apply t h e  former propos i t ion  t o  ob ta in  
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Un+l 9 u:+1 ',+I> u n+l E A' n M,+] . 

Then 

289 

L e t  F be t h e  c l o s e d  l i n e a r  h u l l  of {x l ,x  2 , . . . , x n J . . . } . S u p p o s e  

t h a t  F n A i s  a neighbourhood of t h e  o r i g i n  i n  F .  There i s  p o s i -  

t i v e  i n t e g e r  p such t h a t  

u ~ F C A ~ F  
P 

According t o  (1) w e  o b t a i n  t h a t  

x E U  " F ,  x F A  
P P  P 

which is  a c o n t r a d i c t i o n .  Thus F i s  n o t  b a r r e l l e d .  

Now le t  u s  suppose t h a t  E / F i s  b a r r e l l e d .  The t o p o l o g i c a l  dual 
1 

of E / F  i s  i d e n t i f i e d  i n  t h e  u s u a l  way w i t h  F . S i n c e  

1 
i s  a o f F  ,E /F I -bounded  s u b s e t  of  F ,  i t  f o l l o w s  t h a t  B is equ i -  

con t inuous  on E / F ,  and hence on E.  T h e r e f o r e  t h e  p o l a r  set B o  of 

B i n  E i s  a neighbourhood of t h e  o r i g i n  i n  E ,  whence t h e r e  is a 

p o s i t i v e  i n t e g e r  q such t h a t  U C Bo. Consequently B C Uo On t h e  

o t h e r  hand, a c c o r d i n g  t o  (1) w e  have t h a t  
9 4' 

which is  a c o n t r a d i c t i o n .  Thus E / F  i s  n o t  b a r r e l l e d .  

COROLLARY. L e t  E b e  a n o n - b a r r e l l e d  s u b s p a c e  o f  a F r i c h e t  space G.  

Then  t h e r e  is a c l o s e d  s u b s p a c e  F o f  E such  t h a t  F # F and E + $  

is n o t  b a r r e l l e d .  

- 

PROOF. We a p p l y  Theorem 1 t o  o b t a i n  a c l o s e d  subspace  F of E such 

t h a t  F and E / F  are n o t  b a r r e l l e d .  S i n c e  F is  a F r g c h e t  space  i t  

f o l l o w s  t h a t  F is d i s t i n c t  from F .  O n  t h e  o t h e r  hand,  E / F  is i s o -  

morphic t o  E + F/F, from where i t  f o l l o w s  t h a t  E + F i s  n o t  

- 
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b a r r e l l e d .  q .e .d  

L e t  B be t h e  c losed  u n i t  b a l l  of t h e  H i l b e r t  space  k 2 .  W e  

w r i t e  e n  t o  denote  t h e  element  of E 2  whose c o o r d i n a t e s  v a n i s h  

except  t h e  n-th c o o r d i n a t e  which i s  e q u a l  t o  one,  n = l , 2 ,  ... . W e  set  

2 
El := { ( a n )  E (1 

E~ := { ( a , )  E k 2  : naZn  = a 2 n - l ,  

: a 2 n  = 0 ,  n = 1 , 2 ,  . . . I  

n = 1 , 2 , .  . . I .  

C l e a r l y  El and E 2  are c l o s e d  subspaces of k 2  and E l  n E 2  = l o ) .  

E E l  and e 2n + e ~ w - ~  E ~ *  

Therefore  e Z n  E E l  + E 2 .  From where it f o l l o w s  t h a t  E l  + E 2  i s  

dense i n  

For  every  p o s i t i v e  i n t e g e r  n ,  e2n-l 

k 2 .  W e  can  w r i t e  

1 
The sequence ( -  e Z n l  converges t o  t h e  o r i g i n  i n  E and t h e  sequence 

(- e2n-ll of E l  which is t h e  p r o j e c t i o n  of (n  e2,1 on E l  a long  

E 2  

1 

does n o t  converge t o  t h e  o r i g i n .  Therefore  E l  + E 2  # k2. 

Proceeding by r e c u r r e n c e  suppose t h a t  f o r p o s i t i v e  i n t e g e r  n > 1 

w e  have found c l o s e d  subspaces E l , E 2 , .  . . , E n  of R 2  such t h a t  

Ln-l  := E l  + E 2  + . . .  + En # k2. 

W e  have t h a t  

B~ := E~ n B + E~ n B + . . .  + E~ n 3 

i s  an  a b s o l u t e l y  convex weakly compact subset of k 2  conta ined  i n  

Ln- l  . A s  L n - l  is dense  i n  k 2  and d i s t i n c t  from E2, it f o l l o w s  

t h a t  Ln+l  i s  n o t  b a r r e l l e d .  W e  apply  t h e  C o r o l l a r y  t o  o b t a i n  a closed 

such t h a t  Fn+l  # Fn+l and Ln-l  + Fn+l i s  subspace Fn+l of L%-l - 
w e  o b t a i n  t h a t  n o t  b a r r e l l e d .  I f  w e  s e t  En+l . . -  - F n + l ,  

L n  := E l  + E 2  + . . .  + En+1 # k 2 .  

i s  i s o m o r p h i c  t o  n’ ‘ B n  PROPOSITION 2.  For e v e r y  p o s i t i v e  i n t e g e r  
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L 2  and  Bn is a w e a k l y  c o m p a c t  s u b s e t  of L2 . 
Bn 

PROOF. L e t  f, b e  t h e  mapping from El x E 2  x . . .  x E~ i n t o  R' 

d e f i n e d  by 

f n i X Z ' X 2 '  ".,X 1 = x + x 2  + . . .  + x .  

The image of (B fl E l l  x (B n E 2 )  x . . . x ( B  n E n )  under  f n  coincides 

w i t h  B,,  and t h a r e f o r e  f, is a l i n e a r  homeomorphism from El X 

E 2  x . . .  x E n  o n t o  R 2  . T h i s  i m p l i e s  t h e  c o n c l u s i o n .  q .e .d .  
B n  

2 Now w e  w r i t e  E t o  d e n o t e  t h e  i n d u c t i v e  l i m i t  o f  (L, ) .  I f  w e  
n 

se t  A n  . -  . -  n B n J  ( A  I i s  a sequence of  a b s o l u t e l y  convex weakly com- 

p a c t  s u b s e t s  of  E c o v e r i n g  it. S i n c e  B i s  b a r r e l l e d ,  e v e r y  bounded 

s u b s e t  of E is c o n t a i n e d  i n  some A [7 ,Theorem 6 1 .  There fo re  u ( E ' , E )  

and B ( E ' , E l  c o i n c i d e  on E ' .  
n' 

THEOREM 2 .  T h e r e  i s  a c l o s e d  s u b s p a c e  F of ( L 2 1 N  s u c h  t h a t  C O S ( F l  

d e f i n e  t h e  t o p o l o g y  of F and C O S I F I  is n o t  d i r e c t e d .  

PROOF. W e  s e t  G : =  E '  1 I - r ( E ' , E I ] ,  where E i s  t h e  l i n e a r  space  con- 

s t r u c t e d  above. L e t  

be a n e t  i n  G such t h a t  

l i m  I a ( x i )  : i E I, - > } = o 

f o r  e v e r y  a i n  C O S I G I .  For e v e r y  p o s i t i v e  i n t e g e r  n ,  w e  set 

W e  have t h a t  an is  a con t inuous  seminorm on G and t h e  s t r o n g  d u a l  

o f  G / a n  can  be i d e n t i f i e d  w i t h  E n ,  which i s  isomorphic  t o  Lz. 

T h e r e f o r e ,  G / an i s  isomorphic  t o  R 2 .  Consequent ly  a ,  E C 0 S ( G I .  

From where it f o l l o w s  t h a t  ( 2 )  converges  t o  t h e  o r i g i n  uniformly on 

eve ry  s u b s e t  B , ,  m = l , Z ,  ..., an6  t h u s  ( 2 )  converges t o  t h e  o r i g i n  

i n  G ,  and C 0 S ( G I  d e f i n e s  t h e  topo logy  of G .  

S i n c e  Ln- l  i s  d i s t i n c t  from L n  , n = 2 , 3 , .  . . , it f o l l o w s  t h a t  
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G is  a non-normable Freche t  space.  I t  is immediate t h a t  El + E2 is 

dense i n  E ,  and t h e r e f o r e  i f  c1 i s  a cont inuous seminorm on G such 

t h a t  a1 5 a, a 2  5 a it fo l lows  t h a t  a ( 0 1  = {O). Since G / a  i s  

a normed space  t h a t  canonica l  mapping G - G / c1 is  no t  open, from 

where it fo l lows  t h a t  a does n o t  belong t o  C O S t G l  and thus  C O S ( G l  

is n o t  d i r e c t e d .  

F i n a l l y ,  if H n  is  t h e  s t r o n g  d u a l  of k 2  G can be i d e n t i f i e d  

with a c losed  subspace of i s  

isomorphic t o  Hn. L e t  ip be  a t o p o l o g i c a l  isomorphism from 

lI { H n  : n .Z 1,2 ,... } onto  F : = v ( G l ,  then F is  

t h e  d e s i r e d  subspace of t e  I . 

-1  

Bn 
lI { H n  : n = 1 , 2 , .  . . 1. We have t h a t  

( ! L 2 I D .  I f  w e  se t  

q.e.d.  

k 2  

2w 

FINAL REMARKS. 1). Observe t h a t  i n  our  former theorem C 0 S ( F l  co- 

i n c i d e s  wi th  C C S ( F l .  Therefore  t h e  system of seminorms C C S ( F )  

d e f i n e s  t h e  topology of F and it i s  n o t  d i r e c t e d .  Our Theorem 2 

answer nega t ive ly  t h e  ques t ion  posed by Nachbin t h a t  i f  t h e  topology 

of a l o c a l l y  convex space E is def ined  by C U S ( E l  then C O S ( E l  

i s  d i r e c t e d .  

2 )  The i d e a  t h a t  C O S I E l  is  d i r e c t e d  and de f ines  t h e  topology 

of E was in t roduced  i n  ( 3  ] , where some i n t e r e s t i n g  examples of cur- 

r e n t  spaces  s a t i s f y i n g  such a cond i t ion  are given.  I n  [ 3 l , [ 4 l , 1 5  ] 

t h e  r o l e  of t h i s  c l a s s  of spaces  E i n  s tud ing  uniform holomorphyand 

holomorphic f a c t o r i z a t i o n  i s  t r e a t e d .  

3 )  For a Frgchet  spaces  F ,  it i s  easy to  chek t h a t t h e  proper ty  

of C O S ( F )  being  d i r e c t e d  and d e f i n i n g  the  topology of F is equiva- 

l e n t  t o  the  " r e l a t i v e l y  complete" proper ty  of W .  Slowikowski and W .  

Zawadowski [ 6 ] .  I t  a l s o  co inc ides  wi th  p r o p e r t i e s  " s t r i c l y  r egu la r "  

and "completely regular ' '  of D.  N.  Zarnadze, I 8 1  (see a l s o  [ l ]  ). This  

class of Frgchet  spaces  w a s  also considered by Grothendieck i n  [ 2 1  , 
11, 5 4 ,  NQ 1 Lemma 11. 

REFERENCES 

[ 1 ] A. GROTHENDIECK, P r o d u i t s  t e n s o r i e l s  t o p o l o g i q u e s  e t  espaces  nu- 

c Z e a i r e s .  M e m .  Amer. Math. SOC. 1 6  (1955) .  

[ 2 ]  S .  DIEXOLF and D. N .  ZARNADZE, A n o t e  o n  s t r i c t l y r c g u Z a r  Frgchet 

s p a c e s .  Arch. Math. 4 2  (1984) , 549 - 556,  



METRIZABLE LOCALLY CONVEX SPACES 293 

[ 3 1 L. NACHBIN, U n i f o r m i t ;  d 'ho lomorph ie  e t  t y p e  e x p o n e n t i e l ,  Ssmi- 

naire Pierre Lelong (Analyse), Annse 1 9 7 0 ,  216  - 224 .  Lec- 

ture Notes in Math. 205 .  Springer, Berlin, 1 9 7 1 .  

4 1 L. NACHBIN, R e c e n t  d e v e l o p m e n t s  i n  i n f i n i t e  d i m e n s i o n a l  h o l o -  

morphy .  Bull. Amcr. Math. SOC. 7 9  ( 1 9 7 3 ) ,  6 2 5 - 6 4 0 .  

51 L. NACHBIN, A g l a n c e  a t  h o l o m o r p h i c  f a c t o r i z a t i o n  a n d  u n i f o r m  

ho lomorphy .  In: Complex Analysis, Functional Analysis and 

Approximation Theory, ( E d .  J. Mujica), pp. 2 2 1 -  245. 

North-Holland, Amsterdam, 1 9 8 6 .  

[ 6 1 W .  SLOWIKOWSKI, and W. ZAWADOWSKI, Note  on r e l a t i v e l y  c o m p l e t e  

€?,-space. Studia Math. 1 5  ( 1 9 5 6 1 ,  2 6 7  - 2 7 2 .  

[ 7 1  M. VALDIVIA, A b s o l u t e l y  conz.'ex s e t s  i n  b a r r e l l e d  s p a c e s .  Ann. 

Inst. Fourier, 2 1 ( 2 )  ( I 9 7 1 ) ,  3 - 13. 

[ 8 1  D. N. ZARNADZE, On c e r t a i n  l o c a l l y  convex  s p a c e s  o f  c o n t i n u o u s  

f u n c t i o n s  and Radon measures .  Tr. Wychisl. Tsentr. Akad. 

Nauk Cruz. S. BR 1 9  ( 1 9 7 9 )  , 29 - 4 0 .  



This Page Intentionally Left Blank



295 

INDEX 

absolute neighborhood retract, 

1 1 6  

absolute retract, 1 1 6  

additivity property, 1 1 7  

almost strict inductive limit, 

2 4 8  

analytic set, 2 

analytic singularity, 9 6  

asymptotic trajectory, 1 1 6  

autonomous process, 111 

Baire-like space, 2 5 0  

Baire space, 2 5 0  

basic projective limit 

representation, 227  

basic system, 2 4 3  

Berqman space, 3 4  

b-F-barrelled space, 2 6 1  

b-F-space, 2 6 2  

b'-F-space, 2 6 2  

boundary value, 3 9  

Cauchy problem, 9 5  

Cauchy-Riemann function, 73 

Cauchy-Riemann manifold, 7 3  

Cauchy-Riemann submanifold, 7 4  

c-compact set, 2 6 8  

CCS(F) , 2 8 7  

Chebyshev subspace, 4 7  

closed vector sublattice, 49, 

50,  5 1  

commutativity property, 117 

complete regularity property, 

2 9 2  

complete quotient condition, 240 

condensing map, 1 1 2  

cone, 1 2 6  

continuous selection, 4 7  

contractive projection, 68  

convolution operator, 1 3 8  

convolution operator of type 

zero, 155 

convolution product, 1 4 3 ,  148 

COS(F) , 2 8 7  

(db) -space, 2 5 0  

defining sequence, 248  

dilation, 37  

domain of u-existence, 2 7 4  

domain of u-holomorphy, 274  

D'-P-convex open set, 1 8 8  

D-space, 8 8  

D -space, 8 8  n 

egress point, 1 1 6  

embedding, 1 2  

equiamply bounded set, 222  

equilocally bounded set, 222  

( E l  -space, 8 3  

factorization lemma, 17 

F-barrel, 2 6 1  

F-convex, 2 6 1  

finite dimensional analytic set, 2 
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finitely defined analytic set, 2 (LF)-analytic mapping, 282 

Fourier-Bore1 transform, 134 

Fr6chet space, 247 

Fredholm map, 3 

frequency cone, 96 

(F) -space, 83 

functional Hilbert space, 26 

generalized function, 57 

generic submanifold, 74 

graph theorem, 21 

Grothendieck condition, 235 

Hardy class, 34 

Helly's theorem, 90 

Hermitian operator, 67 

holomorphic factorization, 224, 

225, 231 

homotopy property, 117 

hyperbolic polynomial, 97 

xcb ( E )  I xc*b (E f f )  I 

xwub(B) r jcw*ub(E") I 206 

206 

Kc(U) xc*(u) 206 

JCwu ( u )  Jew*, ( u )  r 206 

immersion, 12 

inductive limit, 176, 248 

inductive sequence, 248 

infinite dimensional distribu- 

tion, 58 

infinite dimensional holomor- 

phy, 62 

integral of a process, 115 

interpolation manifold, 40 

JB* triple system, 67 

k-set contraction, 111 

(LB) -space, 248 

Leray-Schauder degree, 117, 122 

(LF) -space, 176, 248 

(LF) l-space, 252 

(LF) 2-space, 252 

(LF) 3-space, 252 

Lindelof condition, 235 

local condensing map, 112 

local reflexivity principle, 90 

local semidynamical system, 110 

local strict set contraction, 112 

locally F-convex space, 201 

locally Holder continuous map, 114 

measure of noncompactness, 111 

metric projection, 47 

microhyperbolic function, 98 

minimal embedding codimension, 7 

multiplication ofdistributions, 

57 

multiplication operator, 32 

multiplier, 32 

neutral equation, 112 

nonarchimedean gDF-space, 265 

nonarchimedean valued field , 261 
nontangential manifold, 40 

normalization property, 117 

normally solvableoperator, 180 

open linear relation, 177 

openness condition, 232, 233 

openness criterion, 18 

open projective limit represen- 

tation, 243 

orbit of a process, 114 

order of an entire function, 133 

Pick-Nevalinna condition, 35 

Pick-Nevalinna interpolation 

theorem, 35 

positive-definite kernel, 26 
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p r o c e s s ,  111 

prope r  mapping theorem, 13 

p r o x i m i n a l  subspace ,  47 

q - c a p a c i t y ,  38 

q-energy, 37 

q u a s i - B a i r e  s p a c e ,  250 

r a d i u s  of boundedness,  207 

r a d i u s  of convergence,  206 

r e l a t i v e  completeness  p r o p e r t y ,  

2 9 2  

r e l a t i v e  p r o j e c t i o n  c o n s t a n t ,  83 

r ep roduc ing  k e r n e l ,  2 6  

r e s t r i c t i o n  o p e r a t o r ,  4 2  

R-property,  79 

( R - R )  p r o p e r t y ,  250 

( R  - T - Y) p r o p e r t y ,  250 

s e c t o r i a l  o p e r a t o r ,  113 

s e m i - c o n t i n u i t y  of  t h e  f i b e r  

dimension,  1 7  

semi-dynamical system, 111 

semi-Fredholm map, 1 0  

semi-Fredholm o p e r a t o r ,  2 

s e p a r a b l e  q u o t i e n t p r o b l e m ,  254 

s e q u e n t i a l l y  u-holomorphical ly  

convex open set ,  276 

se t  of un iqueness ,  31  

SF-ana ly t i c  s e t ,  3 ,  11 

s i n g u l a r  s e t o f  aFredholm map, 19 

s i n g u l a r l y  P-convex open se t ,  189 

s i n g u l a r i t y  c o n d i t i o n ,  173,  1 7 4  

smallest v a r i e t y ,  251 

s p l i t t i n g  problem, 256 

s t r i c t  e g r e s s  p o i n t ,  1 1 6  

s t r i c t  i n d u c t i v e  l i m i t ,  1 7 6  

s t r i c t  i n d u c t i v e  sequence,  248 

s t r i c t  (LB)  - space ,  248 

s t r ic t  ( L F )  - space ,  248 

s t r ic t  r e g u l a r i t y  p r o p e r t y ,  292 

s t r i c t l y  s t r ic t  i n d u c t i v e  

l i m i t ,  248 

s t r o n g l y  P-convex open set ,  189 

s u b o r d i n a t i o n  of k e r n e l s ,  28 

s u r j e c t i v e  l i m i t  r e p r e s e n t a -  

t i o n ,  243 

symmetric domain, 68 

t a n g e n t  s p a c e ,  6 

t o t a l l y  r e a l  submanifold,  7 4  

t r a j e c t o r y  of a p r o c e s s ,  1 1 4  

t y p e  of a n  e n t i r e  f u n c t i o n ,  133 

u-holomorphical ly  convex open 

s e t ,  227 

u l t r a f i l t e r ,  67 

u l t r a p o w e r ,  68 

u l t r a r e g u l a r  s p a c e ,  268 

u n c o n d i t i o n a l  b a s i s ,  257 

uniform holomorphy, 225, 226, 

231 

un i fo rmly  holomorphic f u n c t i o n ,  

274 

un i fo rmly  open s e t ,  227, 273 

un i fo rmly  s t a b l e  o p e r a t o r  I 1 1 2  

unordered B a i r e - l i k e  s p a c e ,  250 

u-Riunge, 277 

v a r i e t y ,  251 

wave f r o n t  s e t ,  9 6  

wedge, 126 

weighted Bergman space ,  34 

well-located subspace ,  185 

W-compact, 268 

Wilansky-Klee c o n j e c t u r e ,  250 

Zymund class, 39 
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